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Preface 


This book is intended as a reader-friendly source for self-study and as an accessible 
textbook that contains many solved problems. 

My experience teaching at Temple University the mathematical physics course 
that includes ordinary differential equations has guided the writing of this textbook. 
The mathematical physics course is offered to undergraduates in their pre- or final 
year of study in physics, engineering, chemistry, earth and environmental sciences, 
or mathematical biology. It is also taken by beginning graduate students working 
toward a master’s degree. 

Years of teaching have helped me understand what works for students and what 
does not. In particular, I have learned that the more attention a student pays to 
taking notes, the less he/she understands of the subject matter of the lecture being 
delivered. Further, I have noticed that when, a week in advance of the delivery 
of the lecture, a student is provided details of the algebra to be used, solutions to the 
problems to be discussed, and some brief information about the ideas that are 
central to the lecture to be given the following week, it obviates much of the need 
for note taking during the delivery of the lecture. Another important experience that 
has guided the writing of this textbook is the pedagogical benefit that accrues from 
an occasional, quick, recapitulation of the relevant results that have already been 
presented in an earlier lecture. All this results in better comprehension of the subject 
matter. 

Both for the purposes of elucidation of the concepts introduced in the text and 
for providing practical problem solving support, solutions to a large number of 
examples have been included. Many of the solutions provided contain much greater 
detail than would be necessary for presentation in a lecture itself or needed by 
teachers or more advanced practitioners of the subject. These solutions are there in 
the given form to offer encouragement and support to the student: both for 
self-study and to allow for fuller understanding of the subject matter. Therefore, it is 
as important for the reader to assimilate the subject matter of the book as it is to 
independently work through the solved problems before reading through the 
solutions provided. Another notable feature of the book is that equations are 
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numbered in seriatim. Included in the numbering process is the chapter number. As 
a result, access to an equation being referred to is both easy and fast. 

In Chap. 1, the differential operator D, is introduced and the rules it follows are 
articulated. 

A cursory look at the vocabulary is taken in Chap. 2 titled “Some Definitions.’ 
Noted there is the terminology and some of the definitions that are used in this 
manuscript. A function involving a dependent variable, say u, only a single inde- 
pendent variable, say x, and at least one derivative of u with respect to x is an 
ordinary differential equation (ODE). Explicit (ODE) and implicit (ODE) are 
defined. Generally, explicit (ODEs) are easier to treat than implicit (ODEs). 
Therefore, mostly the explicit (ODEs) are treated in this book. A linear ordinary 
differential equation is of first degree in the variable, u(x), as well as its derivatives. 
Homogeneous linear ordinary differential equation and inhomogeneous linear 
ordinary differential equation are defined. When an ODE cannot be expressed in 
linear form, it is said to be nonlinear (ODE). Just as implicit (ODE) is harder to 
solve than explicit (ODE), solving nonlinear (ODE) requires more effort than 
solving linear (ODE). Furthermore, simple treatment of nonlinear (ODE) cannot be 
guaranteed to succeed. 

Linear ordinary differential equations with known constant coefficients are 
treated in Chap. 3. Procedure for solving homogeneous linear ordinary differential 
equations with known constant coefficients, the method of undetermined coeffi- 
cients, and calculation of the particular integral, J,;, for inhomogeneous linear 
ordinary differential equations are all described in detail. The concepts of linear 
independence, linear dependence, and the use of Wronskians are elucidated. And 
simultaneous linear ordinary differential equations with constant coefficients are 
studied in detail. 

In Chap. 4, the analysis is extended to linear ordinary differential equations that 
have variable coefficients. Depending upon the nature of the variable coefficient, the 
linear ordinary differential equation with variable coefficients can be much harder to 
solve than linear ordinary differential equations with constant coefficients. For 
simplicity, therefore, only the first-order and first-degree equations of type 
Bernoulli equation are treated. Included also is a discussion of equations that can be 
transformed into Bernoulli equation. 

Chapter 5 deals with Green’s function and Laplace transforms. 

In Chap. 6, equations Beyond Bernoulli—to be called ‘Special Type’ differential 
equations—are studied. Included there are the Clairaut equations [compare (6.2)— 
(6.13)], Lagrange equation [compare (6.19)-(6.31)], the separable equations 
[compare (6.32)-(6.35)], and the ® — (2) equations [compare (6.36)—-(6.73)]. 
In addition, there are the so-called exact [compare (6.74)-(6.91)] and inexact 
equations [compare (6.92)—(6.241)], Riccati equations [compare (6.242)-(6.268)], 
Euler equations [compare (6.269)-(6.315)], and the factorable equations [compare 
(6.316)-(6.344)]. Singular solution of Clairaut equation is discussed and calculated 
both by an informal procedure and a formal procedure. 
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Studied in Chap. 7 are equations where ‘Special Situations’ obtain. For instance, 
a given differential equation may be integrable. Similarly, there are equations that 
have both the independent and the dependent variables missing in any explicit form. 
And then, there are those that explicitly contain only the independent variable, or 
only the dependent variable. All these equations provide possible routes to suc- 
cessful treatment. An interesting special situation, called ‘Order Reduction,’ comes 
into play if one of the 7 non-trivial solutions of an nth order homogeneous linear 
ordinary differential equation is already known. Then, the given equation can be 
reduced to one of the (n — 1)th order. Homogeneous linear ordinary second-order 
differential equations have been treated before. Studied in this chapter are inho- 
mogeneous linear ordinary differential equations. 

Chapter 8 deals with oscillatory motion that is central to the description of 
acoustics and the effects of inter-particle interaction in many physical systems. In its 
most accessible form, oscillatory motion is simple harmonic (s-h). (s-h) motion has 
a long and distinguished history of use in modeling physical phenomena. An 
harmonic motion—which somewhat more realistically represents the observed 
behavior of physical systems—is described next. Detailed analysis of ‘Transient 
State’ motion is presented for a point mass for two different oscillatory systems. 
These are: 


(1) The point mass, m, is tied to the right end of a long, massless coil spring placed 
horizontally in the x-direction on top of a long, level, table. The left end of the 
coil is fixed to the left end of the long table. The motion of the mass is slowed 
by frictional force that is proportional to its momentum mv(t). In its completely 
relaxed state, the spring is in equilibrium and the mass is in its equilibrium 
position. 

(2) Because the differential equations needed for analyzing damped oscillating 
pendula are prototypical of those used in studies of electromagnetism, acous- 
tics, mechanics, chemical and biological sciences and engineering, we analyze 
next a pendulum consisting of a (point-sized) bob of mass m that is tied to the 
end of a massless stiff rod of length /. The rod hangs down, in the negative 
z-direction, from a hook that has been nailed to the ceiling. The pendulum is set 
to oscillate in two-dimensional motion in the x —z plane. Air resistance is 
approximated as a frictional force proportional to the speed with which the bob 
is moving. The ensuing friction slows the oscillatory motion. 


In Chap. 9, physics relating to, and the applicable mathematics for the use of, 
resistors, inductors, and capacitors are studied. The study includes Kirchhoff’s two 
tules that state: ‘The incoming current at any given point equals the outgoing 
current at that point’ and “The algebraic sum of changes in potential encountered by 
charges traveling, in whatever manner, through a closed-loop circuit is zero.’ 
Considered next is Ohm’s law: namely ‘In a closed-loop circuit that contains a 
battery operating at V volt, and a resistor of strength R ohms, current flow is 
I amperes: J = y .’ Problems relating to additions of finite numbers of resistors, 
placed in various configurations—some in series and some in parallel formats—are 
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worked out in detail. Also included are several, more involved, analyses relating to 
current flows in a variety of infinite networks. 

Numerical solutions are analyzed in Chap. 10. Given a first-order linear differ- 
ential equation [refer to (10.2)] and its solution, y(xo), at a point x = x9, Runge— 
Kutta procedure is used to calculate Y(xo +A), an estimate of the exact result 
y(xo + A). Runge-Kutta estimate is the least accurate when it uses only one step for 
the entire move. And indeed, as shown in (10.11), the single-step process does yield 
grossly inaccurate results. The two-step process—see (10.12) and (10.13)—im- 
proves the results only slightly. But the four-step effort—see (10.14)—(10.17)—does 
much better. It reduces the error to about (+) th of that for the one-step process. 

Estimates from a ten-step Runge-Kutta process are recorded in table (10.1). 
These estimates—being in error only by (100 x 09,0025) = 0.0113%—are highly 
accurate. 

Coupled first-order differential equations (10.18) are treated next. 

Together these equations are equivalent to a single second-order differential 
equation. Tables (10.2)-(10.7) display numerical results, X, and Y,, for the 
one-step, two-step, and the five-step processes. Table (10.8) contains numerical 
results X, gathered during a twenty-step Runge-Kutta process. At maximum 
extension, A = 2, the Runge-Kutta estimate X,, is 26.371190. It differs from the 
exact result, 26.371404, by only a tiny amount, 0.000214. The percentage error 
involved is 0.000811. 

Table (10.9) records numerical results Y, collected during a twenty-step 
Runge-Kutta process. At maximum extension, A = 2, the Runge-Kutta estimate Y,, 
is 11.0170347, It differs from the exact result, 11.0171222, by 0.0000875. The 
percentage error involved is 0.000794. It is similar to the corresponding error, 
0.000811%, for X,. The accuracy achieved by the twenty-step Runge-Kutta esti- 
mate is quite extraordinary. When very high accuracy is desired, the twenty-step 
Runge-Kutta estimate yields results that are worth the effort. 

Chapter 11 deals with Frobenius’ work. As stated earlier, 

linear (ODEs) with variable coefficients are generally hard to treat. Fortunately, 
Frobenius’ method may often be helpful in that regard. To that purpose, analytic 
functions, ordinary points, and regular and irregular singular points are described in 
this chapter. Frobenius assumes a modified Taylor series solution that is valid in the 
neighborhood of an ordinary point. The unknown constants there are determined 
through actual use of the Taylor series solution. 

Frobenius solution around ordinary point is worked out for differential equations 
of type (a)—see (11.5)—(11.30)—and differential equations of type (b)—see (11.32)- 
(11.60). 

Equations of type (c), (11.62), around regular singular points are treated next— 
see (11.63)-(11.75). 

Indicial equation is defined—see (11.76)—and equations of category (1), whose 
two roots differ by non-integers, of category (2), whose two roots are equal, and of 
category (3), whose two roots differ by an integer, are all analyzed [See (11.78)- 
(11.183)]. 


Preface xi 


The last part of Chap. 9 deals with Bessel’s equations. Details of the relevant 
analyses are provided in (11.184)-(11.242). 

Answers to assigned problems are given in Chap. 12. 

Fourier transforms and Dirac*>: delta function are treated in the appendix which 
forms Chap. 13. 

Bibliography is presented last. 

Unlike a novel, which is often read continuously—and the reading is completed 
within a couple of days—this book is likely to be read piecemeal—a chapter or two 
a week. At such slow rate of reading, it is often hard to recall the precise form of a 
relationship that appeared in the previous chapter. To help relieve this difficulty, 
when needed, the most helpful explanation of the issue at hand is repeated briefly 
and the most relevant expressions are referred to by their equation numbers. 
Throughout the book, for efficient reading, most equations are numbered in seri- 
atim. When needed, they can be accessed quickly. 

Most of the current knowledge of differential equations is much older than those 
of us who study it. The present book owes in motivation to a famous treatise by 
Piaggio!” —first published nearly a century ago by G. Bell and Sons, LTD., and 
last reprinted in (1940). Piaggio is a great book, but in some important places it 
misses, and sometime misprints, relevant detail. Numerous other books!!~!- of 
varying usefulness are also available. The current text stands apart from these books 
in that it is put together with a view to being accessible to all interested readers: for 
use both as a textbook and a book for self-study. 

Answers to problems suggested for solution are appended in Chap. 12. 

Finally, but for the support of my colleague Robert Intemann, this book could 
not have been written. 


Philadelphia, USA Raza Tahir-Kheli 
May 2018 
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Chapter 1 @) 
Differential Operator si 


11 D 


All differential equations make use of the differential operator D. A convenient 
notation for it is the following: 


d 


~ dx 


oe (1.1) 


D9=1; D'=D 
d’ 


- dx” 


’ 


D” 


The operator D follows some, but not all, laws of algebra. 


1.1.1 Laws of Addition 


Assume v, v1, and v2 are positive integers. Using the rules of calculus, we can check 
that D obeys the commutative law of addition, 


anf) de fa) _ def) | dh f(x) 


dx”! dx” dx” dx”! 
= (D" + D”) f@) = (D”? + D") f(x) , (1.2) 


as well as the distributive law of addition—multiplication. 


d’ d" d’ dv qa dv dd 
( ) re) FQ) + f() 


dx’ \dx" ‘i dx” dx’ dx" dx’ dx” 
= D’ (D"' + D”) f(x) = D’D" f(x) + D’D” f(x) . (1.3) 


Also the associative law of addition is obeyed. 
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|) Fes | (| 
dx” dx"! dx” ae dx” dx”! dx” - 


=[(D’ + D”)+ D”] f(x) =[D” + (D" + D”)| f(). (1.4) 


1.1.2 Laws of Multiplication 


Similarly, both the associative law, 


d” d”! d” fa) = d” d”! d” £0) 
dx’ \dx" dx” oe dx’ dx" J “dx 


=D’. (D" .D”) f(x) = (D”.D”) . D® f(x) , (1.5) 


and the commutative law, 


ae es ed en es 
‘i x)= 5 XxX 
dx" dx] dx” dx" 


= D" DY f(%) = DY? D" fa) , (1.6) 


of multiplication are obeyed. In other words, for v; and v2 positive integers, the 
operators D”' and D”? commute. So far so good! But problems begin to arise if 
inverse powers are involved. 


1.1.3. What is D= f (x)? 


First thing to note here is that D represents the process of differentiation with respect 
to the variable x. Therefore, quite reasonably, the inverse process—meaning integra- 
tion with respect to x—should be represented by D~!. Simple analysis helps illustrate 
this point. For instance, straightforward integration of the differential equation, 


Dy(x) = 2x, 


leads to its solution 
[rsa = x +05 


= fovea = [82 a= fase 
= y(x).dx = ae .dx = dy(x) = y(x) (1.7) 


11 D 3 


where op is a constant. If we assume D~' represents integration with respect to x, 
we would also get the same result. 


y(x) = D7! .[Dy(«)] = D7. @x) = fev.a = x7+0 . 


Another way of looking at this is to write 


Do Dy = DS =] D yh = 90). (1.8) 


This suggests two things. First, the operator D~! may be identified with the operation 

of integration. Second, that D~!. D = D~'+! may be set equivalent to D° = 1. 
This looks very promising. But wait a minute! 

In view of (1.8), for integral v that is >, the following should hold: 


D’.D’x* =D" .0 
Zt, (1.9) 


On the other hand, D’ . D~” x" can be written as 


xhty 
D’.|D-*x*| = D’. +0 ae) = x, 
Fesicessenres () 
(1.10) 
The two results (1.9) and (1.10) are different. Indeed, whenever v > pj, 
D’.D’x* £D*.D’ x" . (1.11) 
1.1.4 Index Law 
In (1.7)-(1.11), we have made use of the index law that asserts: 
d'itv d" d”2 
fo ae ey 7 Ga pen 
= Dt” f(x) = DY. D™ f(x). (1.12) 


Clearly, this law holds if both v; and v2 are positive integers. But above we have used 
this law even when one of these indices was not positive? Let us try a very simple 
exercise to check the adequacy of the index law when that is the case. 
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3 
Dx? = D?. px = | = +00] =o. (1.13) 
but 
D-3y? = D™ [D> x7] =D .[0]= a. (1.14) 


Thus, an additional instruction would be needed to set oj = 2. To sum up: 


When 7 is a positive integer, D” may be treated as an ordinary algebraic 
quantity. In contrast, negative powers of D are not simple algebraic quantities 
and must be treated with care. 


Chapter 2 @) 
Some Definitions ectics 


A wealth of terminology is used in the literature. Unfortunately, some sounds similar 
even when it has distinctly different meaning. Noted below are a few definitions that 
are used in this manuscript. 


2.1 Ordinary Differential Equation 


A function involving a dependent variable, say u, only a single independent variable, 
say x, and at least one derivative of u with respect to x is an ‘ordinary differential 
equation’ (ODE). 

(ODE)s are used in problems in biology, chemistry, engineering, physics, other 
science disciplines, as well as computational mathematics. 


2.1.1 Explicit 


An (ODE) may be expressed in the following explicit form 
Feu” ae OY =u, (2.1) 


Here, u™) is the vth differential of the dependent variable u with respect to the 
independent variable x, i.e., 


d’u 
uM = = Du, (2.2) 
dx’ 
and Fy»; is a continuous function of the variables x, u,u),...,u~, where the 


independent variable x ranges within some specified interval J = X; < x < Xf. 
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Such an equation is called an explicit ordinary differential equation. Knowledge of 
a function u(x) defined within the same interval J that satisfies the same differential 
equation, i.e., 


Fypi (a; u(x), u(x), ..., ge) =u” (x), (2.3) 


is equivalent to having an explicit solution of the explicit ordinary differential equa- 
tion. 


2.1.2 Implicit 


When a given (ODE) cannot be expressed in the explicit from, it is said to be an 
implicit ordinary differential equation represented as 


Fimpi(e, u,u™,...,u’-, u™) = 0. (2.4) 
Generally, explicit ordinary differential equations are easier to treat than implicit 


ordinary differential equations. For simplicity, therefore, we shall work mostly with 
the explicit ordinary differential equations. 


2.1.3 Linear 


A differential equation that is of the first degree in its dependent variable as well as 
all its derivatives and is of the form 


Vv 


> 4 (x)D'u = B(x), (2.5) 
i=0 
where B(x) and {a;(x)}, i = 0, 1,..., v are all known functions of x, is said to be a 


linear ordinary differential equation. 


2.1.4 Homogeneous 


Whenever the function B(x) is missing from the linear (ODE), the latter is referred 
to as homogeneous linear ordinary differential equation. That is 


Vv 


> a;(x) Diu = 0. (2.6) 


i=0 
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[Unfortunately, this terminology is somewhat confusing because to many readers the 
normal usage of the term homogeneous function of degree-n implies the following 
equivalence: 


f(Ax, Ay, Az) = A" f (x, y, 2). (21) 


Later in the book, there will be occasion to work with differential equations of the 
type 


Fi (Ax, Ay) dx + Fy(Ax, Ay) dy = A"LFi(x, y) dx + Fy(x, y) dy , (2.8) 


where both Fi (x, y) and F(x, y) are homogeneous functions and both are of the 
same degree. ] 


2.1.5 Inhomogeneous 


A linear (ODE) of the form (2.5), where B(x) is not equal to zero, is called an 
inhomogeneous linear ordinary differential equation. 


2.1.6 Nonlinear 


When the (ODE) cannot be expressed in linear form represented in (2.5) or (2.6), it is 
said to be nonlinear (ODE). For instance, the well-known simple pendulum equation, 
where / represents the length, m the mass, and g the acceleration due to gravity—all 
of which are assumed to be constants— 


d? {1 tan 6} 
ji, 


4 +mgsin@=0 (2.9) 


is nonlinear when the angle 6 is not very small compared to a radian. Here, @ is 
the angle that the massless pendulum rod of length / makes with the vertical, m is 
the mass hanging at the bottom of the rod, tf refers to the time, g is the acceleration 


due to gravity, and V3 is the angular velocity so that one complete cycle—which 
2a 


z" 


is equivalent to angular rotation 27—is completed in time It does, however, 


become linear for very small 6 when both tan 6 and sin @ tend to 0. 

Just as implicit (ODE) is harder to solve than explicit (ODE), solving nonlinear 
(ODE) requires more effort than solving linear (ODE). Furthermore, simple treat- 
ment of nonlinear (ODE) cannot be guaranteed to succeed. Fortunately, many of the 
physical problems of interest—at least in the first approximation—can be expressed 
in terms of explicit ordinary differential equations that are linear. Therefore, much 
of our attention will be focused on linear explicit ordinary differential equations. 
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2.1.7 Partial Differential Equation 


An (ODE) has only one independent variable. But physical situations of interest 
sometime involve more than one physical property. As a result, the functions repre- 
senting them may sometime involve two or more independent variables. And such 
dependence is often best expressed by partial differential equations that contain par- 
tial derivatives with respect to more than one independent variable. 


2.1.8 The Order of an (ODE) 


The order of an (ODE) is v if the highest derivative in the equation is of order v. For 
instance, this is the case in (2.1), (2.3), and (2.4) because the highest derivative there 
isu, 

Similarly, the order of a partial (ODE) is the order of the highest partial derivative 
present. 


2.1.9 The Degree of an (ODE) 


Unlike the order of an (ODE), determining its degree requires some care. It is neces- 
sary first to arrange the (ODE) in a form where all the differential coefficients in the 
differential equation appear with rational and integral powers. When that has been 
done, the equation can be written as a polynomial in all the derivatives present. Then, 
the power of the derivative of the highest order is the degree of the given (ODE). 


2.1.10 Order and Degree: Exercises 


Determine the order and degree of the following differential equations. 


(D3u)” =A(x) Du + B(x) Du + G(x) , (2.10) 
(D2u) =u+A(x) , (11) 
(pu)? =[1+ (D'u)*] ; (2.12) 


Ou Ou 
(Fe). =A(x, y) (Fe). (2.13) 
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The highest order derivative in (2.10) is Du. Therefore, it is of third-order. Also, the 
differentials that appear here have powers that are integral. And, the highest order 
differential occurs with a power of 2. Therefore, (ODE) (2.10) is of second degree. 

Regarding (ODE) (2.11), the only and therefore the highest order derivative is 
D*u. As such, this (ODE) is of second order. To determine its degree, one needs first 
to rationalize all its derivatives. To this end, raise both sides to the power V2. 


D2u = [ut A(x)]2. (2.14) 


The highest-order derivative is clearly of power unity. Therefore, (ODE) (2.11) is of 
first degree. 
3 


For (2.12), proceed as follows: Raise both sides to power 5. 


L 
5 


3 
Du =([1+ (Dw!) = 14+3D'w+3(D%u)? + (D*w) 


role 


Now transfer 1 + 3 Du to the left-hand side 
[Du =3 D4" — 1] = (D3u)? [3 + Dou] 
and square both sides. 
[D’u —3D°u— 1] =(D*u) [34+ Du] . (2.15) 


The highest-order differential in (2.15) is Dw. Also, the highest power it occurs 
with—see the right-hand side—is (D3u)°. Therefore, the (ODE) (2.11) is of third 
order and third degree. 

The partial differential equation (2.13) is clearly of second order and first degree. 


2.1.11 Characteristic Equation: En 


When exp(kx) is tried as a solution to an nth order homogeneous linear equation, 
the result appears in the form exp(kx) multiplied by an nth degree polynomial in the 
variable k. Such polynomial will be referred to as the characteristic equation of the 
given nth order homogeneous linear ordinary differential equation. 


2.1.12 Complementary Solution: Scomp 


Determine the n solutions of the nth degree polynomial in A—that is, contained in the 
characteristic equation mentioned above —and notate them k; with j = 1,2,...,n. 
Next, exponentiate each one of them. Then, the sum 


10 2 Some Definitions 
n 
Yoo; expk; , (2.16) 
j=l 


where a; are arbitrary constants, is called a complementary solution. 


2.1.13 Particular Integral: Ip; 


A solution of an inhomogeneous linear (ODE) that contains no arbitrary constants 
will be called its particular integral /,,;. 


2.1.14 Indicial Equation 


The term with the lowest power of x—such as (11.76)—in a Frobenius solution— 
such as (11.75)—is termed the indicial equation. 


2.1.15 General Solution 


A solution that contains arbitrary constants is often called a general solution. General 
solution is a bit of a misnomer because the requirement for a solution to be general 
is quite relaxed. Of the possible n arbitrary constants in the solution, only one needs 
be nonzero. Occasionally in this text, general solution will refer to a solution given 
in terms of the variable vp that symbolizes roots of the indicial equation. 


2.1.16 Complete Solution 


Assume the 1 functions in the complementary solution—namely, 0; exp k;—-every 
one of which is itself a solution of the nth order linear (ODE) are linearly independent. 
Add the complementary solution to the particular integral [,,;. The sum of the two 
makes up a complete solution. That is, 


Complete Solution = I,; + Complementary Solution . (2.17) 


[Note: Linear independence is explained at length in (3.43)-(3.47). Also note 
that by making appropriate adjustment of the n arbitrary multiplying constants, 
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oj, i =1,...,n, derived from the complete solution all possible solutions can be 
obtained. Accordingly, complete solution may have many equivalent forms. ] 


2.1.17 Complete Primitive 


Should all the 1 arbitrary multiplying constants, o;, i = 1,...,”, that occur in the 
complementary solution stand determined by the use of appropriate boundary con- 
stants then the resultant complete solution is called complete primitive. 


2.1.18 Singular Solution 


Occasionally, there may exist a solution to a given differential equation that cannot be 
derived from its complete solution or complete primitive. Such an unusual solution 
is often called a singular solution. 


2.2 How Some (ODE) Arise 


Upon Elimination of Constants 


While an appropriate physical motivation is the source of most differential equations, 
differential equations may also arise in other ways. In particular, they may result from 
elimination of unknown constants in an equation. For instance, upon differentiation 
the following equations with one and two constants may be expressed as first- and 
second-order differential equations, respectively. In this manner, the equations 


u(x) = ooexp(kx) , 
v(x) = o; sin(ax) +02 cos(ax) , (2.18) 


would lead to the following differential equations. 


Du=ku ; 
D*y=—a?v . (2.19) 


Notice that by eliminating a single constant, e.g., oo, a first-order (ODE) is derived 
while a differential equation of second order is obtained from eliminating two con- 
stants such as a; and o2. Thus, it is usually the case that the elimination of constants 
leads to a differential equation of the nth order. Conversely, solution to a differential 
equation of the nth order usually contains n unknown constants. 


12 2 Some Definitions 


As an aside each of the surviving known constants k and a in (2.19) can also 
be eliminated by further differentiation which raises the order of each of the two 
differential equations by one notch. 


u D?u = (Du) : 
vD?v = (D*v)(Dv) . (2.20) 


Chapter 3 M®) 
Constant Coefficients ectics 


Most differential equations that describe vibrational motion belong to a class of 
linear ordinary differential equations where the coefficients are known constants. 
User-friendly methods for solving both the homogeneous and the inhomogeneous 
versions of these equations are described in this chapter. 


3.1 Homogeneous Linear (ODEs) 


Homogeneous linear ordinary differential equations with constant coefficients are of 
the form 


Vv 
ba Diu(x) =0 (3.1) 
i=0 

where c; fori = 0, 1,2,..., etc., are known constants. Exact solution of such equa- 


tions can often be found in terms of elementary functions when the equations are 
first order or second order, and also—with somewhat greater effort—when they are 
third order or fourth order. 


3.1.1 First Order 


The simplest homogeneous linear ordinary differential equation is of the first order. 


1 
pak: Diu(x) = (co +c) D) u(x) =0. 
i=0 
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Rewrite the above equation 


du(x) = (-2) dx (3.2) 
u(x) Cl 
and integrate. 
co 
Inu(x) = (-2) x+o. (3.3) 
cl 


The solution is 


co 
u(x) = 00 exp =a xi, (3.4) 


where oo = exp(c) is the single unknown arbitrary constant that can be determined 
from one boundary condition. For instance, the value of u(x) at x = 0 is equal to ao. 

Notice that only one integration is needed to obtain a solution of the first-order 
homogeneous linear ordinary differential equation with constant coefficients and the 
solution has only a single arbitrary constant. Indeed, the number of independent 
constants that a complete solution of an nth order homogeneous linear ordinary 
differential equation with constant coefficients contains usually is equal to n and 
such a solution requires the equivalent of n integrations. 


3.1.2 Second Order 


The following is a second-order homogeneous linear ordinary differential equation 
with constant coefficients. 


[co+¢c: D+c2 D*Ju(x) =0. (3.5) 


Given our experience with a first-order homogeneous linear ordinary differential 
equation with constant coefficients—see (3.4)—let us again try 


u(x) = exp (kx) (3.6) 
as a possible solution. With this choice, (3.5) becomes 


[co +c, D+ cy D*| exp (kx) = 
exp(kx)[cotciktoak]=0. Gy) 
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Except for the extraordinary circumstance when k x — —oo, (3.7) requires 
[cotak+ak]=0 . (3.8) 


This is the characteristic equation. Note, given a differential equation, e.g. (3.5), the 
characteristic equation is readily found by replacing D with k. 
3.1.3. Characteristic Equation: E.p 


The characteristic equation for all second-order homogeneous linear ordinary differ- 
ential equation is a quadratic. The two roots of (3.8) are k, and kp. 


ky = (20)! [a+ ff —4eve ; (3.9) 
kp = (2c)! [=< - 4-400] ; (3.10) 


3.1.4 Unequal Roots 


Assuming the two roots, whether they be real or imaginary, are unequal, then the 
differential equation (3.5) has two solutions of the form 


u(x) = uy(x) =exp(kj x). (3.11) 
u(x) u2(x) = exp(kogx) . (3.12) 


3.1.5 Complementary Solution 


And the complementary solution is their linear sum. That is 
Scomp = 01 exp (ki x) + 02 exp (kz x) . (3.13) 


As usual, 0; and a2 represent arbitrary constants. 
Superposition Principle 


When exp (k; x) and exp (kz x) are solutions of a second-order homogeneous linear 
ordinary differential equation with constant coefficients, then a linear sum of the two, 
namely the complementary solution, 
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o1 exp (ki x) + 02 exp (ko x) , (3.14) 


is also a solution of the same homogeneous linear ordinary differential equation. 
Thus, the superposition principle asserts that the following must be true: 


[co +c: D+c2 D’] .[o1 exp (ki x) + 02 exp (kp x)] = 0. 
(3.15) 


Knowing that a given set of derivatives of the product o u(x) is equal to o times the 
same set of derivatives of u(x), and the fact that derivatives of a sum are equal to the 
sum of those derivatives, (3.15) can be rewritten as 


(onl [co +c, D+c D*| u,(x) 
+02 [cy +c; D+ cz D*| u(x) =0 . (3.16) 
According to (3.9)-(3.13), the relationship (3.16) is indeed satisfied. This confirms 


the assertion (3.15) and therefore the superposition principle. 


3.1.6 Examples Group I: Unequal Real Roots 


Complementary solution is worked out for three differential equations for which the 
characteristic equation as well as its roots is provided. Note, these are second-order 
homogeneous linear ordinary differential equation with constant coefficients, whose 
characteristic equation has two real roots, k; and kz, that are unequal. 


9 
n= 5. (3.17) 


Nie 


3 
k= -1, b= -= . (3.18) 
2 
[2D?-S5D+3]u=0; Eu = 2k -5k+3 =0, 
3 
mal, b=5. (3.19) 


As described in (3.5) — (3.13), the relevant complementary solution for the differ- 
ential equations in (3.17)-(3.19) is the following. 


Scomp = 01 exp(k, xX) + 02 exp(k2 x) . (3.20) 


3.1 Homogeneous Linear (ODEs) 17 


3.1.7 Examples Group II : Complex Roots 


Treated below is a second-order homogeneous linear ordinary differential equation 
with constant coefficients whose characteristic equation is a quadratic with complex 
roots k; and ko. 

ki =r-im;k,=r+im. (3.21) 


According to (3.20), the complementary equation takes the form 


Scomp = 01 exp (r —im)x + 02 exp(r +im)x 
= exp (rx) [o exp (—imx) + 02 exp(im x)| 


= exp (rx) [03 sin(@m x) + 04 cos(mx)] , (3.22) 


where the arbitrary constants 03 and o4 represent combinations of the earlier arbitrary 
constants in the form 


03 = —i (0, — 02) , 


O4= (0, +02). (3.23) 
In deriving the above equation, the following identity was also used 


exp (+i 6) = cos(9) +i sin(@) . (3.24) 


3.1.8 Equations with Complex Roots 


Given below are differential equations along with their characteristic equations and 
complex roots in the form of r and m. [Note: See (3.21) for the definition of r and m.] 


[D?+2D+5]u(x)=0; kh +2k+5=0; 
r=—-1l,m=2. (3.25) 


[D?-6D + 10]u(x)=0; kK -6k+10 = 0; 
r=3,m=1. (3.26) 


5 5 
[D2 + 3D +5] us) =0 | WO + 3k +5 =0; 


(3.27) 


3 1 
f= SS y, MS > 
2 2 
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The relevant complementary solution is obtained by introducing these values of 


r and m into (3.22). 


3.1.9 Equation with Double Root 


Consider next a second-order homogeneous linear ordinary differential equation with 
constant coefficients whose characteristic equation is a quadratic with a double root, 
real or imaginary. For instance, when the differential equation 
[D? -2cD+c*]u(x) = (D—c)’ u(x) =0 (3.28) 
is solved by setting u(x) = exp (k x), its E.,, namely 
(k—c)? =0, (3.29) 
yields identical two roots k = c. Therefore, 
u(x) = u4(x) = exp(c x) (3.30) 
is a double solution that duly satisfies the differential equation (3.28). But it is only 
a single distinct solution. [Note: Two solutions are distinct if they are linearly inde- 


pendent. Linear independence is formally defined in (3.43)-(3.45).] Hoping that 
another distinct solution would also involve exp(c x), let us try 


u(x) = uz(x) = exp(cx) f(x) (3.31) 


as a possible second distinct solution and determine f(x) accordingly. To this end, 
insert (3.31) into (3.28). One gets 


0 = (D~c)’ u(x) = (D ~c)’ [exp(ex) f)] 
= (D—c) {(D — c) [exp(cx) f (x)]} = (D — c) fexp(cx) Df )} 
= exp(cx) [D? f(x)] . (3.32) 


Thus, all that is needed is to find the solution to 
> d 
[D* F@)] = = I{Pf@)} =O. (3.33) 


This is readily done by integrating (3.33) twice. The first integration leads to 


d 
ie f(x)] dx = [ [fre dx = folds : 


= {Df (x)}+ const; = const . (3.34) 
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And the second to 


fw Ff (x)] dx = (const2 — const) fd ; 


f(x) + const; = (const — const,) (x + const4) . (3.35) 
By setting (constz — const,) = o; and (a; . consty — const3) = ao, one gets 
ff) =oo+o,x . (3.36) 


Thus, according to (3.31) and (3.36), the u(x) given below solves the differential 
equation (D — cy u(x) = 0. 


u(x) = exp(cx) f(x) = exp(cx)(o9 ta, x) . (3.37) 


This version of u(x)—which is to be dubbed the solution—is quite interesting. In 
addition to including a new expression, namely exp(c x) (a; x), it contains also all 
of the first solution, namely exp(c x) (a9), that was given in (3.30). Additionally, 
because u(x) has been derived from two integrations, it has the requisite number 
of unknown constants: namely oo and o;. Therefore, u(x), given in (3.37), is the 
complementary solution. Finally, as long as its two parts—namely (a9) exp(c x) 
and (a; x) exp(c x)—are mutually distinct, meaning they are linearly independent, 
u(x) is also the complete solution of the differential equation (3.28). Additionally, 
if the two unknown constants, 79 and o;, are determined—say, from two boundary 
conditions—this solution would also qualify as the complete primitive. [Note: See the 
succeeding subsection for a discussion of when a given set of functions is mutually 
distinct, meaning when they are linearly independent. Also see (3.47)—(3.53) where 
the linear independence of given two expressions is demonstrated. ] 


3.1.10 n-Equal Roots 


The foregoing can be extended to nth-order homogeneous linear ordinary differential 
equation with constant coefficients. 
(D—c)" u(x) =0. 
Clearly, its characteristic equation 
(k—c)" =0 
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has n equal roots: k = c. Following the same procedure as outlined in deriving (3.37), 
the complementary solution is 


Scomp(X) = exp(c x)[o0 +o,x+02 x” +++++0n-1 x, (3.38) 


And once again it is a sum of distinct terms. As such, it is a complete solution. If the 
values of 0, —i = 0, 1, 2,..., (2 — 1) were all known—say, determined from n 
different boundary conditions—the Scomp(x), given above, would also qualify as the 
complete primitive. 

Characteristic equations with multiple roots are analyzed below. 

Equation (3.38) refers to the case where E,, has n equal roots. That means, there 
is only one distinct root that occurs n different times. What if there were two roots, 
both of them occurring multiple times? To study this case, consider the following 
differential equation with two roots: cg and c. 


Fu(x) = (D— co)" (D-—c)" u(x) = (D-c)" (D—co)™ u(x) = 0. 
(3.39) 


3.1.11 En with Multiple Roots 


Two Roots Equal and Occurring Multiple Times 


If the two roots co and c are equal, the problem (3.39) is similar to that worked out 
in (3.38). Then, the result is 


u(x) = Scomp(x) = exp(c x) (oo + 01x + 02X7 +++ + Ong nix") 


(3.40) 


Two Roots, Unequal and Occurring Multiple Times 


On the other hand, for the more interesting case, should co and c be unequal, the 
above differential equation would have two distinct roots: namely co, that occurs no 
times, and c, that occurs n times. The characteristic equation then would be 


Eon = (k= €0)" (k— 0)" = =o)" k= 00)" . 


Define 
(D — co)" Up(x) = 0, 
(D—c)" U(x) =0. 
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Then, 
(D — co)" (D — c)" [U(x) + Uo(x)] 
= (D — co)" (D — c)" U(x) + (D — &)" (D — c)" Up(x) 
= 0+ (D— ce)” (D —c)" Up(x) = 0 + (D — c)” (D — c9)” U(x) 
=0+0. (3.41) 


Thus, the solution of homogeneous linear ordinary differential equation with constant 
coefficients (3.39) is 


Scomp (x) = u(x) = Up(x) + U(x) 
= exp (co x) [000 + 01 x + 002 ee Site | 


+ exp(c x) [oo torx +02Xx° $e + on —1x" "| : (3.42) 


3.1.12 Problems Group I 


Find complementary solution, Scomp(x), to the following ten homogeneous linear 
ordinary differential equations with constant coefficients. 


(D? +2D-3 
(D?-3D—-4 


)u(x) =0. (1) 

)u(x) =0. (2) 
1 2 

(>+ 5) #0) =0.6) 


1 2 
(p-5) u(x) = 0. (4) 


(D + 2)° u(x) =0. (5) 
(D — 2) u(x) =0. (6) 
ae L)vG@)=0.0) 
(D? + 1) u(x) =0. (8) 
ee aoe 
(D? + 3D + 4) u(x) = 0. (10) 


3.2 Linear Dependence and Linear Independence 


Linear Dependence 


A given set of functions { f;(x)}, i = 1,2, ...,2, is said to be ‘linearly dependent’ 
if and only if, for all values of x in an interval J, there exist n constants, say {o;}, 
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i = 1,2,...,n, such that the following relationship—namely (3.43)—holds true. 


Yi oifitx) =0. (3.43) 


i=1 


Clearly, the case when the constants {o;}, i = 1, 2, ...,1, are all vanishing is trivial. 

A straightforward use of the relationship (3.43) for determining linear dependence 
of the functions fj (x) is quite awkward. It requires knowledge of an appropriate, non- 
trivial, set of constants o;. This requirement is circumvented below. 

In order to determine whether the given functions, { f;(x)},i = 1, 2, ...,n—each 
of which is differentiable (7 — 1) times—are linearly dependent, one differentiates 
(3.43) several times and keeps a record. Every time (3.43) is differentiated, the pro- 
cess produces a new _ differential equation. This way, after 
(n — 1) differentiations, there are (n — 1) new differential equations. These along 
with the original equation, namely (3.43), make a total of n simultaneous homoge- 
neous linear ordinary differential equations with constant coefficients that involve 
the n constants {o;},i = 1,2, ...,. It is helpful to display these equations. 


Ya fix) =0; (1) 


i=1 


Yoo. Dfilx) =0; (2) 


i=1 


Yio). D"" fix) =0; (n) (3.44) 


i=1 


For the given n functions, { f;(x)}, i = 1, 2, ..., n—-each of which is differentiable 
(n — 1) times—to be linearly dependent, it is required that (3.44) be satisfied by a 
non-trivial choice of the constant o;. To ensure that it is so, proceed as follows. 


3.2.1 Wronskian 


A well-known theorem of algebra states that n simultaneous homogeneous linear 
equations involving n constants—such as o;’s, 1 = 1, 2, ..., n, in (3.44)—have a 
non-trivial solution if and only if the following relationship—that is, (3.45) given 
below—holds true. 


3.2 Linear Dependence and Linear Independence 23 


fi) S2(X), +) fn) 
Df\(x) Dfa(x), ..., Dfn(x) 
is ee ped : . ; = pee ea 
=0. (3.45) 


W(x) = 


In other words: 

For all values of x within an interval 7, the given n functions—{ f;(x)}, i = 
1, 2, ..., each of which is differentiable at least (n — 1) times, are linearly depen- 
dent if and only if their Wronskian, W(x), is vanishing. 


Linear Independence 


On the other hand, linear independence, being the opposite of linear dependence, 
obtains only if a relationship like (3.43) never holds true—except, of course, for 
the trivial case when all the constants o; are zero. Indeed, a given set of functions 
{fi(x)}, i = 1, 2, ..., 2, is said to be linearly independent if and only if, for all values 
of x in an interval /, there exist n non-trivial constants, say {o;},i = 1, 2,...,, such 
that relationship (3.46) obtains. 


Yai fix) £0. (3.46) 


i=l 


Employing the same argument that led from (3.43) to (3.45), one concludes that 
functions { f;(x)}, 7 = 1, 2, ..., 2, are linearly independent if and only if the following 
relationship—namely (3.47)—holds true. 


fix) Sx), +) Sn) 
Df\(x) Dfa(x), ..., Df (x) 


D""! f(x) D'“! fo(x), ..., D"! fn (x) 


W(x) = #0. (3.47) 


Thus to reiterate: For all values of x within an interval J, functions { f;(x)}, 
i = 1,2,...,n, each of which is differentiable at least (n — 1) times, are linearly 
independent if and only if their Wronskian, W(x), is non-vanishing. 


3.2.2 Examples Group II 


(A): Work out the requirement that must be satisfied for a given pair of functions, 
fi (x) and f2(x), each of which is differentiable at least once, to be linearly dependent. 
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Solution 


According to (3.45), two such functions f;(x) and f(x) are linearly dependent if 
and only if they obey the relationship 


— | fi) foe) | 
WO)= | EGa. “DRGA| on) 


Rewriting (3.48), 


Dfx) — Df) _ 


=0, 3.49 
he) — fied) ala 
and integrating, 
logl fa(x)] = log[fi(x)]+ constant , (3.50) 
gives 
fax) = Cofix) . (3.51) 


Simply expressed, two functions that are proportional are linearly dependent. 

(B): Given u(x) in (3.37) is complementary solution of the homogeneous linear 
ordinary differential equation with constant coefficients (3.28) that has equal roots, 
show that u(x) is also its complete solution S,, (x). 

In order for (3.37) to be a complete solution of the homogeneous linear ordi- 
nary differential equation with constant coefficients (3.28), the given two functions 
fi(x) = exp(c x) and fo(x) = x exp(c x) have to be linearly independent. This will 
be the case, according to (3.47), if the following holds true. 


Dfo(x) Df\(x) 
fox) Six) 


#0. (3.52) 


Equation (3.52) translates into 


exp(c x) +cx exp(cx) c exp(c x) £0 (3.53) 
x exp(c x) exp(c x) 
which reduces to the inequality 
1 
— £0. (3.54) 
x 


Clearly, as long as x is non-infinite this inequality holds. Therefore, the given two 
functions are linearly independent, and as a result (3.37) is a complete solution of the 
homogeneous linear ordinary differential equation with constant coefficients (3.28). 
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3.2.3 Examples Group IV 


Using the methods described in the foregoing, work out complementary solution to 
the set of twelve homogeneous linear ordinary differential equations with constant 
coefficients given in (3.55) below. 


(D?+3D+1)u(x)=0. (1) 
(D?+3D—1)u(x)=0. (2) 
(D?+3D—3)u(x)=0. (3) 
(v?+30+ 5) uo =0. (4) 
(D°+4D+6)u(x)=0. (5) 
(v'+D+5)u =o ; (6) 
3 2. 
(p+5 u(x) =0. (7) 
3 2. 
(o- 5) u(x) =0. (8) 
(D +2) u(x) =0. (9) 
(D+ 1) u(x) =0. (10) 
[D (D? — 4)*]u@x) =0 . (11) 
[D? (D* — 4)] u(x) =0 . (12) (3.55) 


Solutions to Examples Group IV, (3.55) 


In the following, complementary solution is worked out for all of the twelve homo- 
geneous linear ordinary differential equations with constant coefficients given above 
in (3.55). This is done by determining their characteristic equation and its roots. 
Remember, as always, the characteristic equation is determined by replacing D by k. 


3 5 
() Bay: P+3k41 305 ka =-5+ 2 . 
(1) Scomp(*) = exp (-3) [« exp ($s) + 02 exp (5) | 
3, V3 
(2) En: P+3kK-1=0; big = -5+>: 


(2) Scomp(*) = exp (-3*) [° exp (F.) + 02 exp (5) | ; 
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(3) En : P4+3kK-3 =0; kyo = - 


9 3 3 
4) Ent Pe +3kK+—2=03 kip = -=Htik; 
(4) h +3 5 0 1,2 5 tS 
3 3 3 
(4) Scomp(x) = exp (-3) la sin (5*) + 02 cos (+) | ; 
(5) Bat Pe +46 = 02 oa = —Pti2 < 


1 
(6) Ech : B+k+ 5 =0;hk2= - 


1 
2 
(6) Scomp(*) = exp (-3) [a sin (5) + a2 cos (5) : 


3\° 3 
7) En t (kK+= =0; kh2= -=; 
(7) Ech («+3) 0 1,2 5 
3 
(7) Scomp (x) = exp (-3) (99 + o1x). 
3\° 3 
8) Ee, : | k-= =0; ko = =; 
(8) Ech ( >) 12 5 


(8) Scomp(x) = exp (5+) (90 + 1x). 


(9) Eon : (K+2) =0; kg = -2; 
(9) Scomp(x) = exp (—2x) (09 + o1x). 
(10) En : (kK+D? = 03 king = -1; 
(10) Scomp(x) = exp (—x) (09 + o1x + 02x”). 
(11) Ee, 2k (2-4) = 0; & =0,h3 = +2; 
(11) Scomp(x) = oo + exp (2x) (01 + 02x) + exp (—2 x) (03 + o4x). 
(2): BG SP eH 4) 0s Rig 0 gage 2s 
(12) Scomp(x) = 09 (1 + 01 x) + 02 exp (2.x) + 03 exp(—2x) . (3.56) 
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3.3 Method of Undetermined Coefficients 


Treatment of Inhomogeneous Linear Ordinary Differential Equation with 
Constant Coefficients 


Consider 


Vv 


ss Diu(x) = B(x) . 


j=0 


If B(x) is nonzero, then this equation is an inhomogeneous linear ordinary differential 
equation with known constant coefficients, c;. 

Assume that through some fantastic luck, one has been able to guess the particular 
integral, /,;, that solves the above equation. That is 


Sep Dip = BG). (3.57) 
j=0 


Clearly, by using the procedure outlined in the foregoing subsections, one can also 
work out a complementary solution for the homogeneous part of the above inho- 
mogeneous linear ordinary differential equation with constant coefficients. In other 
words, one can determine Scomp (x) that satisfies the following equation. 


Vv 


SGD Sage 0 (3.58) 
j=0 


The sum of the complementary solution Scomp(x) and the particular integral I,,; leads 
to complete solution. That is, from (3.57) and (3.58), one has 


V 


a Diu(x) = B(x) 


j=0 
= 0G D' Su) => 67D" [Some + hl 
i=0 i=0 
= \- cj D! Scomp(x) +) cj Di Ip = 0+ B(x) = BOX) . (3.59) 


j=0 j=0 
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3.3.1 Particular Integral: Ip; 


While the process of determining complementary solution for homogeneous linear 
ordinary differential equation with constant coefficients has now been amply studied, 
calculation of the particular integral, /,,;, for inhomogeneous linear ordinary differ- 
ential equations with constant coefficients still needs to be described. This matter is 
dealt with in the current subsection. The procedure described here is a generalization 
of what is known as the method of undetermined coefficients. Detailed explanation 
is provided by working through several calculations that involve different versions 
of the function B(x). 


Calculation of J,; 
ba o| Ip = BOs) 
i=0 


In order to solve and find the particular integral for an inhomogeneous linear ordinary 
differential equation with constant coefficients given above, proceed as follows: 
Multiply both sides on the left by [77_y ¢; D' ime The result is 


V -l Vy y -l1 
ba »| ba | In = Ip = pp Cj | B(x) . (3.60) 
i=0 i=0 i=0 


Expand ba Ci Diy B(x) as series in ascending powers of D and retain only the 
terms needed for the given B(x). 


3.3.2 Examples Group V 


Ti when B(x) = en x" +e 
V(A): Solve 
[D?+ D+ 1] u(x) = ex +e. 
Calculate first the particular integral u(x) = I,;. To this end, as explained above, 
invert the left-hand side and expand the resultant in ascending powers of D, retaining 


terms only up to the order D>. Note that higher powers of D in the expansion would 
contribute nothing. 
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1 
V(A): Tn = laine | (es x° + €) 


= [1— D+ D> — D* + O(D®)| (es x° + e9) 
= e5(x° — 5x* + 60x? — 120x) +e . (3.61) 


Now calculate its complementary solution. 
To that end, use the procedure previously described following (3.21) and (3.22). 
That is, begin by trying exp (k x) as a solution. 
(D? + D + 1) exp(kx) = (k° +k + l)exp(kx) = 0. (3.62) 
In the above equation, ignore exp(k x). The rest is the characteristic equation E¢y. 


(Pe +k+1)=0. (3.63) 


The E,; here has complex roots: k = kj =r +imandk =k, =r—im, where 


i= (3.64) 


The resultant complementary solution consists of exp(k; x) and exp(k2 x) and is 
expressed in terms of 


exp(rx)sin(mx) and exp(rx)cos(mx) . (3.65) 


More precisely, it is 


V(A) + Scomp(x) = exp (-3) . sin (2) + 04,008 (S| G.66) 


As usual, 03 and oy are arbitrary constants. Also, the sign and the cosine functions 
are linearly independent. As such (3.61) and (3.66) represent complete solution, 
= Ini + Scomp(x), of differential equation V(A). 
V(B): Solve 
[D? —-D- 1] u(x) = (e3x° +e). 


The particular integral, as before, is calculated as follows: 


1 
V(B) : Tpi = or (e3x3 + éo) 


—[1-— D+2D? — 3D? + O(D*)] (e3.x? + e0) 
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= 3 (—x? + 3x” — 12x + 18) —e. (3.67) 
Next proceed as in exercise V(A) and find the characteristic equation. 
(ie =k =1) 0. (3.68) 
1 


Its roots, kj2 = 5 = see lead to the complementary solution 


5 5 
V(B) : Scomp(x) = exp (5) [ exp (Ss) + 02 exp (-.) | . (3.69) 


V(C): Solve 
[D?+2D+ 1Ju(x) = (e4x* +e). 


The particular integral is calculated the same way as in (3.61) and (3.67). 


1 
VCC): Tpi = lana (e4x* +e) 
= [1—-2D+3D* —4D* + 5D* + O(D°)| (e4.x* + e0) 
= e4 (x* — 8x7 + 36x? — 96x +120) +e . (3.70) 


Next, the Scomp(x). The characteristic equation k? +.2k +1 = Ohasa double root 
k =k, = ky, = —1. Therefore, similar to (3.28)—(3.37), its complementary solution 
is 


VC): Scomp(x) = (99 + o1x) exp(—x) . (3.71) 


A more detailed set of equations is solved in the following. 


3.3.3. Examples Group VI 


Solve the following twelve inhomogeneous linear ordinary differential equations 
with constant coefficients. The homogeneous linear ordinary differential equations 
with constant coefficients that occur in (3.55) have been converted here by adding 
a term of the form B(x) = e, x” + e,. Because Scomp(x) to these equations have 
already been worked out—see (3.56)—only the particular integral, /,;, needs to 
be worked out here. Complete solution can then be obtained by adding /,; to the 
corresponding Scomp(x). 


(D? + 3D + 1) u(x) = (e, x? +0) . (I) 


3.3. Method of Undetermined Coefficients 


(D? + 3D — 
(D? + 3D 


1) 

—3) 

G 4 3p a) u(x) = 
(D? + 4D + 6) u( 


(0 + D+ ae u(x) = 
2 


(>+3) 
D+=) u(x)= 
2 
(p-3) u(x) = 


(D + 2)? u(x) = 
(D+ 1% ue) = 
[D (D* — 4)" ] u(x) = 
[D? (D? — 1)] u(x) = 


Solution: (3.72) 


(L) Ipi 


(2) Ipi 


(4) Ipi 


(5) I pi 


= (p?+3D+1) ‘¢ 3 
= 1x” +e 


[! —~3D +8D? —21D3 + | 


u(x) = 
u(x) = 


(e4 xt+ €0) . 
= (e5x* +e). 


(e6x* +e) . 
(e7x° +.) . 


(egx° +e) . 


) 


(erx> +e) , 


eye? = 9x" 4+ 48x = 126) + 29. 


-1 
(0? +3D— 1) (en x? + eo 


[-1 3D — 10D? — 33D3 


) 


+ 7 (e2 x4 eo) ; 


= —e9(x> + 9x7 + 60x + 198) — ep. 


(3) Ipi = 


(vo? ds BTpec: ae — +e 


oe 


-(2)(* + 3x ek 


) 


2 ca 4 
D + SDS (e4 x" + eQ) 


eaten pts, wat eed 
es eo) , 
9 a Ss 81 ae 


2 
e4 (5) (x a + x 


is (D2 +4D+6) (es x4 
= 5x + eg 


32) | (2 
ey . 
27 ry aes 


) 


(en x3 +9) . 
(e3 xe eo) . 


(e9x° +e) . 
(e19 x° + e0) . 
(e1, x° + ep) . 


(e12 x° +e) . 


(2) 
(3) 


(4) 
(5) 
(6) 


(7) 


(8) 


(9) 

(10) 
(11) 
(12) 


4] leas? +e) , 
€0 
3 
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(3.72) 
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1 ER ee ee ee 4 
= he POD D Dido. 
(3) 3° t 78 a? 394? + | es +0) 


€0 


1 —1 
(©) Ipi = (p+ D+ 5) (e6 x4 + e9) 
Ls Bhs [1-20 +20? -4p4 +...] x4 + 2¢0 


=e (x4 — 8x3 4 24x? — 96) 45 


— 
II 


3 —2 
(1) Ipi (p+ 3) (e7. x? + €0) 


= 5/1 te ple pi Dt TD +...] (e735 +60) ‘ 
9 ae 27 81 81 

4 5 204 803 640, 3200 2560\ 4 
= 5er(« a Og ge ae a) + Ee: 


3 —2 
(8) Ipi = (>- 5) (esx? +0) 


4 His 6d 32 80 64 
5 [1+ DA =D? +—_ DP += D+ ..| ex +60) 


a. 3 27 81 81 
4 5, 204, 803, 640 | 3200 | 2560) | 4 
=: —: 2 x x x Xx x é A 
. 3 3 9 yy] 27 g 2 


(9) Ipi = (D +2)? (eg x° + €0) 


1-—D D D D D “os 
Al + 5 aap ia +...| (e9x° +e) , 


1 715 45\ 1 
= geo (x5 — 5x4 + 1539 30x? + Fx >) + eo .- 
(10) Ip; = (D+ 1)? (19 x° + €0) 
= [1 —3D + 6D? — 10D? + 15D4 — 21D° +. 28D — a (erox® +e9) , 


= e139 (x° — 18x° + 180x* — 1200x7 + 5400x” — 15120x + 20160) + e9 . 


= 
(1D) Ip; = [D(w? 4] Cer x® +60) 
_{i 3 5 7 6 
= pee tee + 496 D° + O(D') | (e11 x” + e0) 
x7 
= fegxtely = +48.x° + 7560.x° + 357120x (11) 
—l 
(12) Ip = [D°(D? = ] (err x° + e0) 


1 
aaee | petit? + Dt + Do +0] (e17 x° + e9) 
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2 8 
=-{~ (F+1)+ea[ E+ + 30x4 + 360x ? +720]. (12) (3.73) 


Note, in (11) above use was made of the relationship 


= FQ) - [ feoe 


and in (12) 
arf) = [ax{[ rooast. 
Therefore 
peux’ +é@) = 4 + ex 
and 


1 €12 0 
6 8 2 

—~s(e12xX +e) = zx +—x 

p: | 12 0) 56 5) 
In keeping with the tradition, 7,; contains only known constants e;, etc. Unknown 
constants such as oj, etc., are not included in the result above. That is appropriate 
because such constants are already equivalently present in the relevant Scomp(x) in 
(3.56) and therefore in the complete solution. 


3.3.4 Problems Group II 


Work out the particular integral /,; for the following ten inhomogeneous linear ordi- 
nary differential equations with constant coefficients. The equations given below 
were put together by making additions—in the form B(x) = c, x” + co—to the 
homogeneous linear ordinary differential equation with constant coefficients given 
in Problems Group I. Because the relevant complementary solutions are already 
available from Problems Group I, only particular integrals, /,;, are being required 
here. 


Caste asad +¢9. (1) 
(D? —3D—- 4) u(x) =x? +c . (2) 
2, 


(D+ 5) u(x) = 3x? +co . (3) 


2 
( _ 5) u(x) = caxt +o. (4) 
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(D +2) u(x) =c5x+4+c9 . (5) 

(D — 2)? u(x) = c6x*+ +0 . (6) 

(D? + D+ 1) u(x) = 7x? +0 . (7) 

(D? —D+ 1) u(x) = cgx° +c . (8) 

(D? +2D+ 3) u(x) = cox +9 . (9) 
(D? + 3D +4) u(x) = cio x° + cp « (10) 


Procedure for Solving 

I,; When B(x) = e, exp(ax) + eg 

In order to solve an inhomogeneous linear ordinary differential equation with con- 
stant coefficients where B(x) = e, exp(ax) + eo, it is helpful to know the effect 
of operating with a function of D on e, exp(ax). To that purpose, consider the 
following identity for integral n > 0. 


D" [en exp(ax)] = en a” exp(ax) . (3.74) 


As such, when acting on exp(a x) a function f(D) that involves only positive powers 
of D will lead to 


FS (D) len exp(ax)] = en f(a) exp(ax) . 
If f(a) # 0, one can divide both sides by f(a). 


aol) [en exp(ax)] = aro Lp dem, GIs 


From the left, multiply both sides of (3.75) by ae 


1 1 


1 
7D f@ f(D) [en exp(ax)] = FD) [én exp(ax)]. (3.76) 
And rewrite the left-hand side of (3.76) in an equivalent form. 
1 1 €n exp(a x) 
—— }—— f(D) Jen = —___. 3.77 
Fas { Feast [er xv] = SE om 


The left-hand sides of (3.76) and (3.77) are equal and hence, also the right-hand 
sides. 
€n exp(a x) 


1 
F(D) [en exp(ax)] = = ay ‘ (3.78) 


3.3 Method of Undetermined Coefficients 


3.3.5 Examples Group VII 


Here B(x) =e, exp(ax) +e 
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Solve the following twelve inhomogeneous linear ordinary differential equations with 
constant coefficients. For convenience, the homogeneous part of these equations is the 
same as (3.55). For calculating the relevant /,;, it is helpful to use (3.61), (3.67), (3.70) 


and (3.78). 


(D? +3D+ 1) u(x) = e; exp(ax) +e . 
(D? +3D— 1) u(x) = ep exp(ax) +e . 
(D? +3D— 3) u(x) = e3 exp(ax) +e . 


2 


9 
(>° +3D+ 5) u(x) = e4 exp(ax) +e . 


(D? +4D + 6)u = es exp(ax) +e . 


2 


1 
(>° + D+ ;) u(x) = @6 exp(ax) +e . 


2 
(> + >) u(x) = e7 exp(ax) +e . 


2 


2 


3\2 
(o _ >) u(x) = eg exp(ax) +e . 


(D + 2)? u(x) = eg exp(ax) + & . 

(D + 1)? u(x) = e1 exp(ax) +e . 
[D (D? _ 4) u(x) = e1; exp(ax) +e . 
[D? (D? _ 1] u(x) = e12 exp(ax) +e . 


Solution: /,; for (3.79) 


(1) 
(2) 
(3) 


(4) 
(5) 
(6) 


(7) 


(8) 


(9) 
(10) 
(11) 
(12) (3.79) 


e0 


a? + 3a + 1) 


1 


20 


a? + 3a — 1) 


= io 


0 


(a? + 3a — 3) 


=—3 ° 


0 


Lyi = Era. exp(ax) + €) = (a3 expe) 
Se = (e exp(ax) + ¢9) = lai BOs) 
Thi = Ss (e3 exp(ax) + eo) = e3 exp(ax) 
Ipi = as (e4 exp(ax) + eo) = 4 exp(ax) 

! es exp(ax) 


(a? + 3a + 3) 


9/2 © oe 


e0 


(5) 


Paap eo ee 


a? + 4a + 6) 


6 
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7 CG exp(a x) €0 
DED TH POY TO por Hh TR 
fs 1 __ e7 exp(a x) £0 
Lee (+3! : 7 (e7 exp(ax) + e9) = ore 2» 9/4 (7) 
1 eg exp(ax) 
Ii = (3 (eg exp(ax) + €9) = Ge 3? ate 9/4 (8) 
1 é€y9 exp(ax) =e 
Lie (Dim? (€9 exp(@x) + e9) = aos an 7 : (9) 
1 €i9 exp(ax) ee 
1 1 
Pe D(pe—ayp exp(ax) + e9) = D(p ape exp(ax)] 
1 p27"! e11 exp(a x) x 
Nol | ae a a) 
1 1 
in= BD (D2 —1) (e12 exp(ax) + €9) = pape=1) exp(ax)] 
1 “4 e12 exp(a x) x? 
Is [i D?| a= 3 (1) € ( ) eo . (12) (8.80) 


3.3.6 Problems Group HI 


The inhomogeneous linear ordinary differential equations with constant coefficients 
given below are obtained by making additions—in the form B(x) = c, exp(ax) + 
co—to the homogeneous linear ordinary differential equations with constant coeffi- 
cients given in Problems Group I. Because the relevant complementary solutions are 


already available from Problems Group I, only particular integrals, /,;, are needed 
here. 


(D? + 2D — 3) u(x) = c) exp(ax) +c . (1) 
) 


(D? — 3D — 4) u(x) = cp exp(ax) + ¢9 « (2) 


2 
(p + 5) u(x) = c3 exp(ax) + co . (3) 


2 
(p = 5) u(x) = c4 exp(ax)+ co . (4) 


(D + 2)° u(x) = cs exp(ax) + ¢9 . (5) 
(D — 2)? u(x) = ce exp(ax) +9 . (6) 


3.3. Method of Undetermined Coefficients 


(D? + D+ 1)u(x) = c7 exp(ax) + cp « (7) 

(D? — D + 1) u(x) = cg exp(ax) +9 « (8) 
(D? + 2D + 3) u(x) = co exp(ax) + cp . (9) 
(D? + 3D + 4) u(x) = cio exp(ax) + cp « (10) 


3.3.7 Ip; for B(x) = cos(ax) ; sin(ax) 


Procedure for Solving 


In order to solve and find the particular integral for a given inhomogeneous linear 
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ordinary differential equation with B(x) = cos(ax), sin(ax), etc., use the following 


relationships. 


[exp(iax) + exp(—iax)] , 


NIB 


cos(ax) = 


a 


sin(ax) = — [exp(iax) _ exp(—iax) | F 


oe 


(3.81) 


This renders the inhomogeneous terms similar to those treated in detail in (3.79) 


and (3.80). 


3.3.8 Examples Group VHT 


Use (3.81) and information provided in (3.78) to solve for the inhomogeneous linear 


ordinary differential equations with constant coefficients given below. 


(D? + 3D + 1) u(x) = 2cos(x) . (1) 
(D? + 3D — 1) u(x) = 2i sin(x) . (2) 
(D? + 3D — 3) u(x) = 2cos(x) . (3) 


(>° +3D+ >) u(x) = 2cos(x) . (4) 
(D? + 4D + 6) u(x) = 2i sin(x) . (5) 


(>° +D+ : u(x) = 2i sin(x) . (6) 
3 2 
(> Be >) u(x) = 4cos?(x) . (7) 


3 2 
(> = >) u(x) = 4sin?(x) . (8) 


38 3 Constant Coefficients 


(D + 2)? u(x) = 2cos(2x) . (9) 
(D + 1)? u(x) = 2i sin(2x) . (10) 
[D (D? — 4)] u(x) = 4cos?(2x) . (11) 
[ D? (D* — 1)] u(x) = —4 sin’(2x) . (12) (3.82) 


I ,; for (3.82) 


Because the Scomp(x) have already been calculated for the differential equations 
(3.82)—see (3.55) and (3.56)—only the /,; are worked out here. 


1 : : 
(1) T yi : @espen => (p43 1) SPO) + op i9)| 
exp(ix) exp(—ix) 2. 
3i go: 
(2) Ip : gone til j= ces ole (ix) — exp(-i ) 
(apap ° (pepe 
exp(ix) exp(—ix) _{-i . 
2-3 243i — (5) [4 sin(x) + 6cos(x)] . 
(3) Ip ——-——~2cos(x) = — + _—_fexp(ix) + exp(—ix)] 
a (4a Dae) 
exp(ix) | exp(—ix) _ 2 : 
Ee 443i |- (3)! 4cos(x) + 3sin(x)] . 
(4) Ip: : a er ey, = oe (ix) + exp(—ix)] 
ie (D2 43D +2) x = (DP 43D +3) pix p(—ix 
_ | exp(ix) | exp(—ix)| (4 ; 
= 143i + 7 3i = (=) [6 sin(x) + 7cos(x)] . 
(5) Ip —— — sin(x) = + [exp(ix) — exp(-ix)] 
aE? (D2 +4D+6) sin(x) = (D2 +4D +6) exp(ix) — exp(—ix 
_ exp(ix) exp(—ix) _fi . _ 
= EE 54; |- (4]) uosinesy 8cos(x)] . 
eae l are 
(6) I pi : (p4D+)™ sin(x)] = (?+D+4) DL 1) [exp(ix) exp( ix)] 


_ [seco a = (F) tines) + 20st) : 


3 z ; 
5 +1 zy? 
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1 1 
(7) Ip; : ———I|4 cos*(x)] = —, [exp(2ix) + exp(—2ix) + 2] 
" (D+3)" (D+3)" 
- exp(2ix) exp(—2ix) 2 _ 192 


56 8 
— — sin(2x) — ——cos(2x)+-— . 
Qi+gy Cay Gr as os 7 


(8) [pi : 5 - 3 [4 sin? (x)] = oy” — exp(2ix) — exp(—2ix)] 
2. “@ exp(2ix) exp(—2ix) 8 192 56 
= a + (2i Fi 3p ae (-2i n 2» = 9 + 625 sin(2x) + 625 cos(2x) . 
: = 1 | exp(2ix) — exp(—2ix) 
(9) Ipi : (Dia? a py 2 cos2x)] — (4p? (op? 
sin(2x) 
Se 
1 exp(2ix) — exp(—2ix) 
1 ; 2 —— [2 2x)| = 
(10) J, (De pe i sin(2x)| (De Dp 
_ exp(2ix) exp(—2ix) _ 2i - 
= (+213 (123 — (=) [11 sin(2x) — 2cos(2x)]. 
(11) I,;: eae cos*(2x)] = ao [exp(4ix) + exp(—4ix)| 
** D (D2 —4) D(D? — 4) 
1 _ 1 | exp(4ix) 
+| pelts i [are 1 
wos = |+ aI! a. 
2 
(—4i)? —4D 
_ _sin(4x) x 
~ 40 2 
eee —4sin°(2x) 1 [exp(4ix) | exp(—4ix) 
edge D?(D?—1) DD? | D?-1 D> —1 


-| 1 }?- 1 | 
D*+—D?|~ (4i)? | (41)? — 1 


1 exp(—4ix) 1 = cos(4x) 5 
ar r+ sl? 2= 136 +x°-2. (3.83) 


40 3 Constant Coefficients 


3.3.9 Problems Group IV 


Additions have been made to the right-hand side in the form B(x) = sin(nx) and 
cos(nx) to the homogeneous linear ordinary differential equations with constant 
coefficients in Problems Group I. Work out the particular integrals, J,;, for the 
following differential equations. 


(D? + 2D — 3) u(x) = 2 cos(x) . (1) 
(D? — 3D — 4) u(x) = 2i sin(x) . (2) 


2 
(> + 5) u(x) = sin(x) sin(2x) . (3) 


2 
(> = 3) u(x) = sin(x) cos(2x) . (4) 


(D + 2) u(x) = 4cos?(x) . (5) 

(D — 2)? u(x) = —4sin?(x) . (6) 

(D? + D + 1) u(x) = 2cos(2x) . (7) 

(D? — D + 1) u(x) = 2i sin(2x) . (8) 

(D? + 2D + 3) u(x) = 4cos?(2x) . (9) 
(D? + 3D +4) u(x) = —4sin?(2x) . (10) 


3.3.10 Ip; for B(x) = exp(ax) W(x) 


Knowing 
{D” exp(a x)} W(x) = exp(ax)(D+a)” W(x), 
one can write 
{[&(D)]" exp(ax)} W(x) = {exp(ax)[®(D + a)]"} W(x) (3.84) 
where ®(D) is a function involving positive powers of D. Therefore, one calculates 
the particular integral for B(x) = exp(a x) W(x) by following the same strategy as 


employed in (3.75)-(3.78). That is, setn = —1. 


Ip: = {[®(D)] | exp(ax)} W(x) = {exp(ax)[®(D + a)]"} W(x) 


= || ExP(arx) | Re) 
7 | [®(D)] | a sort WEY + (3.85) 
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As a simple exercise, consider differential equation with B(x) = exp(x) 2x3, 
[D?+2D+1]u =exp(x)2x° . (3.86) 


Notice a = | here. 


1 
Se ———— ire 
Pp | | D? Bis 2D a. 1] ont) x 
(x) : 7 
= exp(x x 
(D+ 1)?+2(D4+1)4+1 
_ exp(x) 1 = 
2 [(i+0+2) 
exp(x) 3, 1, al 3 
= l= Dp D D : 
5 77 5 + O(D") 7x 
9 
i a (« 3x24 57 3) (3.87) 


The characteristic equation, E,;,, is found from the differential equation in the usual 
manner. The complementary solution, Scomp(x), is found according to (3.39)-(3.42). 
Both are given below in (3.88). 


Ea? P+2k+1=0; 
[D?+2D+1]u=0. (3.88) 
The characteristic equation has double roots k = —1. Therefore, just as in (3.37), 


the complementary solution is 
Scomp(x) = exp(—x)(a1 x +00) . (3.89) 


The complete solution, 5,5 (x), is the sum of Scomp(x), (3.89), and the J,;, (3.87). 


3.3.11 Examples Group IX 


Again treat the same twelve homogeneous linear ordinary differential equations 
with constant coefficients as in (3.55) and change them into inhomogeneous lin- 
ear ordinary differential equations with constant coefficients by adding B(x) = 
exp(ax) W(x). The above procedure can readily be generalized to deal with 
cases where B(x) is either exp(ax){cos(x)}" x” or exp(ax){sin(x)}" x”. That 
is so because B(x) can again be expressed in terms of such relationships as 
exp(a x + v) x”. In this spirit, solve the following set of twelve equations (3.90). 
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(D? + 3D + 1) u(x) = exp(3x) x? . 
(D? + 3D — 1) u(x) = exp(3x) x? . 
(D? + 3D — 3) u(x) = exp(3x) x? . 


NI] oO 


(p°+ 30+ 


p+p+i u(x) = exp(4x) x? 
5 = exp(4x) x". 


2. 


2 
G + >) u(x) = 2exp(—x) cos(x)x . 


2 
(> _ >) u(x) = 2exp(x) cos(x) x . 
(D + 2)° u(x) = 2i exp(—x) sin(x) x . 
(D + 1)? u(x) = 2i exp(x) sin(x) x . 
[D (D* — 4)] u(x) = 4cos?(2x) x” . 
[ D* (D* — 1)] u(x) = —4 sin?(2x) x? . 


I; for (3.90) 


) u(x) = exp(4x) x? . 


(D? + 4D + 6) u(x) = exp(4x) x? . 


3 Constant Coefficients 


(1) 
(2) 
(3) 


(4) 
(5) 
(6) 


(7) 


(8) 


(9) 

(10) 

(11) 

(12) (3.90) 


We use (3.84), (3.85), and (3.86). Again, because Scomp (x) has already been calculated 
for the differential equations (3.90)—see (3.55) and (3.56)—only the /,; are being 


worked out here. 


1 1 
1) Jy... ———— exp (3x x? = exp(3x a 
ape) POO Dap 4441] 
= CC x= | {! DP OP oe 
{D?+9D +19} 19 19 "361 
exp3x)\{, 18 | 124 
= (dl 
( 19 ) {x 19% + 361 f 
(2) I Cas (3x) 
ni) SO exp (3X) x* = exp(3x x 
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_ py ce 1 2 
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~ ( 7 ) {* i7* t 399 J 
2 1 2 
(3) Ini: exp(3x) x° = exp(3x) 
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Be (sm) sin(4x) — ~ — x (11) 
8000 4 6 
(12) Ty; : eaten peg sin2(2x)x2] = et a [exp(4ix) + exp(—4ix) — 2] x? 
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exp(4ix) x 


+exp(—4ix) x 


1 —1 2 
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exp(4ix) ie 33 on 0 p2| x2 
272 34 4624 
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3.3.12 Problems Group V 


On the right-hand side of the homogeneous linear ordinary differential equations 
with constant coefficients—see Problems Group I—additions have been made in the 
form B(x) = exp(ax) W(x) where W(x) = sin(x)x”, or cos(x) x”, etc. Work out 
their particular integral, I,;. 


(D? + 2D — 3) u(x) = 2 exp(2x) cos(x) x . (1) 
(D? — 3D — 4) u(x) = 23 exp(2x) sin(x) x . (2) 


2 
(> + 5) u(x) = sin(x) cos(2x) . (3) 


2 
(> = ;) u(x) = sin(x) sin(2x) . (4) 
(D+ ay u(x) = 4exp(x) cos(x) x . (5) 
(D — 2)? u(x) = 4exp(x) sin(x) x . (6) 
(D? + D + 1) u(x) = —4 exp(x) sin?(x) x . (7) 
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(D? — D + 1) u(x) = 4 exp(x) cos*(x) x . (8) 
(D? + 2D + 3) u(x) = 4x cos(x) exp(—x) . (9) 
(D? + 3D + 4) u(x) = —4x sin(x) exp(x) . (10) 


In particular, for problems (3) and (4), it is helpful to note the equalities sin(x) 
cos(2.x) = sin(x) — 2 sin3(x) and sin(x) sin(2x) = 2 cos(x) — 2cos3(x). 


3.4 Simultaneous Linear (ODEs) with Constant 
Coefficients 


An (ODE) has only one independent variable and usually only a single dependent 
variable. But occasionally, the needs of a subject-matter require more than one depen- 
dent variable. For complete description then, there must be either partial differential 
equations or more than one simultaneous linear ordinary differential equation with 
constant coefficients. Here, we treat the latter option. Generally, the larger the num- 
ber of these equations, the greater the effort needed to solve them. Therefore, for 
convenience, we work with equations that have only one, two, or three dependent 
variables. Because there are cases where the differential equations can be separated 
so that each is a function only of one dependent variable. Therefore, for additional 
convenience, we work with such cases first. 


3.4.1 Separable Cases 


Chose ¢ as the single independent variable and notate a first differential with respect 
to t by the symbol A. That is 


d 
A=—. 
dt 
{A} Number of Constants 


{A}: Consider first a very simple example with only two dependent variables y = 
y(t) and z = z(t) that satisfy the following simultaneous equations. 


Ay(t) — z(t) = 0, 
yt) — Az) = 0. (3.92) 


As noted in the passage following (3.4), the minimum number of constants needed for 
a complete solution to a single homogeneous linear ordinary differential equation 
with constant coefficients is equal to the order of the given differential equation. 
But when dealing with a series of coupled homogeneous linear ordinary differential 
equations with constant coefficients, the answer to this question is more subtle. Here, 
one needs to work with the determinant of the coefficients that multiply each of the 
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dependent variables and then look for the highest power of the differentials that occur. 
A practical demonstration helps with explanation of this statement. 
The determinant of the operational coefficients of the dependent variables y(t) 
and z(t) in the two coupled equations (3.92) is 
A -l}| _ 2 
ee scan, 
Because this determinant is not manifestly equal to zero, look for the highest power 


of A that occurs. It is equal to two. Therefore, the complete solution to this pair of 
differential equations will have two arbitrary constants. 


{A} Solution 


The dependent variables y(t) and z(t) in (3.92) can readily be separated. To this end, 
operate by A from the left on (3.92). 


A[Ay(t) —z(@)] = 0; ALb@—-Az@m] =0. (3.93) 
Now, by using the original equation, (3.92), eliminate —Az(t) and Ay(f). 

A[Ay()]—y@) = 0; AlAz@)]—z@) =0. (3.94) 
The result is two homogeneous linear ordinary differential equations with constant 
coefficients. Each of these two differential equations involves only a single dependent 


variable, that is, y(t) or z(t). And they both have constant coefficients. Now the well- 
worked procedure can be used to find their solution. 


Ecoey 2? -1=0: kyo = £1; Ez: P-1=0: hp = £1. 
Scomp; y (t) = o,exp(—t) + 02 exp(t) ; Scomp; z(t) 
= 03exp(—t) + o4exp(f). (3.95) 


Unfortunately, the full complementary solution, Scomp; y(t) + Scomp; z(t), contains 
four arbitrary independent constants: 0; — o4. But there should really be a total 
of only two undetermined constants. So what to do? Substitute the results, namely 
y(t) = Scomp; y(t) and z(t) = Scomp; z(t), into original differential equation (3.92) and 
see what happens. One gets 


A Scomp: y (t) = Scomp: z(t) 3 AScomp; z(t) = Scomp: y (t) : (3.96) 
Good. This yields the required equalities 


— 0; exp(—t) + o2 exp(t) = o3exp(—t) + o4exp(f) ; 
—o3 exp(—t) + o,exp(t) = oj; exp(—t) +02 exp(f) . (3.97) 


And satisfaction of these equalities requires 
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03 = —O1; 04 = 0. (3.98) 


Therefore, according to (3.95) and (3.98), the solution to the simultaneous linear 
ordinary differential equations with constant coefficients (3.92) is the following: 


Scomp; y (t) = Jj exp(—t) + 02 exp(t) 3 
Scomp; z(t) = — 01 exp(—t) + 02 exp(t) . (3.99) 


{B}: The simultaneous linear ordinary differential equations with constant coef- 
ficients {A} in (3.92) were easy to solve. Let us continue to treat similarly simple 
simultaneous equations but increase their number to three. 


Ax(t) = y(t) ; 
Ay(t) = z(t) ; 
Az(t) =x(t) . (3.100) 


{B}: Number of Independent Constants 
It is convenient to rewrite (3.100). 
Ax(t) — yt) +0 x z(t) = 0, 


Ox x(t) + Ay(t) — z(t) 0, 
x(t) +0~x y(t) -— Az(t) = 0. 


There are three dependent variables x(t), y(t), and z(t) with f as the independent 
variable. The determinant of the operational coefficients of the given simultaneous 
equations is 


A-1 0 
OA -1 
10 A 


Again because this determinant is not manifestly equal to zero, the relevant parameter 
is the highest power of A that occurs. It is equal to three. Therefore, the complete 
solution will have three arbitrary constants. 


{B}: Solution 


Once again the dependent variables can readily be separated. To separate x(t), from 
y(t) and z(t), operate by AA from the left on the top equation in (3.100). 


AA[Ax(t)] = AAy(t) . (3.101) 


Next operate by A on the middle equation in (3.100) and make use of the bottom 
equation there. 
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A[Ay(t)] = Az(t) = x(t). (3.102) 


Combining (3.101) and (3.102) leads to a differential equation in single dependent 
variable x(t). That is 


(AQ —1x(t)=0 . (3.103) 


In fact, the same process can be repeated for the dependent variables y(t) and z(t). 
As a result, two remaining equations are obtained. Because of the x(t), y(t), z(t) 
symmetry inherent in (3.100), the last two equations are very much like the first 
differential equation (3.103). That is 


(A2—ly@) =0 ; 
(A? —1)z(t) =0 . (3.104) 


All these three homogeneous linear ordinary differential equations with constant 
coefficients are of third order. Therefore, complete solution of each will have three 
independent constants, thus making a grand total of nine constants. But as noted 
before, only three are needed. Therefore, six unnecessary constants will have to be 
eliminated. Fortunately, because the given simultaneous linear ordinary differential 
equations are all symmetric in structure, one needs to solve only one of the three. 
The Scomp; x(t) for (3.103) is found in the usual manner as follows. 


—-1lt iJ3 
5 : 


Fenn: (kK -1 = 0: kh =1; k= 


Therefore, 


Scomp; x(t) = 01 exp(t) + exp (- 5) {7 exp (~ v3 ‘ +03 exp ( v3 / 
2 2 2 
=o 1 exp(t) + exp (-5) {« + 03) Cos (.) — i(o2 — 03) sin (+) | . (3.105) 
Because of symmetry, the other two ScompS can be written by inspection. 
Scomp; y(t) = o4 exp(t) + exp (-3) ({ exp (- ae ‘ + 06 exp (3 — *1) 
= o4exp(t) + exp (-5) {« + 06) cos (?.) — i(o5 — 06) sin (S )|: 
Scomp: z(t) = 07 exp(t) + exp (-3) {> exp (3 — 1) + a9 exp ( SS ‘| 


ae ‘I. (3.106) 


=o07exp(t) + exp (-5) {« + 09) cos (2) i(og — 09) sin 


50 3 Constant Coefficients 


To eliminate the six unnecessary constants, substitute the results provided in (3.105) 
and (3.106) in the form: x(t) = Scomp; x(t), y(t) = Scomp; y(t), and z(t) = Scomp; z(t), 
into the original differential equations (3.100). One gets 


AScomp; xt) = Scomp; y (t) ; (3.107) 
AScomp; y (t) = Scomp; z (t) ; (3.108) 
AScomp: Zz (t) = Scomp; x (t) . (3. 109) 


These equations provide the relationships that allow for the cancelation of six of 
the nine unknowns. But despite the straightforward nature of the needed algebra, 
direct elimination of these constants from (3.107) to (3.109), as they are currently 
structured, is a lengthy undertaking. With a view to finding a more convenient format 
for these equations that would help relieve this difficulty, rewrite Scomp; x (¢) in (3.105) 
as follows. 


t 
Scomp; x(t) = 01 exp(f) + 09 exp (-5) 


x {eos cos ($1) — sin(?) sin (:)| . 


Or equivalently 


Scomp; x (f) = a1 exp(t) + oo exp (-5) cos (4 + : : (3.110) 
Here, 
(2+*) . (B= 2) 
cos(@) = { ——)]; sin(d) = i | ———]. (3.111) 
00 00 


Because cos”(¢) + sin’ (¢) = |, the constant go is chosen such that 


+(=2) af (3.112) 


% 


Note that Scomp; x (¢) still has three arbitrary constants. In addition to 01, there are the 
two new constants 9 and the angle ¢. Of course, oo and ¢ are functions of the original 
arbitrary constants a2 and 03. Again, because of symmetry already mentioned, the 
structure Of Scomp; y(t) and Scomp; z(t) can be predicted by inspection. 


Scomp; y(t) = o) exp(t) + o9 exp (-5) cos (3 + ‘) : (a) 
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Scomp; z(t) = of exp(t) + o9 exp (-5) cos (4 + «| : (b). (.113) 


At this juncture, get back to the original equations and work with them in the 
form (3.107)-(3.109). To this end, first use Scomp; x(t) given in (3.110) and differen- 
tiate it to calculate AScomp; x(t). 


AScomp; x(t) = 01 exp(f) 


t 1 v3, 
+ avexp 5) {-$ 5° o(¥ va) an( 
t 7 
= 0, exp(t) + op exp (-5) cos (S +o+ =). 


(Trigonometric equalities, cos (2 ) = —5 and sin (= 3 uy) a v3 were used here.) 


Next write the result according to (3.107) as Scomp; y(t) = AScomp; x(t). That is 


t 
a} exp(t) + og exp (-5) cos (4 + ‘) 
t J3 Qn 
= 0) exp(t) + 09 exp —z } cos 5 Or zak 


This equation suggests the equalities: 


Fe+a)), 


o=1, 
o%=%, 
; 27 
pangs 


Accordingly, 


t 3 2 
Scomp; y(t) = 01 exp(t) + oo exp (-5) cos (4 +@+ **| . (3.114) 


Finally, because of symmetry, (3.110) and (3.114) lead by induction to the final 
result 


t V3 4a 
Scomp; z(t) = 01 exp(t) + a9 exp => cos Ree 3 )° (3.115) 
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{C}: The simultaneous differential equations in problem {B} were in principle ele- 
mentary even though eliminating the six unnecessary independent constants took 
effort. In (3.116) given below, the level of complexity is raised a little. But here one 
is helped by the fact that there are fewer constants that need eliminating. 


(A + 1)x(t) —2y(@t) = exp(t); —x()+2(A+)Dy@) = exp(t).G.116) 


{C}: Number of Independent Constants 


The independent variable is still t but now there are only two dependent variables 
x(t) and y(t). The determinant of the operational coefficients is 


(A+1) —2 
=| aAAt+1|° 


Because this determinant is not manifestly equal to zero, look for the highest power 
of A that occurs. Clearly, it is equal to two. Therefore, the complete solution to 
this pair of simultaneous linear ordinary differential equations will have only two 
arbitrary constants. 


{C}: Solution 


Following the usual protocol, it is necessary to remove one dependent variable from 
each of the given two simultaneous linear ordinary differential equations. Only ele- 
mentary algebra is needed first to eliminate y and next x. The result is the following 
pair of differential equations. 


(A? + 2A)x(t) = 3 exp(t) ; 
2(A? + 2A)y(t) = 3 exp(t) . (3.117) 


Using the established routine, (3.117) are straightforward to solve. 


Eon, Re +2k = 0; k; =0;k=-2 ; 

Echyy 1 20? + 2k) = 0; ky =0; &=-2 ; 

Scomp; x (t) = 01 + 02 exp(—21f) ; Scomp; y(t) = 03 + o4 exp(—2 t) ‘ 
1 


(A + 1)2?+2(A +1)’ 
1 


[((A + 1)? +2(A+1) 


3 
Ipi;x = exp(t) = exp) 5 


3 
Tni:y = expt); i = exp) (3.118) 


Once again there are more independent constants—meaning 0; —> o4—\than are 
needed. To eliminate the unnecessary additional constants, substitute the results for 
X = Scomp; x(t) + Ipi; x and y = Scomp; y(t) + Ipi; y into at least one of the original 
equations. The first of the original equation (3.116), namely (A + 1) x(t) — 2 y(t) 
= exp(t), gives 
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(A +1) {Ipizx + Scomp; x(t)} — 2 {Zpi; y + Scomp; y(t)} = exp (t) . (3.119) 


That is 
(A + 1) {exp(t) + a1 + 02 exp(—21)} 
—2 {5 exp(t) + 03 + o4 exp(—2 o} =exp(f) . (3.120) 
Or equivalently 
(01 — 203) — (02 + 204) exp(—2t) = 0. (3.121) 
For arbitrary f, this equation can be satisfied only if 03 = o and 04 = — ae Hence, 


the complete solution of the simultaneous differential equations (3.116) is 


x(t) = 0; + 02 exp(—2t) + exp(t) ; 


On enya (3.122) 
yO) = 5-5 OP 5 expt) . ; 


{D}: Simultaneous linear differential equations (3.123) given below will be solved 
next. 
(A + 1)?x(t) + (A + 2)y(t) = exp(t) ; 
(A + 1I)x(t) + (A + 2)y(t) = exp(t)t . (3.123) 
{D}: Number of Independent Constants 
Again, there are two dependent variables x and y and f is the independent variable. 


The determinant of the operational coefficients is 


(A + 1)? (A+ 2)* 
(A+1) (A+ 2) 


Because this determinant is not manifestly equal to zero, look for the highest power 
of A that occurs. It is equal to two. Therefore, the complete solution to this pair of 
differential equations will have two arbitrary constants. 


{D}: Solution 


To eliminate x(t), multiply the bottom line in (3.123) by (A + 1) and subtract the 
result from the line above. 


(A+ 2)" y(t) —(A+1)(A+2)y() = exp(t) — (A+ 1) exp(t)t .(3.124) 


Equivalently, 
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(A + 2)y(t) = —2t exp(f). (3.125) 
Following the usual routine, (3.125) gives: 
Ecn.y 2k +2=0; kj = —23; Scomp:y = 01 exp(—21) ; 


1 1 
Tpisy = ONES deem: = eee 
= Die Be. __ exp(t) 
= exp(); (: ) 2) = ( 


Clearly, a; is one of the two independent constants. This leaves only one additional 
independent constant to find. 

Next, in order to eliminate y(t), multiply the bottom line in (3.123) by (A + 2) 
and subtract the result from the top line. 


3) 
pp a: =) . (3.126) 


(A + 1)?x9t) — (A +.2)(A + 1)x = exp(t) — (A +2) [exp(r) ¢] . 
Equivalently, 
(A + I)x(t) = 3t exp(f) . (3.127) 
Again following the usual routine, one gets 


Een: x : k+ 1 =0; ky = -1; Scomp; x (t) = o2 exp(— t) 3 


1 1 
This x = mare? = ORK yet 
_ 1 A _ exp(t) _3 
= expt); (1- 3) ena (3: 5) (3.128) 
{E}: Solve 


(A? +3A + 4)x(t) + (A2+A+4)y(t) = exp(t)t , 
(2A + 1)x(t) + (A+ Dy(t) =2t . (3.129) 


{E}: Number of Independent Constants 
Again, t is the independent variable and there are two dependent variables x(t) and 


y(t). The determinant of their operational coefficients is 


(A7+3A+4) (A?7+A+4) 
(2A +1) (A +1) 
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Because this determinant is not manifestly equal to zero, look for the highest power of 
A that occurs. It is equal to three. Therefore, the complete solution to the simultaneous 
linear ordinary differential equation (3.129) will have three arbitrary constants. 


{E}: Solution 
To eliminate x(t), multiply the top line in (3.129) by (2A + 1) and the bottom by 
(A? + 3A + 4). Subtract the resultant equation at the bottom from the corresponding 
one at the top. 
A(A? — A +2)y(t) = (2A + 1) exp(t) t — (A? +3A44){21} . 
Equivalently, 
A(A? — A + 2)y(t) = 3exp(t)t + 2exp(t) — 84-6. (3.130) 


Following the usual routine, (3.130) gives: 


1+iv7 
Beng? kK? —k+2)=0; 1 =0, 3 = mie 


t ms) v7 
Scomp; y(t) = 01 +exp (5) { sin (7) + 03 cos (7)| : 


1 
Lies = MEA ee 
1 

= POTS PRApIe SAS Dey 

MM AaD Tt” 

1 3 lft 1 A 

= exp | 5 (1- Fa) ar +23] s{a+3 =| @r+6 : 

Ipiy = SO (30 7) 27 St+5 (3.131) 


Similarly, to eliminate y(t) multiply the top line in (3.129) by (A + 1) and the bottom 
by (A? + A +4). Subtract the resultant equation at the top from the corresponding 
one at the bottom. 


A(A? — A +2)x(t) = (A7+A+4+4){2t} — (A+ Dexp(t)t , 
= —2exp(t)t —exp(t)+8r+2. (3.132) 


Equivalently, 


A(A? — A + 2)x = —2exp(t)t — exp(t) + 8f +2. (3.133) 
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According to the well-established routine, (3.133) gives 


14iJv7 
2 


t _ (v7 v7 
Scomp; x(t) = os +exp (5) o5 Sin 3! + 06 COS a 2 


Bog? K(k? —k+2)=0; k =0, 3 = 


’ 


1 
Tpisx = Aw-Aape ee 1)+ 8t+2} 

rl 
- exp) | a a |! a= 


1 
+laarcarn]} Ot? 


1 3 ii A 
= expt | 5 (1 54) 2t ul+{sr+g- Gf ert. 


24 4 4 


3 
Ipi;x = exp(t) (I= 1) +21 +31- 5 (3.134) 


As usual there are more independent constants, meaning six—that is, 7) > o6— 
instead of the only three that are needed. And again, to eliminate the unnecessary 
additional constants, substitute the results for x(t) = Scomp; x(t) + Jpi;x and y(t) = 
Scomp; y(t) + Ip; ; y—that is 


x(t) = expt) (1-1) 427° 4314-5 


exp(t) 5 2 1 
= 2 t 
y(t) 5 (3 t >) t—St+ 5 


+ o; + exp (5) {- sin (?:) + 03 COS (7) ; (3.135) 


into at least one of the original equations. The second of the original equa- 
tion (3.123)—namely (2A + 1) x(t) + (A+ ly) — 2t = O—isclearly the eas- 
ier to handle. After a little algebra, one gets 


t\ . {v7 \]3 V7 
(oi +04) + exp( 5) sin a! 5 (92 + 95) — (03 + 96) 


aa on (5) oe (2) [Fo + 09+ Fin +a = 0. (3.136) 


2 2 
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For arbitrary t, this equation can be satisfied only if 
(0, +04) = 0; (02+05) = 0; (034+06) = 0 . (3.137) 


Insert 04 = —01, 05 = —o2 and og = —9;3 into (3.135) describing x(t). One gets 


x(t) = exp) (I) +27 4345 


— o, —exp (5) {- sin a) + 03 COS (2) | ; (3.138) 


Equations (3.135) for y(t) and (3.138) for x(t) are the complete solution to the 
pair of simultaneous linear ordinary differential equation (3.129) and appropriately 
have only three arbitrary constants 0), 02, and 03. 


{F}: Solve 


(A)x(t) + 4A)y@) = oot , 
(3 A)x(t) + (12 A)y(t) = 20 , (3.139) 


where ¢ is the independent variable and x(t) and y(t) are dependent variables. 
{F}: Number of Independent Constants 


The determinant of the operational coefficients of (3.139) is 


(A) (12d) |= ° (3.140) 


| (A) (4A) 
In other words, the relevant determinant is manifestly equal to zero. Thus, one won- 
ders as to whether a solution to the simultaneous linear ordinary differential equa- 
tion (3.139) is at all possible? And, if a solution is possible, how many independent 
constants would there be? 

In an attempt to deal with these issues, let us separate the equations. To this end, 
multiply the first of the (3.139) from the left with (12A) and the second with (4A) 
and subtract the second from the first, thereby canceling the terms multiplying y(f). 
One gets 


[(12A) x (A) — (4A) x 3A)]x(t) = 0 = (12A)(o9t) — (4A)(20) 
= 120-8 (3.141) 


Therefore, in order that there be a solution to (3.139), the following has to be true 


‘, 
= 5: (3.142) 
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And if this relationship should be true, then the two equations in (3.139) are identical 
and one is left with only a single equation: namely (A)x(t) + (44 A)y@) = (3) t. 
And by itself this equation contains insufficient information to solve for both x(t) 
and y(t). On the other hand, if one of the independent variables—say y(t)—was 
chosen, the differential equation involving x(t) would very likely have a solution. 
But because the choice of y(t) is arbitrary, it should in principle have an arbitrary 
number of constants. Thus, there is no fixed limit as to how many independent 
constants such a solution would have. 


3.4.2 Problems Group VI 


Solve the following pairs of simultaneous linear ordinary differential equations with 


constant coefficients. Reminder: A = g and D = 4. 


(A + I)x(t) + (A + 2)y(t) = exp(t) 


(2A + I)x(t) + 4A + 3)y(t) = exp(t)t . Cd) 

(2A + Ix) + (A + 2)y(t) = exp(t)t 
(A+2)x(t)+(2A+4+)Dy(t) =t . (2) 
(A? + A+ 1x(t)+ (A+ Dy) =t 

(A? + A)x(t) + (A +2)y(t) = ¢ exp(t) . B) 


1 
—3 


[(—x + 3)D + IJu(x) + [(—x + 3)D + 2] 0) = 


[2(—x + 3)D + lu(x) + [4(—x + 3)D + 3] v(x) = 


: 3 log (—x + 3) . (4) 


a 


(2(2x — 1)D + IJu(x) + [2x — 1)D +2] v(x) = 5 loa 2x 1V(2x—1), 


[2x — 1)D+ 2] u(x) + [22x — 1)D4 1) v(x) = los 2x 1). (5) 


[@ +1? D2 42+ )D+4 Iu) +la@+DD+F los) = loge +1), 
[@ + D?D? +2 + DD] ux) +[@+ DD+2]v@) = @+Dlog@+)H. 6 (3.143) 


Chapter 4 Mm) 
Variable Coefficients ectics 


Both single and simultaneous linear ordinary differential equations with constant 
coefficients were discussed in detail in Chap. 3. Here, that analysis is extended to lin- 
ear ordinary differential equations with variable coefficients. Differential equations 
with non-constant coefficients are in general much harder to solve. For simplicity, 
therefore, only first-order and first-degree equations of type (A) are handled. 


(A) : Du(x)+M(x)u(x) = N(x). 
These equations are treated by using an appropriate integrating factor. 


Included also is an extensive discussion of equations which outwardly look fear- 
some: that is, equations of type 


Du(x) + M(x)u(x) = N(x)u"(x) . 


But with help from the Bernouilli!: suggestion, these equations can be transformed 
into equations similar to (A). 


4.1 Linear (ODE)’s 


4.1.1 First-Order and First-Degree 


Linear ordinary differential equations that are of the first-order and first-degree and 
have variable coefficients are of the general form 


fix) Dux) + fo(x)u(x) = fa) . (4.1) 
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More conveniently, they are written as 
Du(x) + M(x)u(x) = N(x) (4.2) 


where N(x) = Ag and N(x) = pes and D = = 


4.1.2 Integrating Factor 


Multiply (on the left) the differential equation (4.2) by an as yet unknown factor 
F(x). 


F(x)[Du(x) + M(x) u(x)] = F(x) N(x) . (4.3) 
Assume F(x) is so chosen that it admits of the following equality 
F(x)[Du(x) + M(x) u(x)] = D[F(x)u(x)]. (4.4) 
This implies 
F(x) [Du(x)] + [F@) M(@x)J u(x) = FO) [Dux)] + ue) [DF(x)] . (4.5) 
Remove F'(x)[Du(x)] from both sides of the relationship (4.5). 
[F(x) M(x)]u(x) = ux) [DF()] . (4.6) 
Notice the function u(x) is not operated upon either side of (4.6). Indeed, it ap- 
pears simply as a multiplying factor. Therefore, it can be eliminated. The result is a 
differential equation obeyed by the as yet unknown factor F(x). 
F(x) M(x) = DF(x) . (4.7) 


Multiply (from the left) by 


1 : : 
F@) and integrate with respect to x. 


[aprome. dx = [mca 


=/ao: DFG) = ioe y dF(x) = log F(e) — logon - 


Or equivalently 


log F(x) = logog + i M(x).dx . (4.8) 
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Exponentiation determines the factor F (x). 

F(x) =o0)W(x) , (4.9) 
where, 


W(x) = exp (/ M(x) ax) (4.10) 


and go is an arbitrary constant. Henceforth, W (x) will be referred to as the integrating 
factor. Clearly, W(x) is a known function because it depends only on M(x) which is 
available as part of the relevant differential equation itself. [For instance, see (4.2).] 


4.1.3 Equation (4.2): Solution 


Left-hand sides of (4.3) and (4.4) are the same. Therefore, their right-hand sides must 
be equal. 


F(x)N(x) = D[F (x) u(x)]. (4.11) 
In (4.11), as per (4.9), replace F(x) by opW(x). 
ooW(x) N(x) = ooD[W(x) u(x) ] . (4.12) 


Remove oo from both sides and integrate with respect to x . 


[ve N(x) dx = [ ptweoucotax : (4.13) 
Work through the right-hand side of (4.13). 


i dW (x) u(x)] 


dx = [avvcouco = W(x)u(xy)- | .. 
dx 


Equate the left- and the right-hand sides of (4.13), 
; W(x) N(x) dx = W(x) u(x) -—o1 , (4.14) 


transfer a; and divide the result by W(x). Voila ! 
We have the solution u(x) of the differential equation (4.3). 


1 
W(x) 


u(x) = 


ll W(x) N(x) dx + ai| : (4.15) 
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The unknown constant o; can be determined by a single boundary condition. 
Note 


Given below are examples group I and problems group I. They both retain the notation 
M(x) and N(x) as in (4.2), and W(x) as in (4.10). The solution, u(x), is provided 
by (4.15). 


4.2 Examples Group I 


Use integrating factor W(x) and solve the following twelve differential equations. 
The notation is as in (4.2), (4.10), and (4.15). 


(1): M(x) = 2 , N(x) = x. 
Xx 
(2): M(x) = 2x , NX) =x. 
@): Mo) = °t% | wm = 2 
Xx x 
(4): M(x) = 2 , N(x) = x? exp(x) . 
Xx 
(5): M(x) = 3tan(x) , N(x) = 2 sec(x) . 
(6) : M(x) = 3cot(x) , N(x) = 2 sin(2x) . 
(7): WA = 2". . NAS EN. 
x—2 
(8): M(x) = -= , N(X) = xexp(—x) . 
(9): Mi) = - , Nw) =x-1. 
(10) : M(x) = — , N(x) = xe-1) . 
x—1 
11): M(x) = : N(x) = x* 
(11): (x) = me (1) =x 
(12): M(x) = Ee caige , N(x) = cot(x) . (4.16) 
X& 


4.2.1 Solution 


Use (4.16)-(1)-(4.16)-(12): First, work out W(x) according to the procedure de- 
scribed in (4.10). Next, use (4.15) to determine the solution to the relevant differ- 
ential equation. [Note: In problem (2) above, the integral f x exp(x7) dx can be 
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done as follows: Set x7 = y. Then, 2x dx = dy and the integral can be written as 
J yexp(y) dy = 5 exp(y)(y — 1) = exp(x?) 2 >» ] 


(1): W(x) = exp | (:) ax] = exp [iostx’) | = xo; 
x 
6 
u= a| [8 x2ax+00| = 4 [$+] : 
(2): W(x) = exp | / 2x x] = exp(x’) ; 
= a (f P ewe ar+00) = ey ee 
“= aaa x? exp(x*)dx +09) = 5 00 exp(—x ; 
Lo 
(3): W(x) = exp dx | = exp[3log(x) +x] = x° exp(x) ; 
x 


1 29x42 
7 say ( | 222190 ar +00) ae) ae ts eed 
x3 exp(x) x3 


x3 exp(x) 
(4): W(x) = exp fee] = exp [log(x)] = x5 
x 
w= i(frex 4 )=5 3 _ 3,2 - 
= p(x)dx+o9}) = [exp(x)(x 3x*+6x—6)+o09] . 
x x 
(5): W(x) = exp | [ stanas] = exp[—3 log(cos x)] = ———,; 
(cos x)3 


2 
“= (cos x)? (/ —} secxdx +00) 
(cos x)3 


3 si in3 
= (cos x)? 2 (3 sinx + sin 3x) + | = —a + ag(cosx)?. 


(6) : W(x) = exp | [ seotras] = exp [3 log(sin x)] — (sin x)? ; 
u= a (/ (sin x)? 2 sin(2x) dx +00) 
(sin x)3 
_ 1 | 10 sinx — 5 sin(3x) + sin(5x) 2 
~ singe 20 mah * 


2x 2, 
(7): W(x) = exp| f oar] = e| f2(1+ 5) ar] 


= exp [2x + 4log(x — 2)] = (x -2)4 exp(2x) ; 
_ 1 4 
——— (x — 2)4 exp(2x) i S(x — 2)" exp(x) dx + o0| 
= 1 4 3 2_ 
ees [se 12x3 + 60x2 — 152x + 168) exp(x) + 00 
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1 1 
ae 


—2 
(8): W(x) = exp | [Sa] = exp[—2log(x)] = eller — r 
u=— x2 (/ (=) x3 exp(—x) dx + “0) — x [- exp(—x) (x + 1)+ 00] : 
x 


9): Wx) = exp| | = ax] = exp[—2log(x +1] = 


x41 aa 
u = (xt? if (3) ax +o0| 
= w+? {a + log(1 + x) +00| 
(10): WO) = exp ll — ax] = exp[—2log(x — 1)] = i 


ae 
aa Part] = (x—1)?[x+o0] . 


u= (x- 12 ( 
| 1 1 
(11): W(x) = exp I (a=) ax] — exp [ | —a0os.9| 
x log(x) log x 


= exp [log(log x) | = log(x) ; 


= 1 4] d = 1 x? \ x? 
= (sacs) IE og(x) x40] ~ (=) 5 og) 75 1 70 . 


(12): W(x) = exp [/ (- + cot) ax] = exp [log(x) a log(sin x) | 
x 


= exp [log(x sin x] =x sinx 


1 1 
u= ( : )[ f= sins cotx ax +00| = (Ee) | [+ 0082 ar +00] 
x sinx x sinx 


= ( : )o sinx +cosx+oao] . (4.17) 


x sinx 


4.2.2 Problems Group I 


For given choices of the duo M(x) and N(x), solve the following differential equa- 
tions labeled (1)—(12). [Hint: Compare (4.2), (4.10), and (4.15)-(4.17).] 


(1): M(x) = , Nw)=x. 


(2): M(x) , N(x) = x’. 


asl wr le 


4.2 Examples Group I 


(3) : 


(4): 
6) 
(6): 

(7): 

(8): 


(9): 


(10): 


(11): 


(12) : 


ve = + 
uO) = 1+ 3x 
M(x) = cotx 
M(x) = tanx 
x 
M(x) i 
M(x) = 3cotx 
1 
MY x +1 
1 
M(x) = “4 
v _ 2 
Cl esa) 


1 
M(x) = x + cot x 


4.3 Bernouilli Equation 


When n = 0, the following equation 


3 


N(x) = xexp(x) . 


N(x) = secx . 


N(x) = cosx . 


N(x) = xexp(x) . 
N(X) = 2cosx . 
N(x) = (x+1)’ . 


N(x) = (x«-1). 


N(x) =x. 


N(x) = cotx . 


Du(x) + M(x)u(x) = N(x)u" (x) 
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(4.18) 


(4.19) 


is similar to the first-order first-degree linear ordinary differential equation studied 
in the preceding section. [see (4.2)]. Clearly, when n = 1, it is a first-order - first- 
degree linear ordinary differential equation with constant coefficients. But it does 
not outwardly appear to be so when n ¥ O or 1. Yet it turns out that even when n is 
different from 0 or 1, (4.19) can easily be reduced to linear form by a procedure first 
suggested by Bernouilli. 


4.3.1 The Bernouilli Suggestion 


Introduce a function uo(x). 


Therefore, 


ug(x) = [u(x)]'™ 


u(x) = [uo(x) =) , 


(4.20) 


(4.21) 
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and 


Du(x) = (=) . [uo (x)=) ae (4.22) 


Express u(x) and Du(x) as in (4.21) and represent (4.19) in terms of uo(x). 


(=) [uo OEY 5 a4 (x) fu) 
= N(x) [u(x]. (4.23) 


Multiply both sides by (1 — 7) [uo(x)]~"(=)~") to arrive at the following linear 
equation: 


Duo(x) + (1 — n)M(x)uo(x) = (1 — n)N (x) [uo(x)]° 
=(1—n)N(x) . (4.24) 


Bernouilli Equation: Solution 


One can make the Bernouilli equation—that is (4.24)—look very similar to (4.2) by 
introducing the notation 


Mo(x) = (1—n)M(x) ; No) = U—-nyNn() , (4.25) 
and writing the resultant differential equation as 
[D + Mo(x)]uo(x) = No) . (4.26) 
Recall that a similar looking differential equation (4.2), that is, 
[D+ M(x)]u(x) = N(x) , (4.27) 


has its solution embedded in (4.10) and (4.15). And both of these can immediately 
be transferred to relate to the newest version of the Bernouilli differential equation— 
that is (4.26)—merely by adding the subscript 0 to the functions u(x), M(x), and 
N(x). So, according to (4.10) and (4.15), the solution to Bernouilli differential equa- 
tion (4.26) is as follows: 


ug(x) = / Wo(x) No(x) dx + a| : (4.28) 


mo | 


where, oj is an arbitrary constant and 
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Wo(x) = exp ( / Mas) ax) (4.29) 


With Mo(x) and No(x) as given in (4.25), and uo(x) as in (4.21), (4.28), and (4.29) 
provide the desired solution of the differential equation (4.19). 


4.3.2 Examples Group IT 


Make use of (4.20)-(4.29), and solve several Bernouilli equations of the form (4.19). 
(1) Solve : [D+2]u(x) = 3 [u(x)]"! (4.30) 


Equation (4.30): Solution 

Here, M(x) = 2; N(x) = 3;andn = -—1. Therefore, (1 —n) = 2 and (1 — 
n)M(x) = Mo(x) = 4, 1 -n)N(x) = No(x) = 6,and the resultant differential 
equation, in the form of (4.26), is 


[D+4]uo(x) = 6. (4.31) 


According to (4.21), (4.28), and (4.29), we have 


Wo(x) = exp (/ Mo(x) ax) 


= exp (/ 4a) = exp(4x) , (4.32) 


and 


1 
We) = | Wo(x) No(x) dx + a| 
= exp (—4x) | 6 exp (4.x) dx + a| 
= oto exp(—4x) = [u(x)]"" = [uP . (4.33) 


Therefore, according to (4.33), the solution to the Bernouilli differential equa- 
tion (4.30) is 


nie 


u(x) = E +o; exp -4)| ; : () (4.34) 


(2) Solve : [D+x]u(x) = x [u(x)P (4.35) 
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Equation (4.35): Solution 


Here, M(x) = N(x) = x andn = 2. Therefore, Mo(x) = No(x) = —- x, 
(1 — n) = —1,and the resultant differential equation, in the form of (4.26), is 


[D—x]uo(x) = —x (4.36) 


According to (4.21), (4.28), and (4.29), one has 


Wo(x) = exp (/ Mo(x) ax) 
2 
= exp (/ —x ax) = exp (-5) : (4.37) 


and 


1 
Wola) ll Wo(x) No(x) dx + a| 


-s0(5)[J-vo0(-S)e] 


2 
1+ 01 exp (5) = [u@)* = [u@)” . (4.38) 


u(x) = 


Therefore, the solution to the Bernouilli differential equation (4.35) is 


x2\7]" 
u(x) = E +o, exp (5) : : (2) (4.39) 
Next, solve 
(3) : [D+x]u(x) = x [u(x)]° (4.40) 


Equation (4.40): Solution 


Here, M(x) = N(x) = x andn = 3. Therefore, Mo(x) = No(x) = —2x 
and (1 —n) = —2. The resultant differential equation, in the form of (4.26), is 
[D—2x]ug(x) = —2x (4.41) 


As usual, one has 


Wo(x) = exp ( / oy ax) = exp(—x’) , (4.42) 


and 


4.3 Bernouilli Equation 


ug(x) = exp (a) ll (—2.x) exp (—x’) dx + ai| 


L+o exp(x?) = [u@)]'" = [u@)]? . 


Therefore, the solution to the Bernouilli differential equation (4.35) is 


u(x) = +[1 +0 exp fer) = : : (3) 
Next, work out 
(4): [D+x]u(x) = exp(x’) [uP 


Equation (4.45): Solution 
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(4.43) 


(4.44) 


(4.45) 


Here, M(x) = x; N(x) = exp(x*); and n = 3. Therefore, (1 —n) = —2; 
Mo(x) = —2x; No(x) = —-2 exp(x?). The resultant differential equation, in 


the form of (4.26), is 
[D —2x]uo(x) = —2 exp(x”) 


Following the usual protocol, one gets 


Wo(x) = exp (/ —2x ax) = exp (—x’) ; 
and 


uo(x) = exp (x) i/ exp (—x?) .{-2 exp(x*)} dx + a1| 


= exp(x”)[-2x +01] = [u@)]'" = [u@]? . 


Therefore, the solution to the Bernouilli differential equation (4.45) is 


1 
Vexp(x2) [-2x + 01] , 


u(x) =4 


(4) 


Another equation that to solve is 
(5): [D+x7]u(@e) = exp’) ua} 


Equation (4.50): Solution 


(4.46) 


(4.47) 


(4.48) 


(4.49) 


(4.50) 


Here, M(x) = x7; N(x) = exp(x°); andn = 4. Therefore, (1 —n) = —3; 
Mo(x) = —3x7: No(x) = —3 exp(x°). The resultant differential equation, in 


the form of (4.26), is 


[D —3x7] u(x) = —3 exp(x’) 


(4.51) 
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As usual, one can write 


Wo(x) = exp ( / -3x7dr) = exp(—x°) , (4.52) 
and 
uo(x) = exp (x*) Gi exp (—x?) .{-3 exp(x*)} dx + a| 
= exp(x*)[-3x +01] = [u(x)'" = [u@y* . 4.53) 


Therefore, the solution to the Bernouilli differential equation (4.50) is u(x) such that 


1 
3 
= 4.54 
MOOT = Spee) [-3x +01] oe 
whose three solutions, according to standard rules of algebra, are 
(x) ; 
u(x) = 
Vexp(x3) [-3x + 01] 
iG 
= (=) 
Vexp(x3) [-3.x + o1] 
(-)3 
u(x) = (5) (4.55) 


Vexp(x3)[-3.x +01] 


The next few Bernouilli type equations that are solved are numbered (6)—(10) and 
are given below in (4.56). 


(6) : [D+x]u@x) = x7 way? 

(7): [D+(1/x)]u(x) = x [ux)P 

(8): [D+(1/x)]uQx) = x tu)? 

(9) : [D+(1/x)]u(x) = x [fu@y? 
(10): [D+x?]u(Qx) = exp(x) [u@P . (4.56) 


Equations (4.56): Solution 


(6): Here, M(x) = x; N(x) = x3;andn = —3. Therefore, (1 —1n) = 4; 
Mo(x) = 4x; No(x) = 4x°%. The resultant differential equation, in the form of 
(4.26), is 


[D+4x]uo(x) = 4x° . (4.57) 
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As usual, we can write 


Wo(x) = exp (fas ax) = exp(2x*) , (4.58) 
and 


ug(x) = exp (—2 x”) | exp (2x?) {4x3} dx + a| 
= exp (—2 x’) E exp (2.x?) (2x? — 1) + a| (4.59) 


Therefore, the solution to the Bernouilli differential equation (4.56)-(6) is u(x) such 
that 


[u(x)]* = 52" —1)+o exp (-2x7)| (4.60) 


whose four solutions, according to standard rules of algebra, are 


L 
a 


wine Eas — 1) +o, exp (-2°)| 


1 


4 | es 8 2 |* 
u(x) = +(i) [52x —1)+ 0; exp (—2x } : : (6) (4.61) 
(7): Here, M(x) = 1/x; N(x) = x;andn = 2.Therefore,(1 —n) = —1; 
Mo(x) = —1/x; No(x) = — x. Thus, 
[D — (1/x)]uo(x) = —- x, (4.62) 
dx 1 
Wo(x) = exp ({-<) = exp(—logx) = —-, (4.63) 
x x 
and 
ug(x) = x '/ (—dx) + a| 
= [u(x)]!"' . (4.64) 


Therefore, the solution to the Bernouilli differential equation (4.56)-(7) is 


1 


Ta 4 Variable Coefficients 


(8): Here, M(x) = 1/x; N(x) = x;andn = 3.Therefore, (1 —n) = —2; 


Mo(x) = —2/x; No(x) = — 2x, and 
[D — (2/x)]up(x) = -—2x, (4.66) 
dx 1 
Wo(x) = exp (/ —2 =) = exp(—2logx) = ae (4.67) 
x x 
7 dx 
Ug(x) = x -2 f —+oa, 
x 
=a? . (4.68) 


Accordingly, the solution to the Bernouilli differential equation (4.56)-(8) is 


I 


u(x) = +[x? {-2 log(x)+oi}] 7. (4.69) 
(9): Here, M(x) = 1/x; N(x) = x;andn = — 2.Therefore, (1 —1n) = 3; 
Mo(x) = 3/x; No(x) = 3x. Thus, 
[D + (3/x)]uo(x) = 3x, (4.70) 
dx 3 
Wo(x) = exp (Eo = exp(3logx) = x, (4.71) 
and 
ug(x) = ra [3 [ xtax tor] 
=x? (5) x +01] = [u(x)P . (4.72) 


Therefore, there are three solutions to the Bernouilli differential equation (4.56)-(9): 
namely 


a).45 3 
u(x) = ( ps | Dees] . 


3) 3 
u(x) = ( »3|@ aa : (9) (4.73) 
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(10): Here, M(x) = x’; N(x) = exp(x); and n = 2. Therefore, 
(l1—n) = —1; Mo(x) = —x?; No(x) = —exp(x). Thus, 


[D — x7] uo(x) = —exp(x), (4.74) 


3 
Wo(x) = exp ( / —x? ax) = exp (-5) (4.75) 
x3 x3 
uo(x) = exp (5) |- : exp (: — aa + a| : (4.76) 


The solution to the Bernouilli differential equation (4.56)-(10) is 


and 


u(x) =[uo(x)J' (4.77) 


4.3.3, Problems Group IT 


Given below are a set of ten Bernouilli differential equations similar to (4.19). The 
relevant choices forn, M(x) and N(x), are as noted in (4.78)-(1)-(4.78)-(10). [Hint: 
Compare (4.19)-(4.77).] 


(1): M(x) =3 , Na) =2,n= —-1. 
(2): M(x) = 2x , N(x) =3x,n=2. 
(3): M(x) = 3x , Nw) =2x,n=3. 
(4) : M(x) = x , N(x) = 3 exp(x?), n=3. 
(5): M(x) = x? , N(x) = 6exp(x), n =4. 
(6) : M(x) = x , N@&)=2x°,n = -3. 
(1)2 Mies . NO See FSO: 

x 
(8): Ma =2 , MX) =2x, n= 2. 

Xx 
(9): Mo) = = , N(X) =2x,n =3 
(10) : M(x) =< , N(X) =3x,n= —-2 (4.78) 


Chapter 5 @) 
Green’s Function Laplace Transforms cro 


5.1 Green’s Function 


Consider an inhomogeneous linear ordinary differential equation. 
VX) YQ) =FQ). (5.1) 


The differential operator V(x), the solution Y(x), and quite possibly also the 
inhomogeneous term represented by the arbitrary function F(x), involve constants 
and derivatives with respect to the variable x. The objective of the present exercise 
is to determine the solution, Y(x), of the differential equation (5.1) with specified 
boundary conditions. 

In the preceding chapters, various straightforward methods for solving homo- 
geneous linear ordinary differential equations were discussed. For inhomogeneous 
linear ordinary differential equations, those methods required more effort. Espe- 
cially, the particular integral, J,;, needs to be worked out ab initio for every different 
inhomogeneous term F(x). But there exists another powerful methodology named 
after George Green*® whereby Green’s function, once and for all, helps solve the 
differential equation for arbitrary values of the inhomogeneous term. Therefore, for a 
particular differential operator, in addition to the homogeneous solution, only Green’s 
function needs to be worked out. 

The Green function procedure is well-suited to studying inhomogeneous ordinary 
differential equations. A given Green’s function always refers to a particular differ- 
ential operator. For the present case, V (x) is the relevant differential operator. While 
there is no total agreement on this issue, most of the available literature, for instance, 
Dean J. Duffy**:, would accept the following definition of Green’s function, G(x, x’), 
that is, relevant to the differential operator V (x). 


V(x) Gx, x’) = 6a — x’). (5.2) 
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Here, 6(x — x’) is Dirac’s delta function. Note, some discussion of the Dirac** delta 
function is provided in the Appendix. 

If Green’s function, G(x, x’), as defined in (5.2), can be worked out, the desired 


solution of the differential equation V(x) Y(x) = F(x) can be represented as (5.3) 
given below. 


Y(x)= [re G(x, x’) dx’. (5.3) 


The correctness of this assertion is assured if it can be shown to be consistent with the 
fundamental equation (5.1). To check this fact, let us proceed as follows. Multiply 
(5.3) from the left by V(x). 


Vix) ¥(@@) = V(x) [ Fe) Gt.xyav 
= fre Vix) GO, x’) dx’. (5.4) 
And use (5.2). 
Vix) Y@) = Vx) [ Fey Ge.xyav 
_ [ Feoven ce.xyav = [ Fey 50-xyav = F(x). (5.5) 


Notice that (5.5) properly reproduced (5.1). 

Let us work with boundary conditions that apply at the ends of the allowed physical 
space. Assume that such physical space ranges over the interval 0 < x < m—and 
choose the following as the boundary conditions: 


Ya=0) = YO =0 , Yw=n7) = Ym=od0. (5.6) 
Because (5.3) holds for arbitrary F(x’), these boundary conditions, 
Y(0O) = [re G(0,x')dx’ = 0, 
Y(r) = [Fey e.xyar = 0, (5.7) 
0 
demand 


G0,x.)=0 , G(r,x) =0. (5.8) 


An important property of G(x, x’) is that (5.3) applies to any inhomogeneous 
term F(x’) subject only to the requirement that F(x’) is well behaved. Clearly, 
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if one can determine Green’s function, the relevant inhomogeneous differential 
equation (5.1) is readily solved and (5.3) provides the desired solution Y (x) for 
arbitrary choice of the inhomogeneous term F(x’). The question then is to learn how 
to travel the route that leads to the needed Green’s function. 

There are several possible routes: some more tortuous than others. And while 
the reached Green’s function may behave as expected, the chances are that at least 
occasionally it would lead to solutions that are too complicated to be useful. 


5.2 Solving Differential Equations 


5.2.1 Eigenfunction Expansion 


Most differential equations have two components: One that deals with the homo- 
geneous part of the equation and the other that involves the inhomogeneous part. 
Fortunately, the various techniques for handling the homogeneous part are similar 
to those discussed in detail in Chaps. 3 and 4 . Therefore, it can be assumed that the 
solution to the homogeneous part can be worked out. 

In this subsection, we show that a Green’s function may be calculated by using 
eigenfunctions. That is, information obtained from solving the homogeneous part of 
the differential equation. Indeed, a Green’s function is often fathered by the homo- 
geneous part of the referencing differential equation. And once Green’s function is 
calculated, it can be used to solve the inhomogeneous part of the referencing differ- 
ential equation. And that can be done for arbitrary choices of the inhomogeneous 
term. 

Let us consider the following linear ordinary differential equation. 


[D? + a7] Yn(X) — Yn Yn(X) ’ a= 0, i 25 Sis om (5.9) 


This equation is similar to differential equations we have learned to solve in 
Chaps. 3, and 4. Equation (5.9) is actually an eigenvalue equation**. The Hamil- 
tonian, [D? + a’, is Hermitian and the eigenfunctions, y, (x), 


y,(x) = Asin[nx]+ Bcos[nx] , (5.10) 


are orthogonal and complete. Also the eigenvalues, y,, are real. As shown below, 
for (5.9) both the eigenvalues 7, and the eigenfunction y,(x) are readily evaluated. 
The eigenfunction can also be made orthonormal so that the relevant integral of 
eigenfunctions y,, (x) and y,, (x), calculated over the prescribed spatial range, equals 
Ones, n2° 


/ Yn, (Xx) Yn (x) dx = Ony, n° (5.11) 
0 
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We require that the eigenfunctions y,(x) remain valid in the physical interval 
0 < x < 7 and obey the boundary conditions 


yn) = 0 , y(t) =0. (5.12) 


The first boundary condition, namely y,(x = 0) = 0, is satisfied only by the sine 
term in (5.10). And because at x = 0 the cosine term is non-vanishing, cosines must 
be excluded altogether from (5.10). Similarly, regarding the sign term, the second 
boundary condition—namely y,(x = 7) = O0—requires that for other than the trivial 
case n = 0, sin[n7] is equal to zero only when n is an integer. Therefore, 


yn(x) = |pp|sin(nx) , for n = 1, 2,3,... (5.13) 


Without loss of generality, one can use only the positive n. The normalization require- 
ment, 


qT 


: Lyn) Dn@)* dx = 1 = ia? ff sin(nx)’ dx = lonl? > (5.14) 


sets the constant 
[Pal = f= (5.15) 


and the eigenfunctions y,,(x). 


Ya(x) = [2 singns). (5.16) 


Using (5.9) and (5.16), we can write 


[D? =e a’ | Yn(®) = Yn Yn) 


= [D? + a’| [2 sinens = [a? _ n’| [2 sinens = [a? _ 1] yn(x) ; 


(5.17) 
Equation (5.17) provides the relevant eigenvalues 7,. 


Yn = (a — nn”). (5.18) 
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5.2.2. Green’s Function Calculated 


As stated above, the eigenfunctions y,,(x) are orthonormal and complete. [Note : For 
observational convenience, (5.1) is reprinted below as (5.19).] Therefore, when Y (x) 


F(x) = V(x) Y(@) (5.19) 


is a function in the same domain as the eigenfunctions y,(x) and obeys the same 
boundary conditions, it may be represented as a linear combination of the stated 
eigenfunctions. 


¥(x) = )> bn yn (x). (5.20) 


To study this matter, further proceed as follows: 
Set V(x) = [D* + a’]. Reprint (5.2). And insert the Y(x), given in above (5.20), 
into (5.19). 


V(x) = [D* +7] ; 
V(x) Gx, x’) = 6 — x) ; 


F(x) = [D* + 0°] Sobol) = Yb (D? "Tyn(x). (5.21) 


n=0 


Use the first row of (5.17) and thereby replace [D* + a7] yn(x) by Yn Yn(xX). AS a 
result, (5.21) becomes 


FG) = > bye) (5.22) 
n=0 


The constant b, needs to be determined. To that end, multiply (5.22) by y,,(%) and 
integrate over the relevant space. 


[ Ym (x) F (x) dx = i 3 Bn Yn Ym(X) Yn (xx 
— by Yn [ Ym(Xx) Yn(x)dx — + Yn Onm = bm Ym + (5.23) 
n=0 


n=0 


Now divide both sides of (5.23) by Ym. 
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1 T 
— Yin (x) F(x) dx = By « (5.24) 
Yn JO 


For convenience, change the variables from m to n and x to x’ in (5.24). This gives 
us the desired b,. 


by = = [onc rorer. (5.25) 
Yn JO 


Combine the result in (5.25) for b, with (5.20) to get 
oe) 0° I a 
iYo=) hn = + > / yn (x’) F(X’) dx’. yn(x) 
n=0 n=| |" 0 


7 | & 1 
-| >< mere F(x’) dx’. (5.26) 


n=0 


But according to (5.3), we have 
Y(x) = / [Ga, x)] F(x’) dx’. (5.27) 
0 


The eigenfunction Green’s function G(x, x’) is now readily identified by treating 
simultaneously (5.26) and (5.27). We get 


cara = 1 
Ga,x) = D5 Yas) Yn) = De rma 00) Ia). (5.28) 
n=0 n=0 


[Note: The eigenvalue y, used in (5.28) is picked up from (5.18).] 

It should be emphasized that the denominator (a? — n7) in (5.28) is particular 
to the differential operator [D* + a” | . And according to (5.27), for any arbitrary 
choice of F(x’), Green’s function (5.28) should provide the desired solution Y (x). 

In other words, the function Y (x) in (5.29), 


[D? +07] ¥@) = FQ) , (5.29) 


is determined by the relationship 


(oe) 


1 
Oe — azn f° Ya) F(x’) dx’ 
n=0 


= (=) y= @aow : sins) [ sin(nx’) F(x’) dx’. (5.30) 


n=0 
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5.2.3. Examples Group I 


Use (5.16) and (5.30) and work out solutions to the differential equation (D? + a’) Y(x) = F(x) 
for the following choices of F(x). 


F(x) = sin(x) . (1) 
F(x) = sin(x) cos(x) . (2) 
F@)=x. (3) (5.31) 


5.2.4 Solution 


(1) 
Insert F(x’) = sin(x’) in (5.30). 


Y(x) = @P eA wan : sina) [ sin(nx’) sin(x’) dx’ 


Because the integral Ip: sin(nx’) sin(x’) dx’ = (5)d(n — 1), only then = | term sur- 
vives. Thus, 


(): Y@= » (=) aaa sin (5) i= The aus (5.32) 


n=0 


(2) 
Insert F(x’) = sin(x’)cos(x') = ee in (5.30). 


ra = (5)(2)¥ a [P sins’) sino) ax 
(x) = (5) =) 2 Gi) sin(n x) : sin(nx ) sin(2x’) dx 


Because the integral ty. sin(n x’) sin(2 x’) dx’ = (5)d(n — 2), only the n = 2 term 
survives. Thus, 


7 1 1 1), sin(2. 
(2): Y@= »(-) aaa sine) (5) in t= (5) a 


n=0 
(5.33) 


(3) 
Insert F(x’) = x’ in (5.30). 


Y(x) = (=) > —,* — sin(nx) i sin(nx’) x’ dx’ (5.34) 
Le ors (a? — n*) 0 
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Do the integral {; sin(n.x’) x’ dx’ by parts. 


us xcos(nx)]" 1 f% 
i sin(nx)xdx = + i cos(nx)dx 
0 0 n Jo 


n 
_ 7 cos(nT) 4 1 | = mo)" +0. (5.35) 
n n n do 7 


In order to calculate Y (x), the result in (5.35) above should be inserted into (5.34). 


B): Y@= 32 singnay Pr (5.36) 


n=0 n) 


Note: The result Y(x) given in (5.36) looks more complicated than one would have 
anticipated. Therefore, it is important to check its accuracy. To that end let us plug 
this Y (x) into (5.29) and check whether it actually leads to F(x) = x. That is, let us 
work with equations 


[D? +07] Y(Qx) = F(x) 


= [p? +0] 372 Pee car nee = F(x) = 
a n(a2 — n?) 
oo _4yntl Sead _yyntl 
= S200? =n?) sina) A = ye z sin(nx) . (5.37) 


Again one wonders whether the right-hand side of (5.37) is indeed equal to x. Actu- 
ally, it looks much like a Fourier series. If so, is it the Fourier expansion of x? Let us 
check. 

Fourier expansion of x. 


CO CO 
xX = at > An COS(NX) + ¥ by sin(nx) , (5.38) 


n=1 n=1 


where 


1 & 1 f* 
a= — xdx =0,a4 = -| xcos(nx)dx = 0 , 
mT JL 


20 —T T 


| ee xs [_) 
n = it n ee 


1 
T 
1jacur | =? a. zi 


1 Tv 
— -| x sin(nx)dx = 
nm Je 


TT 


(5.39) 


T 


Using b, from (5.39), (5.38) gives 
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ass — 
‘a 2 ——— sin(nx) . (5.40) 
1 


Comparison of (5.37) and (5.40) confirms the result F(x) = x. Q.E.D. 
Results for Differential Operator V(x) = (D? — 3) 


Set a numerical value for the variable a. 
a= =. (5.41) 


As a result, the previously calculated expression for the eigenfunction Green’s func- 
tion given in (5.28), ie., 


(oe) 


1 
Gi, x) >eigenfunction result > (a2 — n2) Yn (x) Yn (x’) , 
n=0 


will change. And we will have the following eigenfunction Green’s function when 


= 3 
a= 35. 


(oe) 


/ » 
G(x,x) = eigenfunction result 
n=0 


4 
0-4) Yn(X) Yn’). (5.42) 


5.3. Calculation by Approaching Delta Function 


As noticed above, the eigenfunctions Green’s function leads to infinite series with 
results that are often both difficult to work out and complicated to work with. On 
many occasions, a better approach is to work directly with the defining equation of 
Green’s function that involves Dirac’s delta function. And then approach the delta 
function singularity from either sides, thereby obtaining a closed-form expression for 
Green’s function. To demonstrate this procedure and to compare with the previous 
results, we work with a similar differential equation to that used for deriving the 
eigenfunctions Green’s function. 

Consider the differential operator V(x) = [D? + 2] and its Green’s function 
G(x, xo). [Note: Compare (5.2)] 


pa G(x, x0) = 5(x — 5.43 
4 ,xX0) = 0(x— X09) . (5.43) 
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As before, x and x9 are chosen to lie within the interval 0 < x < z. The delta func- 
tion in (5.43) refers to the physical separation (x — xo). There are two possibilities 
for reaching the singularity at x = xg. First: x can approach x9 from below. Second: 
x approaches xo from above. For either of these options, as long x dos not touch xo, 
the delta function 6(x — xo) itself is vanishing and (5.43) reduces to the following: 


9 
[D+ | G(x, x0) = 0, (5.44) 
with the solution 
. (3 3 
G(x, X09) = Asin a* + Bcos Fal : (5.45) 


Let us examine how the constants A and B are affected as the position x moves within 
the intervals x9 > x > Oanda > x > Xp. 
One of the relevant boundary conditions (5.8), namely 


Ga=0,x0) = 0, (5.46) 


excludes the cosines in the region xy) > x > 0. Therefore, we have 
£3 
G(x, x9) = Asin an , 9 >x> 0. (5.47) 


Incontrast, for the region 7 > x > xo weneed to have, G(x = 7, x9) = 0. Therefore, 
the sine term is excluded. As such, we can write 


3 
G(x, X90) = Boos (5 r) , TEX>Xo. (5.48) 


Our next task is to calculate the constants A and B. To that end, we can impose the 
continuity requirement at x9 so the result is the same whether xo is approached from 
below or from above. We get 


. [3 3 
Asin (5») = Bcos (5») : (5.49) 


Clearly, we need one more relationship to determine A and B, that is, provided by 


continuity of the differential [ sae] . This is best calculated by integrating 
(5.43) in the following manner + 
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Xo+e 9 xo+e 
lim.-so {f [> + 4 G(x, Xo) axl = lim. {f d(x — | 
Xo—€ xo-€ 


dG Xo+e 9 xote 
= lim._5, | — + {| — )lim.., i G(x, x’)dx} = 1. (5.50) 
dx 4 torte 


Xo—€ 


Equation (5.50) leads to 


dG dG 
lime+o [=] = | | Ait. (5.51) 
dx Xo+e dx Xp-€ 
0 0 


Using the expressions (5.48) and (5.47), (5.51) is rewritten as 


B (5) sin (5») A (5) (oreny (5») =1. (5.52) 


Solving (5.49) and (5.52) together gives 


ae eV i a he ac 
= - (5) cos (50) ; = - (5) sin (50) : (5.53) 


Inserting A and B given in (5.53) into (5.47) and (5.48) leads to the desired Green’s 


function. 
2 3 (3 
G(x, x0) = — 3 cos 7% sin a* » Xo 0. (5.54) 


5.3.1 Examples Group IT 


Use the closed-form Green’s function procedure outlined in (5.54) and 
(5.55) and work out the differential equation (5.29) for the same two choices 
of F(x) given in (5.31) that were treated with the eigenfunctions Green’s func- 
tion (D? + a?) Y(x) = F(x). 


F(x) = sin(x) . (1) 
F(x) = sin(x) cos(x) . (2) . (5.56) 
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5.3.2. Solution 


F(x) =sin(x) : (1) 
Rewrite (5.27). 


Y(x) = i G(x, xo) F (x0) dxo . 


Exchange variables x and x,. 


Y (xo) = [ G(Xxo, x) F(x) dx . 
0 


Because the current Green’s function is produced by a self-adjoint differential oper- 
ator, [D* + a’ |, its Green’s function is symmetric, i.e., G(xo, x) = G(x, xo). There- 
fore, we can write the above as 


Y(%) = [ G(x, xo) F(x) dx. (5.57) 
0 


Insert the G(x, xo) given in (5.54) and (5.55) into (5.57). For F(x) = sin(x), we get 


y _ 2 3 [ {3 . d 
(xo) = — (5) cos (5) ; sin (5) sin(x) s| 
= (5) sin (5) a cos (5+) sin(x) ax| 
_ 2 3 . (Xo 1 sf 2 
=— (5) cos (5) in ( >) (=) sin (5) 
(5) sin (5) cos (>) + (=) cos (50) . (5.58) 
Equation (5.58) can be further organized. 
Y(x) = — (5) {sn (5) cos( 510) cos() sin( 0) f 
2 [5 3 5 _ [3 
+ (=) sin( $0} cos (5) - cos( 510) sin (5) 
2\ . [xo Xo 2 [5x0 3x0 
(5) sm[5 32] + (5) [5 2 | 


= (2/3) sin(xo) + (2/15) sin(xo) = (4/5) sin(xo) . (5.59) 
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It is straightforward to check the corresponding prediction of the eigenfunctions 
Green’s function. For that purpose, we go to (5.32) and record its result obtained 
from summing an infinite series. That is 


a 


(): ¥@= So -. 


(5.60) 


The only change necessary in the eigenfunctions result given in (5.60) is to change 
a? to 3 . Then, we would have Y (x) = tsi) which is exactly the same as the current 
result given above in (5.59). Q.E.D. 


F(x) = sin(x)cos(x) : (2) 


In order to calculate Y(x%) with F(x) = sin(x) cos(x), we need to insert Green’s 
function provided in (5.54) and (5.55) into (5.57). We get 


1 3 mo AS . 
Y(x%o) = — (;) cos (5) | sin (5*) sin(2 x) ax| 
0 
: me , : in(2 x) dx 5.61 
_ (;) sin (5) If cos (+) sin(2 x) ; (5.61) 


After doing the integrals, the above can be written as 
1 3 1 7 
Y(x%) = — (;) cos (5) in (5) (5) sn ( *) 
1 3 1 7 
4) (9) +() (2) 
3 3 
s ( ~) + sin (=) cos ()| 
1 ? 7X0 3x0 : 3x0 7X0 
sin cos sin cos {| — 
21 2 2 2 2 
+0 va 1 sin 7X0 3x0 
21 2 2 
lL... 
_ ( . sin (2x9) + o+(t ) sin (2 x9) 


| 
wl 
1 
Ky 
3 
os 
w|s 
Se 
Lor 
is) 


+ 


_ sin(2X9) . (5.62) 


1 
3 
2 
7 
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Again, it is straightforward to check the corresponding prediction of the eigen- 


functions Green’s function. For that purpose, we go to (5.33) and record its result 
obtained from summing an infinite series. That is, 


; _ 1\ sin(2x) 
(2): Yw= 5) oa" (5.63) 


The only change necessary in the eigenfunctions result given in (5.63) is to change 
a? to 2. Then, we would have Y(x) = — (3) sin(2.x9), which is exactly the current 
result given above in (5.62). Q.E.D. 


5.3.3. Examples Group III 


Work out Green’s function relevant to differential equation (5.64). 


E = a| x(t) =  exp(wt) . (5.64) 


5.3.4 Solution 


Similar to (5.1), (5.2), (5.3) we can write 


V(t) Y@) = F(t) : (5.65) 
V(t) G(t, to.) = d(t— %) , (5.66) 
Y(t) = / F (to) G(t, to) dio . (5.67) 

0 


Next, we choose 
Vi) = 5-2 , Yt) = x(t), Fit) = P expt), (5.68) 


work out the relevant Green’s function, G(f, fo), determine the solution x(t) of the 
differential equation (5.69) within the domain {7 > t > 0} and obeying the boundary 
condition {lim,-9+<x(f) = 0 .} 


E jnp=f t 5.69 
ae x(t) = ft expt) . (5.69) 


In order to follow the instructions given above, begin with (5.66). 
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: G = 6 5.70 
ln (t,t) = 0(@¢— 1) . (5.70) 


For ¢ > fo, the delta function 6(t — fo) is vanishing. Then, the truncated version of 
differential equation (5.70) is easy to solve and we get 


G(t,to) =expl[a(t—fo)], fort > to. (5.71) 
Therefore, according to (5.67) and (5.68) the solution x(t) is 


x(t) =Y(t) = [ F (to) G(t, to) dty . (5.72) 


Set F (to) = a exp(w fo). Insert itin (5.72). Use (5.71) and rewrite the result as (5.73). 


x(t) = i: : to exp(w to) G(t, to) dfy = I fo exp(w to) exp [a (t — to)] dt 
0 0 
= exp (a@ nf e exp [to (w — a)] dtp 
0 
2 t t 
= exp (ar) (" pli aa ( Z )/ ty exp [fp (w — a] dty 
(Ww — a) 0 w-a/) Jo 
_ tr? expwt 2 expat to exp [fo (w — a)] ‘ 
08 Geol (w — a) | 
2expar f' 
+ ee exp [fo (w — a)] dtp 
w—a)* Jo 
_ ; r Dt 2 2 expat (5.73) 
= nen | oS @—ay = (ay 


In order to ascertain whether the x(t) given in (5.73) satisfies the differential 
equation (5.69), we proceed as follows. 


dx(t) 2t 2 2a expat 
Eee = (expe) | >| bio 
' 2t 2 
+0 expwn | Sto 
- 2t 2 2a expat 
-aeoun| 5 @— ay =o @w— ay 


(5.74) 
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Equation (5.74) meanders and is quite long. We write it in a more organized form 
below. 


dx(t) 2 w—-a 2a—-—2a 
ne ax(t) = f exp(wf) E 7 =| + exp(a ft) ea 
(2w —2a) 2 > 
+ exp(w f) Cau: = nd = ft exp(wf) . (5.75) 


This is indeed the result expected from the differential equation (5.69). Therefore, 
the correctness of the x(t) given in (5.73) is verified. Q.E.D. 


5.4 Laplace Transform 


It is helpful to use a general notation for Laplace transforms. Consider some function 
j of t, as in j(t), where j is any lowercase character. Denote its Laplace transform by 
the same uppercase character J. But signify it as a function of s, as in J(s). As such 
the inverse transform of J(s) is j(t). These statements are displayed below in (5.76). 


fo 
Asi} = lim —soo | j(t) exp(—s t) a] = J(s), 
0 
AT 'I()} =IO - (5.76) 
For a function j(f) such that j(f) = 0 when t < 0, the Laplace integral A,;{j(t)} 


specifies the Laplace transform J(s). 


J(s) = Ai} = " _ j(t) exp(—s t) dt. (5.77) 
0 


J (s) exists for s > 0 provided j(f) satisfies the following conditions: 


(1) j/®H=0 for t < 0 
(2) j(£) is continuous, or at least piecewise continuous, in every interval 
(3) t’f @) < cas t— > 0 for some number n, where n < 1. 


5.4 Laplace Transform 


5.4.1 Table 


f(t) 
qd). 1 
2).a fit) + afr) 
(3). H(t —c) 
(4). H(t—c)f (t—c) 
(5). t 
(6). 7 
(7). 
@).f, "2 = 1,2,3 
(9). ? ,p>-l 
(10). exp(at), s > a 
(11). t exp(at), s > a 
(12). 6(t — a) 
(13). t" exp(at), s > a 
(14). cos(bt) 
(15). exp(at)cos(bt) 
(16). cosh(bt) 
(17). sin(bt) 
(18). exp(at)sin(bt) 
(19). sinh(bt) 
(20). t sin(b t) 
(21). tcos(bt) 
. | (22). tsinh(at) 
"| (23). tcosh(at) 
(24). sin(at) — at cos(at) 
(25). sin(at) + atcos(at) 
(26). cos(at) — atsin(at) 
(27). cos(at) + atsin(at) 
(28). sin(at + b) 
(29). cos(at +b) 
(30). $f @) 
(31). fle) 
(32). fof (v) dv 
(33). fof — 7) g(r) dr 
(34). cos(at +b) 
(35). f'O 
(36). f(t) 
(37). Lexpee pen} 
(38). erfc (55) 
(39). a exp (#) 
(40). Wet exp ae 
(41). a exp(at)—b exp(bt) 


a—b 


(42). vt 


F(S) Sting» [Jo f © exp(—s1) dt] 
1/s 
ay F\(s) + a2 F2(s) 
exp(—cs)/s 
exp(cs)f (s) 
1/s? 
21/83 
31/st 
nt/s'*! 


G(p+1) 
prt 


I/(s—a) 
1/(s — a)? 
exp(—as) 
nl/(s —ay"t! 

s/(s? +b?) 
(s—a)/[(s— a)? +B] 
s/(s* — b*) 

b/(s* +b’) 
b/l(s — a)? +B] 
b/(s? — b?) 
Qas)/(s2 +B)? 

( —P) (Pr +P 
2as/(s* — a’)? 

2 + a2(s2 = ay 
2a /(s? +a’)? 
2as*/(s* +a’)? 

s(x? —a@)/(s? +07)? 
s(st+ 3.a?)/(s? +a’)? 

[s sin(b) +a cos(by]/(s? + a) 
[s cos(b) — asin(b)]/(s? +a’) 
{- F(u) du 
ae g) 

} F(s) 

F(s) G(s) 

[s cos(b) — a sin(b)]/(s* + @) 
sF(s)—f(O) 

8° F(s) —°°f ) — sf’) —f") 


(s—a)l(s— by! 


4 exp (-a fy) 


J, exp(—a V5) 
exp(—a ys) 
s(s —a)~!(s —b)7! 


VE 


91 


(5.78) 
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5.5 Computation 


Laplace transform of a function f (t)—which is at least piecewise continuous on 
a specified interval—is defined through the use of an integral and is informatively 
denoted as A;{f(t)}. In other words, 


As{fO} = limy—>oo | [ro exp(—st) a] = F(s). (5.79) 
0 


To get a feel for how the integration process (5.79) actually unfolds, let us work 
out a few simple examples. 


(1): For f(t) = t”, compute A,{f()} = F(s). 
To solve (1) write: 


n " n = fT > (n—1) 
As{t } = tip sss A t exp(—s1) dr = (“) : t exp(—s ft) dt 


= (SP) PP execs 
S 0 


Ss 0 


n! 
gt) : 


Therefore , As{t"} = (5.80) 


In particular, using n = 0, andn = 1, we get A;{1} = 1 and A,{t} = -. 


(2) : For f(t) = sin(bt), compute A,{f(f)} = F(s). 
To solve (2) write: 


f@® =sin(bt), fort>0, 
F(S) = lint <0 If sin(b t) exp(—s t) a] , s>O0, 
0 


Doing integration by parts gives: 


bt —st))” ‘0 
= limy —s. aaa / cos(bt)exp(—st)dt} , 
—— b o Odo 


s fo 
_ (=) lity) —>o0 | sin(b t) exp(—s t) a , 


v2 
7 (=) F(s) . (5.81) 


F(s) = 
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Therefore, 
A {sin bt } = F sy= a) . (5.82) 


NOTE: For convenience, instead of the proper form, i.e., /i7;,—+.0 fie of the 
infinite integrals that occur here, heretofore we shall use only their improper 
form, ie., [.. 


(3) : For f(t) = ci fi) + c2fo(t) compute A,{f(t)} . 
To solve (3) write: 


Aka fi +oahO} 


[sr exp(—s ft) dt 
0 


= C1 i: fi(t) exp(—st) dt + c2 / Jo(t) exp(—s t) dt 
0 0 


crAStfi)} + ce AslhO} 
= ¢ F)(s) + c2 Fo(s). (5.83) 


(4) : For f(t) = exp(at), compute A,{f()} = F(s). 
To solve (4) write: 


A,{exp(at)} = ie exp[—(s — a) t] dr, 
0 


1 
=( ) , only fors>a. (5.84) 
s—a 


Here, it is convenient to briefly describe H (t — a), the Heaviside step function. 
However, for greater detail see (5.92). The step function H (t — a) is defined for 
a > 0 by the relationship 

HA(tt-—a)=1, fort>a 
=0, fort<a. (5.85) 


(5): For f(t) =fi(@¢ — a) H(t — a), compute A,{fi(t —a)H(t-—a)} = F(s). 


To solve (5) write: 
As{fi@t — a) H(t — a)} = [se — a) H(t — a) exp(—st)dt 
0 


= [nc — a) exp(—st) dt. 
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Set t—a=vy : then dt = dy and the above becomes 
[oe 
As(it=a)H@- a= [ fiorexpl-s+aldy 
0 


= exp(—Sa) [a (t) exp[—s t] dt 
0 
= exp(—say As{ fi} . (5.86) 


(6) : Consider f (t) = 6(t — a). Note that a > 0. 


To solve (6) write: 


As{d(t — a)} = [ exp(—st)d(t — a) dt 
0 
= exp(—sa). (5.87) 


(7) : First consider f(t) = “8, f(n) = FAO F(t) = FAO, 


dre ? de5 


To solve (7) write: 


PAO] f* ze 
a] ap )-f xp(—st) dt 
df(t df(t 
— (0 St) 1 t of exp(—s ft) a8 i 
(xr st) OJ 0 4 sf exp(—s t) —— TO a] 
0 


df;(t) +f 
~ dt2 
df(t) dfi() ae - 
= ( ae fal re ) of. exp(—s t) —— 
(ee) 


df;(t) 
dr? 


2¢, . 
=i 1) (22) ? fiizo + 8° AsliOl- 
dt nae dt /;~09 


s* [exp(—sN fi] 12 +53 AshOI 


t=0 


AiO 


d t” 


Fe Eg re ide “fe 3@ 2 (a Ff) 
s =-sS s s 
dt” dr2 dpn-2 dpr-3 
t=0 t=0 t=0 


gt? ( (t) 
dt 


Next proceed by induction and write Ms as follows : 


) ; £0 +5" Asti] (5.88) 
= 
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(8) : Consider f(t) = So fi@dde. 
To solve (8) write: 


As (/ fi(syar) = [ exp(—St) | [ f(a] dt, 
0 0) 0 
= [= f f(as| - + -[- exp(—s t)f;(t)dt 
a) 0 =0 50 


=o Asi] = (f°). (5.89) 


S RY 


(9) : Consider f (t) = cos(at). It is convenient to use the representation 


f@® = cos(at)= exp(/ at) fore t) . 


and work with s > a. 


(oe) 


As[cos(at)] = ; [ exp[( a — s) t)] dt + ; ; exp[(—I a — s) t)] dt 
( 


1 fexp[Za—s)t]]~ 1 fPexp[(-Ia—s)t]]™ 

7 + 

2 Ila-s 0 2 —lIa-s 0 

a ae a 
~%2Ta—-s 2-la-s s2+a2 , 


(10) : Consider f (t) = sin(at). It is convenient to use the representation 


exp(at) — exp(—atr) 
21 


sin(at) = 
Work with s > a and write: 


A;[sin(at)] = a Ul exp[(a — s) t)]d ‘-[ exp[(—a — s) t)] a] ‘ 
0 


_ 1 fexpl(@—s) 1] exp[(—a — s) t] ]™ 
i a-s —a-s 0 
1 -l —1 


= = (ls 


2la-—s 22 -a-—s sa 


(5.91) 
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5.6 Heaviside Step Function 


A slightly more detailed description of H(t — a) is given below. The Heaviside step 
function (HSF) is defined as follows for a > 0. 


H(t—a) = utt—a) = u(t) =1 fort >a 
=O fort<a. (5.92) 


5.6.1 On- and Off Switches 


The (HSF) is useful for representing switches that turn on and off at specific times. 
For instance, consider the following two problems. 
Using the notation of (5.1) in the form 


VOY) =F 


define various switches by choosing their inhomogeneous term F'(f). 
(HSF)-1 : First, if one is using a very simple switch that is on for t > 0 with a 
value of Wo but turns off at t > 5 then one has 


F(it)=Wo, if t <5 
=0, ff t>5. (5.93) 


In terms of the Heaviside function, this process is displayed as 
F(t) = Wo {1-—A(t—5)} . (5.94) 


(HSF)-2 : On the other hand, a more sophisticated switch is one that is: 
on for tf < 5 with value W,; 

goes off during 10 > t > 5; 

comes back on at t = 10 with value W2 

and stays on until t = 15. 

Turns off at t= 15 

and comes back on at t = 20 with strength W3 

and stays on until t = 25. 

But at t = 25 the switch instantly adjusts to strength W4 

and stays on at that strength. 

Thus, one works with a switch that operates with function F(t) such that 
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FQH=W, ift<5 
=0, f 5<t < 10 


=W., if 10 < ft < 15 
=0, if 15 <t < 20 
=W3, if 20 <t < 25 
=Ws, if t >25. (5.95) 


In terms of the Heaviside function, this process can be displayed as follows: 


F(t) = W, {1 — H(t—5)} + W> {H(t— 10) — H(t —15)} 
+ W; {H(t —20) — H(t —25)} + Ws {H(t —25)} . (5.96) 


5.7 Solving Initial Value Problems 


The process: 


One works out the Laplace transform of both sides of the given differential equation. 
The initial conditions are inserted into the Laplace transformed equation. Generally, 
this simplifies the output variable a little bit. Next, one reorganizes the output variable 
by partial fraction decomposition. Then, one inverse Laplace transforms the resultant 
output, if needs be, by using Laplace transform inversion tables. This process will 
become clear as we work out several problems. 


5.8 First-Order Differential Equations 


Solution: (1) 


Let us solve the following first-order differential equation with boundary condition 
x(t) = Ofort < 0. 


dx(t) 
dt 


(1) :2 + 5x(t) = ft exp(—t) . (5.97) 
Solution of (1). 

Laplace transform of both sides of differential equation (5.97)—namely equa- 
tion (1)—are 


2 {sX(s) —x(0)} +5X(s) = (5.98) 


(s +1)? ° 
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A more organized form of (5.98) is 


¥ige(—' ) a cc (5.99) 
2s+5) (s+1?2 @Qs+5)° , 


To satisfy the initial boundary condition, set x(0) = 0. 


1 1 
X(s) = (<5) eae (5.100) 


Notice how Laplace transform converts a function of some variable—say, t—into a 
function of another variable—say, s. 


5.8.1 Partial Fraction Decomposition of (5.100) 


To decompose (5.100) into partial fractions express X (s) as follows: 


A ae B 4s Cc 
(2s+5) (s+1) (s+1)? 


X(s)= (5.101) 


Multiply the right-hand sides of (5.100) and (5.101) 
by (25+5) (s+ 1)? and equate the two results. [Note the objective here is to get 
unity on the left-hand side of the following (5.102)]. We get 


t=A > 17 486s Deh 5/46 Os 45) 
= s2(A+2B)+sQA+2C+7B)+(A+5C+5B). (5.102) 


For (5.102) to hold for arbitrary values of s, terms with any particular power of s 
must be equal on both sides of this equation. Accordingly, comparison of the s7, s, 
and s° terms gives 


A+2B=0; 
2A+2C+7B=0; 
A+5C4+5B=1. (5.103) 


Equation (5.103) is readily solved and the result is 


Az=-—-;B=2>-=;CeH 2. (5.104) 
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Accordingly, using (5.101) and (5.104), X (s) is rewritten as 


“s 4 1 2 1 a 1 

sS= 

9(2s+5) 9(s+1) 3 (s+1)? 
4 1 2 1 1 1 


ig G5) 8 Gea) FOeTe ele) 


Finally, by using the inverse Laplace transform tables, one inverts the above from 
X (s) to x(t). The result is 


4 St 2 t 
x(t) = ig exp ( a) 9 exp(—t) + 3 exp(—f) . (5.106) 


Checking Accuracy of the Result (5.106) 


In order to check x(t), as per (5.106), one uses the homogeneous part of the parent 
differential equation (5.97), namely 2 ax + 5x(t) and checks to see whether it 
equals the inhomogeneous part, i.e., f exp(—f). 

First, we calculate &@., 


dx(t i 
Oe 5 exp ( a) + 3 expt t) 5 eXD( t), (5.107) 


Next, we calculate 2 ta + 5.x(t) and find it is equal to t exp(— f), as it must if 
the solution is correct. 


2 ao + 5x(t) a exp ( >) + Z exp(— ft) = exp(— fr) 


9 9 
20 St 10 St 
+ 18 exp ( ) 9 exp(—?t) + 3 exp(— fr) 
=texp(-ft). QED. (5.108) 


Solution: (2) 


Again, with the same initial boundary condition, namely x(t) = O fort < 0, let us 
solve another first-order differential equation: namely (5.109). 


dx(t) 
(2) : 3 — 7x() = cosh(at). (5.109) 


Solution of (2). 
Laplace transform of both sides of the differential equation (5.109)—namely 
equation (2)— are 
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RY 


3 {sX(s) —x()} — 7X6) = Go (5.110) 
Or 
aO)= a (5° :) os ee) 
To satisfy the initial boundary condition, set x(0) = 0. 
ije= : ( ° ) (5.112) 
(s—a) (sta) \3s—-7 


Notice how Laplace transform converts a function of some variable—say, t—into a 
function of another variable—say, s. 


5.8.2 Partial Fraction Decomposition of (5.112) 


To decompose (5.112) into partial fractions, express X (s) as follows: 


X(s)= x + z + c (5.113) 
‘ “~(s—a) (sta) (s—7) ; 


Multiply the right-hand sides of (5.112) and (5.113) 
by (s — a) (s +a) (3s — 7) and equate the two results. [Note the objective here is to 
get s on the left-hand side.] We get 


s=A(s+a)(3s—7)+B(s—a)Gs—7)+C(s—a)(s+a) 
= s§?(3A+3B+C)+s3ad—7A—7B—3aB) 
+(—TaA+7eB=2C). (5.114) 


If (5.114) is to hold for arbitrary values of s, terms with any particular power of s 
must be equal on both sides of this equation. Accordingly, comparison of the s*, s, 
and s° terms gives 


3A+3B+C=0; 
(aA—7A—7B—3aB) =1:; 
(-TaA+ Jak -@ OC) = 0; (5.115) 


Equation (5.115) is readily solved and the result is 


3a+7 3a—7 42 
AVS BS ee CS Se | 0LLI6 
18a? — 98 18a? — 98 18 a? — 98 ( ) 
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Accordingly, using (5.113) and (5.116), one calculates X (s). 


X(s) = 1 ( 3a4+7 ) 1 ( 3a—7 ) 
(s—a) \ 18a? —98 (s+a) \18a2 —98 


: = 5.117) 
Bs—7) (ann): - 


Finally, by using the inverse Laplace transform tables, one inverts the above from 
X (s) to x(t). The answer is 


3a+7 3a—7 
t) = | —— t t 
— (isa -o8) ey a7 a ee 


u sai (5.118) 
ex F ‘ 
P\3 18a? — 98 


Checking Accuracy of the Result x(t) 


To that purpose, for x(t) as per (5.118), one uses the homogeneous part of the parent 
differential equation (5.109), namely 3 ant) — 7x(t), and checks to see whether it 
equals the inhomogeneous part cosh(a ft). 


We get 
dx(t) 
3 —— — 7x(t 
PF x(t) 
3a+7 3a-—7 
=3a (Gans) exp(at)+3a (G2 =) exp(— aft) 


98 7 3a4+7 

~ (an) exp (=) (Got) een) 

+7/ = ) exw a+ (Go) exp (2) (5.119) 
18a2 — 98 18a? — 98 31 


Combining exp(at), exp(— at), and the exp (4) terms, (5.120) leads to the 
expression 


dx(t) 
7 GainGa-n (3a—7)(3a+7) 
= exptan | 18a? — 98 ] eve a| 18a — 98 


98 7 98 7 
> — 12 
(a=) eo(2)+(Gaa) exp (3) lay) 


with the result 
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3 dx(t) _ Ix) = {=e t) + exp(— at) 
dt 2 


= cosh(at). (5.121) 
QED. 


Solution: (3) 


Another first-order differential equation with boundary condition x(t) = Ofort < 0 
is solved below. 


dx(t) 
(3): ar a + 4x(t) = sinh(at) . (5.122) 


Solution of (3). 
Laplace transform of both sides of differential equation (5.122)—namely equa- 
tion (3)—are 


5 {sX(s) —x(0)} +4X(s) = —— (5.123) 


—q- 


X() 6544-520) = —"~’ (5.124) 


ea 


Note: We have used the Laplace transform table provided in (5.78). To satisfy the 
initial boundary condition, set x(0) = 0. As a result, X (s) becomes 


a 
xo=-|— O12®) 


Notice how Laplace transform converts a function of some variable—say, t—into a 
function of another variable—say, s. 


5.8.3 Partial Fraction Decomposition of (5.125) 


To decompose (5.125) into partial fractions, express X (s) as follows: 


A é B Es Cc 
(5s+4) (s—a) (s+a) 


X(s)= (5.126) 


Multiply the right-hand sides of (5.125) and (5.126) 
by (5 s+ 4) (s — a) (s + a) and equate the two results. [Note the objective here is to 
get a on the left-hand side of (5.127). We get 


a = A(s—a)(sta)+B(5s4+4) (sta)+C (5s+4)(s—a). (5.127) 
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If (5.127) is to hold for arbitrary values of s, terms with any particular power of s 
must be equal on both sides of this equation. Accordingly, comparison of the s*, s, 
and s° terms gives 


A+5B+5C=0; 
SaB+4B=5eC+4C=0 -; 
-Aa+4aB—4aC=a. (5.128) 


Equation (5.128) is readily solved and the result is 


5 1 1 1 1 
A= (f=: CS 
(3) lcs zs 2(4+ 5a) 24=50) 
(5.129) 


By using (5.126) and (5.129), X (s) is rewritten as 


20 1 1 
Gr+4 (6-250)  @+ aoa) (8—10a)(s+a) © 
(5.130) 


X(s) = 


Finally, by using the inverse Laplace transform tables, one inverts the above from 
X (s) to x(t). The result is 


x(t) = exp(—af). 


4 1 1 
(16 — 252) exp ( 5 ) "Gaia "Gm 
(5.131) 


Checking Accuracy of the Result (5.131) 


In order to check the accuracy of the result x(t), given as per (5.131), 
one uses the homogeneous part of the parent differential equation (5.122), namely 
5 wee + 4x(t), and checks to see whether it equals the inhomogeneous part 
sinh(at). 


To that end, first one calculates 5 ely 


dt * 


nO 16 41) | (_Sa oo 
= ex ex 
di 6—-8e)  \ Sei0a) 


5a 
S (5) ete. (5.132) 


Next one calculates 4 x(t). 
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I Nig Oag ) Na) Mesa) 
2 
(+ =z) exp(—atf). (5.133) 


Upon adding, (5.132) and (5.133) one can write 


dx(t) 
a + 4x(t) 
Sa 4 
= (sta) ont (ssa) ee 
Sa 4 
+ (= —) exp(— af) (= <2) exp(— at) (5.134) 


Equation (5.134) leads readily to the desired result. 


52 4x(t 
dt + 4x(t) 
— ; {exp(at) — exp(—at)} = sinh(at). (5.135) 


Q.E.D. 
Solution: (4) 


Another first-order differential equation with boundary condition x(t) = Ofort < 0 
is solved below. 
dx(t) ; 
(4) : a + 9x(t) = exp(at)sinh(at) . (5.136) 
Solution of (4). 
Laplace transform of both sides of differential equation (5.136)—namely equa- 
tion (4)—are 


a 


4 {sX(s) —x(0)}+9X(s) = s@—2a)” 


(5.137) 


X(s) (48+9)—4x(0) = a (5.138) 


Note: We have used the Laplace transform table provided in (5.78). To satisfy the 
initial boundary condition, set x(0) = 0. As a result, X (s) becomes 
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a 
x0=|Toa a| (713?) 


5.8.4 Partial Fraction Decomposition of (5.139) 


To decompose (5.139) into partial fractions, express X (s) as follows: 


=2 (5.140) 
ye a 

(s) (s—2a) (4s+4+9) 
Multiply the right-hand sides of (5.139) and (5.140) 
by (s) (s —2.a) (45 +9) and equate the two results. [Note the objective here is to 
get a on the left-hand side of (5.141). We get 


a=A(s—2a)(4s+9)+ B(s) (45+ 9) + C (s) (8 — 2a) 
=A [4s°+9s—8as-— 18a] +B [4s°+9s]+C [s?—2as] . (5.141) 
If (5.141) is to hold for arbitrary values of s, terms with any particular power of s 


must be equal on both sides of this equation. Accordingly, comparison of the s”, s, 
and s° terms gives 


4A+4B4+C=0; 
9A-—8aA+9B-—-2aC=0; 
-18aA=a. (5.142) 


Equation (5.142) is readily solved and the result is 


1 1 2 4 
A= -{—]; B= |{——]; C= + : 
(=) (Gai) Ce) (3) 


(5.143) 


By using (5.140) and (5.143), X (s) is rewritten as 


you(Z 1 1 4 2 1 
©=(=)+(qrm) (—)+|F scaa| (as) 


(5.144) 


Finally, by using the inverse Laplace transform tables, one inverts X (s) to x(t). The 


result is 
_ 1 exp(2 at) 
m= (a) - we | 


4 2 (:) - Te 
+(4 sri 2) 
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Checking Accuracy of the Result (5.145) 


In order to check the accuracy of the result x(t), given as per (5.145), one uses the 
homogeneous part of the parent differential equation (5.136), namely 
4 waite + 9x(t), and checks to see whether it equals the inhomogeneous part exp(a r) 


sinh(a t). To that end, first one calculates 4 vo 


dx(t) _ [4a exp(2at) 9\ [2 2 Ot 

ag =| 9+8a @IE ssaa|o( 2) ony) 
And next 9 x(t). 

_ 1 9 exp(2.at) 9\ [2 2 Ot 
0o=~(3)+ (2) [ren] + (G)[5-seea](-4). 
Upon adding (5.146) and (5.147), one gets 


dx(t) _ 4a exp(2at) 1 9 exp(2 aft) 
a +9300 =| 9484 (5)+(5) | . (5.148) 


Equation (5.148) leads readily to the desired result. 


dx(t) exp (2at) — | 
ar + 9x(t) 5 (5.149) 
Q.E.D. 
Solution: (5) 
Another first-order differential equation with boundary condition x(t) = — 6 for 
t < Ois solved below. 
dx(t) 
(5) : a + 5x(t) = exp(7t). (5.150) 


Solution of (5). 
Laplace transform of both sides of differential equation (5.150)—namely equa- 
tion (5)—are 


1 
{s X (s) — x(0)} + 5X(s) = ——_. (5.151) 
G=—7) 
Note: We have used the Laplace transform table provided in (5.78) and to satisfy the 
initial boundary condition, we have set x(0) = — 6. As a result, X (s) becomes 
1 
X(s) (s+5)+6 = ——. (5.152) 


(s—7) 
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Equivalently, 


1 6 43 —6s 
ae Fesrenl (<2) = Fearn ae 


5.8.5 Partial Fraction Decomposition of (5.153) 


To decompose (5.153) into partial fractions, express X (s) as follows: 


A,B 
(s+5)  (-7)- 


Multiply the right-hand sides of (5.153) and (5.154) 
by (s + 5) (s — 7) and equate the two results. We get 


43—6s = A(s—7)+B(s+5) = s(A+B)+(5B—7A). (5.155) 
If (5.155) is to hold for arbitrary values of s, terms with any particular power of s 
must be equal on both sides of this equation. Accordingly, comparison of the s and 


s° terms gives 


A+B= —-6; 
-7TA+5B = 43 (5.156) 


A= 5) : B= ( 5) 5.157 
Set) 2S (45) + (5.157) 


With the help of (5.154) and (5.157), X (s) is rewritten as 


x0) = ( a )+(B) ( =): (5.158) 
12 (s +5) 2) \s—7 


Finally, by using the inverse Laplace transform tables, one inverts X (s) to x(t). The 
result is 


leading to 


73 1 
x(t) = — (5) exp(—S ft) + (=) exp(7f) . (5.159) 
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Checking Accuracy of the Result (5.159) 


The result x(t), as given in (5.159), is accurate because, it satisfies the primary 
differential equation (5.150). To check proceed as follows: 


eh) + 5x(t) 
dt 


73 

=5 (4) exp(—5t) + ( 
73 

5 (S) exp(—5t) + ( 


) exp(7 ft) 


Ble Slx 


) exp(7t) = exp(7f). (5.160) 


Q.E.D. 


5.9 Second-Order Differential Equations 


5.9.1 Solution by Laplace transform 


By the use of Laplace transform, solve the following second-order differential equa- 
tion 


QQ): 2y"H+3y -—2 y(t) = t exp(—21) (5.161) 
with the boundary condition 


y() =0 and y(0O)=-2 . (5.162) 


Solution: (I) 

Laplace transform of both sides of differential equation (5.161)—namely equa- 
tion (I)—are 

1 


(s +2)? 
(5.163) 


2 {s° ¥(s) — sy) — y'(0)} +3 {s ¥(s) — y(O)} —2¥(s) = 


Upon inserting the boundary condition (5.162), (5.163) becomes 


1 
2: — = = = 
Y¥(s) [2s°+3s—2] = Y(s) [2s-1)(s+2)] = Gap? 4. (5.164) 


Equation (5.164) can be rewritten in a more compact form as 


—4s?—16s—15 


tO) > Ge De” 


(5.165) 
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5.9.2 Partial Fraction Decomposition of (5.165) 


To decompose (5.165) into partial fractions, express Y(s) as follows: 


Y(s)= A B c p (5.166) 
UO) Gl Gate ol 


Multiply the right-hand sides of (5.165) and (5.166) 
by 25-1) (s+ 2)? and equate the two results. We get 


=45 =—169= 15 

=A@+2r +BOs—D64+27 +C Qs-—1D6404D0s—1) 

= (A+2B)s°+ (6A+7B+2C)s8? + (12A+4B+3C+42D)s 
+(8A-48-20 =D). (5.167) 


For (5.167) to hold for arbitrary values of s, terms with any particular power of s must 
be equal on both sides of this equation. Accordingly, comparison of the s*, s*, s, 
and s° terms gives 


A+2B=0; 

6A+7B+2C= —-4; 

12A+3C+4B-2D = -16; 
SA=—48-IC=D = =15. (5.168) 


Equation (5.168) is straightforward to solve and the result is 


192 96 10 25 
Ae ==] 3 B= 3 CS |S ED = —=—. 6.169) 
125 125 125 125 
There is a common denominator of 125 for A, B, C, and D in (5.169). Therefore 
upon plugging these results for A, B, C, and D into the Laplace transform (5.166) 
one gets 


Y(s) = 


96 96 10 25 


GH" 6FD (42 ae: (5.170) 


Finally, by using the inverse Laplace transform tables, one inverts the above from 
Y(s) to y(t). The result is 


1 2 
x(t) = 15 |-96 exp (5) + 96 exp(—2t) — 10t exp(—21r) ; t exp( 2»| 
(5.171) 
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Checking Accuracy of the Result (5.171) 


In order to confirm the accuracy of x(t), as per (5.171), one uses first the homogeneous 
part of the parent differential equation (5.161), namely 2 y"(t) + 3 y(t) — 2 y(t), and 
checks to see whether after using the boundary condition y(0) = 0 and y’(0) = 
—2 it equals the inhomogeneous part of the parent differential equation, i.e., 

t exp(—21r). To that purpose, let us start in seriatim with the first two terms of 
x(t) recorded in (5.171). That is, 


2 2 = +3 ¢ 2 .{—exp(t/2) + exp(—2 1)} 
125| dr dt 

= Es {(-7 - + 2) exp(t/2) + (4-6-2) expt-20)} = 0. (5.172) 
125 4 2 


Next, we examine the response of the third and the fourth terms in (5.171). Meaning 
the expressions in the following two equations: 


10, 154 _> [texp(—20)] (5.173) 
exp(— é 
125 |" d2 "dt P 
> [p@ gehts [2 exp(—21)] (5.174) 
xs | de a rene nee 


With a little bit of simple differentiation and great deal of straightforward algebra, 
(5.173) and (5.174) yield the results Z exp(—2 1) and exp(—2 1) [1 _ 2] . Adding the 
two gives f exp(—2 1). Q.E.D. 


(ID) 


With the help of Laplace transform, solve the following second-order differential 
equation 


(: y'(th—6y(H+9y0) = 2sin3t). (5.175) 
The boundary condition is: 


y0) =-1 and yO)=-4 . (5.176) 


Solution: (II) 
Laplace transform of both sides of differential equation (5.175)—namely equa- 


tion (II)—are 


— 
(s? +9) ¢ 
(5.177) 


{s? ¥(s) — sy) — y'(0)} — 6 {s ¥(s) — yO)} + 9 Y(s) = 
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Upon inserting the boundary condition (5.176), (5.177) becomes 


6 


Y(s) [s° +65+9]+s-2 = wer (5.178) 


After a little bit of algebra equation (5.178) can be rewritten in a more compact form. 


—s3 +25? —95+424 


Y(s) = 5.179 
@) (s? +9) (s — 3) ea 
5.9.3 Partial Fraction Decomposition of (5.179) 
To decompose (5.179) into partial fractions, express Y(s) as follows: 
A B G D 
Vos (5.180) 


7 (4H Goo) Ge 


Multiply the right-hand sides of (5.179) and (5.180) 
by (s* + 9) (s — 3)? and equate the two results. We get 


He poy ay = Use P= 37 $C +9) b= 34 Dir +9). 
(5.181) 


For (5.181) to hold for arbitrary values of s, terms with any particular power 


of s must be equal on both sides of this equation. Accordingly, comparison of the 


x, s?, s,and 5° terms gives 


A+C = -1; 

—-6A+B-3C+D=2; 

—6B+9A+9C= — 9; 
9B-—27C+9D = 24. (5.182) 


Equation (5.182) is straightforward to solve and the result is 


6 
A= ; B=0; C= —-—; D= --. (5.183) 


1 

9 , 9 
While B = 0, there is acommon denominator of 9 for A, C, and D in (5.183). There- 
fore upon plugging these results for A, B, C, and D into the Laplace transform (5.180) 
one gets 


: wt . (5.184) 


1 
YQ) = 9 las G3) @—3? 
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Finally, by using the inverse Laplace transform tables, one inverts the above from 
Y(s) into Y(t). The result is 


Y(t) = [cos(3 t) — 10 exp(3 rt) — 6¢ exp(3 t)] : (5.185) 


‘ol 


Checking Accuracy of the Result (5.185) 


In order to confirm the accuracy of Y (f), as per (5.185), we use the parent differential 
equation (5.175), namely Y”(t) — 6 Y’(t) + 9 Y(t) , and check to see whether after 
using the boundary condition y(0) = —1 and  y'(0) = —4 it equals the 
inhomogeneous part of the parent differential equation, namely 2 sin(3 t). It does 
and the relevant algebra is described below. 


Y"(t) —6Y'(1) +9 Y(t) 
= —cos(3t) — 14 exp(3t) — 6t exp(3r) 


3, 10 2 
—6 E sin(3 t) — a exp(3t) — 3 exp(3 t) — 2t exp(3 0| 


+cos(3t) — 10 exp(3t) — 6t exp(3t). 
= 2sin(3t). (5.186) 


Q.E.D. 
With the help of Laplace transform, solve the following IVP. 


dM): y(nH-8yQ+7y@) = 9t. (5.187) 
The boundary condition is 
yO)=-1 , yO=z2 . (5.188) 


Solution: (IID 


Laplace transform of both sides of differential equation (5.187)—namely equa- 
tion (III)—are 


9 
{s? ¥(s) — sy(0) —y'@} — Bis ¥(s) yO} +7) = S-  G.189) 


g2 


Upon inserting the boundary condition (5.188), (5.189) becomes 


9 
¥(s) [s° -8s+7]+s-10 = 5 (5.190) 
Ss 
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Equation (5.190) can readily be rewritten in a more compact form. 


—s+10s7+9 
Y = —___—_,, 5.191 
) = 2Ga7G= 1 ean) 
5.9.4 Partial Fraction Decomposition of (5.191) 
To decompose (5.191) into partial fractions, we express Y (s) as follows: 
Oe . + = (5.192) 
eS ee Ea, eed, 
Multiply the right-hand sides of (5.191) and (5.192) 
by s* (s — 7) (s — 1) and equate the two results. We get 
5b 10s°+9=As(s—7)(s— 1) + B(s—7)(s— 1) 
+Cs(s—1) + Ds’ (s—-7). (5.193) 


For (5.193) to hold for arbitrary values of s, terms with any particular power 


of s must be equal on both sides of this equation. Accordingly, comparison of the 


x, s?, s,and s° terms gives 


ACAD = + 
—RA+ B= CS 104 
7A—8B—-7D= 0; 
T= 9: (5.194) 


Equation (5.194) is straightforward to solve and the result is 


72 9 26 
—;B=+;C= —;De= -3. (5.195) 
49 49 


A= 


Upon plugging the results for A, B, C, and D into the Laplace transform (5.192) one 
gets 


2 9 26 
5 3 


_ 49 49 
tS ee ee 


(5.196) 


Finally, by using the inverse Laplace transform tables, one inverts the above from 
Y(s) to Y(t). The result is 


72 9 26 
Y() = aa + (5) t+ (3) exp(7t) — 3 exp(t). (5.197) 
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Checking Accuracy of the Result (5.197) 


In order to confirm the accuracy of Y (f), as per (5.197), we use the parent differential 
equation (5.187), namely Y”(t) — 8 Y’(t) + 7 Y(t) , and check to see whether after 
using the boundary condition y(0) = — 1 and y’(0) = 2, it equals the inhomoge- 
neous part of the parent differential equation, namely 9f. It does, and the relevant 
algebra is displayed neatly below. 


Vw s8r Ostrow 
[26 exp(7r) — 3 exp(r)] 


hi (4 *) ( =) exp(71) +24 expt) 
26 
a > +9t+ (F) exp(7t) — 21 expt : 
91 


(5.198) 


Q.E.D. 
With the help of Laplace transform, solve the following differential equation. 


(dV): 2y"(t)—S5y'(t)-3y@) = t exp(—d). (5.199) 
The boundary condition is 


OH 1, YO=Hz2 . (5.200) 


Solution: (IV) 


Laplace transform of both sides of differential equation (5.199)—namely equa- 
tion (IV)—are 


2 {s° ¥(s) — sy) — y'(0)} — S{s ¥(s) — y(O)} — 3 ¥(s) = 


Chi 
(5.201) 


Upon inserting the boundary condition (5.200), (5.201) becomes 


¥(s) [28° -5s—3]-2s-44+5 = ar (5.202) 


Equation (5.202) can readily be rewritten in a more compact form. 


— Qs-1)(+1" +1 
=e (s+ 12 (254+ 1) (s—3)° (5.203) 
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5.9.5 Partial Fraction Decomposition of (5.203) 


To decompose (5.203) into partial fractions, express Y(s) as follows: 


A, B | Cc | D 
Qsel) @=3) Gel) wel” 


Y(s)= (5.204) 


Multiply the right-hand sides of (5.203) and (5.204) 

by (s+ 1)? (2s+ 1) (s— 3) and equate the two results. As usual do the relevant 
algebra and determine the parameters A, B, C, etc. [Note : For instance, compare 
with (5.192) to (5.195).] We get 


236 1 9 1 
a= (5356) © 8= (saie) C= (Ge) = (4) - 6208 


Upon plugging the above results for A,B,C, and D into the Laplace trans- 
form (5.204) one gets 


fant 2\ <1 1 1 
() = (=) Ocal” (5 zz) (5 — 3) 


(=) ! (z) ! 5,206 
Tl 6) Ga 4) Gee wee 


Finally, by using the inverse Laplace transform tables, one inverts the above from 
Y(s) to Y(t). The result is 


59 1 1 
Y() = (=) (;) exp(— t/2) + () exp(3 f) 
+ (3) exp(—?t) + (3) exp(—f) . (5.207) 


Checking Accuracy of the Result (5.207) 


In order to determine the accuracy of Y(t), as per (5.207), we use the parent differen- 
tial equation (5.201), namely 2 Y(t) — 5 Y’(t) — 3 Y(#), and check to see whether 
after using the boundary condition y(0) = 1 and y’(0) = 2, the result equals the 
inhomogeneous part of the parent differential equation, namely t exp(— 1). We find 
that it does, and the relevant algebra is displayed in seriatim below in (5.208), (5.209), 
and (5.210). 


1 59 9 9 
2¥"(t) = (;) (=) exp(— 1/2) + (=) exp(31) + (3) exp(—1) 


— exp(—ft)+ (5) t exp(—f). (5.208) 
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5 59 15 45 
—5Y'(t) = (3) (3) exp(— t/2) (; 7 a) exp(3t) + (2) exp(— f) 


(3) exp(—?t) + (3) t exp(—f). (5.209) 
3 Y(t) =—-3 (22) (—t/2) ( a ) (3 t) (2) (—1) 
7 mim aoe 7x6) 9" \tey 
_ (3) t exp(—f). (5.210) 
Q.E.D. 


Adding (5.208), (5.209), and (5.210) leads to the desired 
result t exp(— ft). To double check this statement, examine the details of the addition 
as given below. We have 


59 1 5 
exp( (2) [+5 3 = 0. 


exe | (55) (Ss) (=) one 


1 
exp(— 2) ()us- 164-45 =20= 27) = 0, 


t exp(— tf) (3) 2+5=3] = Pexp(—2).. (5.211) 


“Quod Erat Demonstrandum.’ 


5.10 Need for Convolution 


We have studied inhomogeneous linear ordinary differential equations of the form 
O(t) P(t) = TM (5.212) 


where the differential operator O(t), the solution P(t), as well as the inhomoge- 
neous term represented by a function A(f), all involved constants and derivatives 
with respect to a single variable f. In addition, there were some specified boundary 
conditions that the solution had to satisfy. The important thing to note was that the 
inhomogeneous term L(t) was not arbitrary. Rather, it was properly defined. 

In preceding chapters, various methods for solving homogeneous linear ordinary 
differential equations were discussed. 
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For inhomogeneous linear ordinary differential equations, those methods required 
working out the particular integral, /,;(¢), ab initio for every different inhomogeneous 
term I(t). In this regard, Green’s function methodology appeared as a savior, for the 
reason that Green’s function—if successfully calculated—once and for all, helps 
solve the differential equation for arbitrary values of the inhomogeneous term I(f), . 
Consequently, for any particular differential operator O(f), in addition to the homo- 
geneous solution, only Green’s function itself needs to be worked out. 

Unfortunately, an appropriate Green’s function sometimes is hard to work out. 
And even when it is not, the solution is likely to contain infinite terms and be very 
inconvenient to use. 

For instance, the eigenfunction Green’s function leads to infinite series that are 
often both difficult to work out and complicated to work with. Even the closed-form 
solutions of Green’s function, that make use of Dirac’s delta function, are complicated 
to calculate and can be employed only to a limited class of Green’s functions. 

With the hope of remedying these difficulties, one uses convolution integrals 
which are useful for solving differential equations with arbitrary values of the inho- 
mogeneous term—namely the forcing function—T (f). 


5.11 Convolution Integral 


Given continuous, or at least piecewise continuous, functions f (t) and g(t) on [0, oo], 
the convolution integral of f(t) and g(t) is defined as 


SO H)gO = [ f(t—T)g@)dr = / gt—T)f(r)dr . (5.213) 


It is helpful to observe how a convolution integral is employed for solving differen- 
tial equations with an arbitrary inhomogeneous term . To that end, let us solve the 
following very simple IVP. 


yYOt+ty@ = 7@). (5.214) 
Its Laplace transform is 
Y(s)[s* — sy) —y@]+Y(s) = 7) (5.215) 
Using the boundary condition 


Cea 1, te) |] —h, (5.216) 
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(5.215) leads to 
s 6 (5) 
Y(s) = : 5.217 
= Gp @+Dt ed Ceo 
Finally, taking the inverse transform of (5.217) one gets 
t 
y(t) = cos(t) — 6sin(t) + i sin(T) y(t — 7) dr. (5.218) 
0 


The main idea of this exercise is that the above result applies to arbitrary choices 
of y(t). Just to make sure that we have not made an error somewhere let us make 
an extremely simple choice for the arbitrary y(t). That is, y(t) = t. Then, (5.218) 
gives 


y(t) = cos(t) — 6sin(t) + | sin(T).(t — T) ar | : (5.219) 
0 


Now integrate the following by parts 


[ sin(t).(t—T)dr . (5.220) 
0 


One gets 


t 


7 sin(r).(t — 7) dr = [—cos(r) (t — T)]Ip — {/ 
4 0 


— cos(t) [t — t] + cos(0)[t — 0] — [sin(t) — sin(0)] 
=ft — sin(t) . (5.221) 


cos(T)d “| 


Equations (5.219) to (5.222) lead to the final result. 


y(t) = cos(t) — 6sin(t) + [t — sin(t)] . 
= cos(t) — 7sin(t) + t. (5.222) 


One can quickly confirm that this result is correct because 


y(t) + y(t) = —cos(t) + Tsin(t) + cos(t) — 7sin(t) + t 
= (ft) =t. (5.223) 


Chapter 6 Mm) 
Special Types of Differential Equations creek 


One special type of differential equation, namely the Bernoulli! equation, was 
discussed in Chap.4. [Compare, for instance, (4.19)-(4.77).] Here, that analysis is 
extended to other special type equations. 

Included in this presentation are the Clairaut* equations—[Compare (6.2)— 
(6.13)]— Lagran ge equation—[Compare (6.19)—(6.31)], the separable equations— 
[Compare (6.32)-(6.35)], and the & = (2) equations—[Compare 
(6.36)—(6.73)]. In addition, there are the so-called exact [Compare (6.74)—(6.91)] and 
inexact equations—[Compare (6.92)-(6.241)]—Riccati* equations—[Compare 
(6.242)-(6.268)|—Euler’™ equations—[Compare (6.269)-(6.315)], and the fac- 
torable equations—[Compare (6.316)-(6.344)]. 


Notation 


Occasionally, for convenience, the following notation will be used. 


2004 
_— dx ” 
qdx=dy . (6.1) 


6.1 Clairaut Equation: Description 


Consider an equation 
y=oxt+f) (6.2) 


where y is the dependent, x is the independent variable, and f(c) is a function of an 
arbitrary parameter o. Differentiate (6.2) with respect to x, 
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dy _ 

dx 
and use (6.1) in the form 

dy = 

dx a: 
that leads to 

o=4q 


Now substitute the variable q for the parameter o in (6.2). This process leads to 
Clairaut equation 


y=aqxt+f@ . (6.3) 
Its general solution has already been recorded as (6.2). It is a straight line in the (x, y) 
plane that is obtained by replacing the slope, g, by its observed value oc. Indeed, the 


general solution is a single arbitrary parameter representation of a whole family of 
straight lines. 


6.1.1 Solving Clairaut Equation 


Consider the Clairaut equation (6.3). Differentiate both sides. 
dy = qdx + xdq+df(q). 


According to (6.1), g dx = dy. Thus, dy and q dx can be eliminated from the above 
differential equation. The result is 


xdq+df(q) = 0. (6.4) 
It is convenient to introduce the notation 

df(q) = F(q)dq , (6.5) 
whereby (6.4) can be written as 

[Ix + F(q)]:dq = 0. (6.6) 


Notice that (6.6) is a product of two differential equations: 
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(1): dg =0; 
(2): (e+ F@] =0. (6.7) 


The differential equation (6.7)-(1) is straightforward and can immediately be inte- 
grated. Initial integration gives 


faaas fore, 


where o is an arbitrary constant. The next integration yields 


faa fav=> 


— [oa = o0x+constant , 


II 
ane 
he 
als 

a. 

tad 

Il 


which can be expressed as 
y=oxt+fo), (6.8) 
where f (c) is an arbitrary function of the arbitrary constant a. Written in this form, 
y is the general solution and is identical to the solution expressed by (6.2). 
Clearly, the behavior of the second differential equation, namely (6.7)-(2), would 


depend on the details of the function F (q). Relevant issues regarding this matter will 
be analyzed in detail later. 


6.1.2 General Solution 


Find general solution of the following Clairaut equation. 
dy a 
dx az 


=xqt (<) ‘ (6.9) 
q 


According to the procedure explained above, general solution of a Clairaut equa- 
tion is readily obtained by replacing the variable g—that is, ¢ _with parameter o. 
Thus, general solution of (AA) is 


yexo+(=) . (6.10) 
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Comment 


Equation (6.10) describes a series of straight lines that could be assumed to be parallel 
to tangents to the parabola 


y=4ax. (6.11) 


If this assumption turns out to be correct, these straight lines and tangents to the 
parabola will have the same slope—meaning, at any given point (x, y) the value 
of the differential a derived from (6.11) will equal that obtained from the general 
solution (6.10). 

In order to check the above assumption, proceed as follows. Square root of the 
equation of the parabola, (6.11), gives [y] parabola = V4a x. Therefore 


dy — dV4ax a 6.12 
dx parabola 7 dx 7 (7) , , 


Now, replace = in Clairaut equation (AA) by a —or equivalently replace 
: “ 4 parabola 


the existing o in the solution (6.10) by [2] . Either way, one gets 


parabola 


=D Jade . (6.13) 


And this is (the square root of) the equation of the parabola itself! 


6.1.3 Singular Solution 


Equation (6.13) is clearly a singular solution of the differential equation in example 
(AA) because while it legitimately solves the differential equation, it is not obtained 
by tweaking its general solution. 

The success of the above exercise is due to fortunate geometrical intuition. Clearly, 
successful intuition cannot be guaranteed. Therefore, it is important to devise an 
algebraic procedure for determining singular solutions of Clairaut equations. Such 
procedure is given below. 


An Informal Procedure 


(1) Begin with general solution y = y(x) . 
For instance, general solution for differential equation (AA) is (6.10). 
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(2) Differentiate general solution, y, with respect to o. Set the result for a equal to 
zero. Solve the resultant equation for o, and notate the solution oo. For instance, for 
the given general solution (6.10), the differential is a = x — 4. Now, set it equal 
to zero 
d a 
a ene, (6.14) 
dao o 
and determine the solution for a0 The result is o = Jt . Next, notate this 0 oo. In 
this manner, one has op = ale , 


(3) Replace o by oo in the general solution. 
For the present case that means 


<< 
ll 
= 
3 
t 
iS 
Q|a 
Seer” 


ll 

ta 
—— 
= | 
— 

+ So 
> a 

Q 

IS 
“—— 


Sagar. (6.15) 
Voila! The singular solution. 
Squaring both sides of (6.15) leads to the parabola y* = 4ax. 
Formal Procedure 


For the Clairaut equation (6.3), the formally suggested second solution—noted in 
(6.7)-(2)—is most likely the singular solution. It is helpful to determine whether this 
likelihood holds true. 

Comparing (6.3), (6.5), (6.7)-(2) and (6.9), one has f(q) = (4) and 
dfG@) = = (+) dg. Accordingly, F(q) 
lar solution, [x + F(g)] = 0, that is 


a 
ee @ = 0, 


= (+) and the suggested singu- 
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And, as suspected, this is identical to the result in (6.15)—the solution obtained by 


using the informal procedure! Thus either of the two, formal or informal, procedures 
for determining the singular solution may be used. 


6.1.4 Equations I(B)-I(F) 


Find both general and singular solution to the following Clairaut equations numbered 
1(B)-I(F). 


T(B): y=xq4+2q’. 

I(C): y=xq+4q’. 

I(D): y=xg—3sin(q). 

T(E): y=xq+5cos(q). 

I(F): y =xq-—sin’(q). (6.16) 


6.1.5 Informal Solution 


I(B): General Solutionis : y= xo+20°. 
: dy . x 
Setting, — =x+40=0, gives o = 09 = - (=) : 
da 4 
2 2 
Singular solutionis : y =x = +2 — es cal : 
4 4 8 
I(C): General Solutionis : y= xa+4o?. 
Seiting. a ed1ee =~ gi a oe 
etting a x oo = gives 09 = DD * 
2 
x x 
Accordingly, singular solutionis : y = ,/-—|x+4{,/-— : 
12 12 
: x | 2x 2 3 
Equivalently , y = ,/-—|—|; Or, 27y°+x° =0. 
12] 3 
I(D): General Solutionis : y = xo —3sin(o) 


. dy ; _1(% 
Setting io x—3cos(c) = 0, gives o9 = cos ) 


Singular solutionis : y = x cos! (5) — 3 sin [cos (5) : 
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I(E): General Solutionis : y = xo+5cos(o). 
P dy : . . 1 (X 
Setting — = x—Ssin(a) = 0, gives oo = sin (=). 
do 5 
Accordingly, singular solutionis : y—xsin"! (=) = 5cos(do) . 
I(F): General Solutionis : y=EV3xo=— sin?(c) : 


dy 1 
Setting a x—sin(2o) = 0, gives o9 = |= sin”! (x) . 
do 2 


Singular solutionis : y = (5) sin! (x) — sin? [; sin“"(] . (6.17) 


6.1.6 Formal Solution 


d(2q°) 
Fq@) = ©; 
dq 
Equation I(B): F(q) +x =4q+x=0. 
dy a 
Therefore 4 | —dx = 4y = — (x)dx = — — + const 
dx 2 
ee: 
Singular solutionis : y = — () teonstant. 
d(4q°) 
F@) = 
q 


Equation I(C): F(q) +x = 129" +x=0. 


/—1 
Therefore [ac = i = Vp [ eo. 


-1 /2 
Singular solutionis : y = rr (5) x? + const. 
d[—3 sin(q)] 
Le nr rol 
q 
Equation I(D): F(q) + x = —3 cos(¢g) +x = 


Therefore [ac = fo = jones ) ax. 


Singular solutionis : y = x cos"! (5) — ¥9—x?+ const . 
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Equivalently , y = x cos"! (5) — 3 sin [cos"! (5)| + const. 


F@) = d[5 ee 


Equation I(E): F(q) +x = —5 sing) + x = 0. 


x oqaf ae 
Therefore dy = sin (=) dx . 


Singular solutionis : y = x sin”! (=) + ¥25 — x? + const. 


Equivalently , y = x sin”! (=) + 5 cos [sin (=) + const. 


aD 
rq) = 


Equation I(F): F(q) +x = -—sin2Qq) +x = 0 


Therefore J» = (5) [ito dx 


x 1 
Singular solutionis : y = (5) sin! (x) + (5) 1—x2+ const 
Eaui _ (7) 1 3 eo eee 
quivalently , y = 3 sin (x) — sin 3 sin (x) | + const. 


(6.18) 


6.1.7 Problems Group I 


Solve the following Clairaut differential equations problems labeled (1)—-(4). Find 
both the general solution and the singular solution. [Hint: Read (6.10)—-(6.18)] 


= xq+3q’. (1) 
= xq+3q°. (2) 
y = xq—2 sing. (3) 


Se SS 


y = xq+2cosq. (4) 


6.2 Lagrange Equation 


Similar to the Clairaut differential equation, but somewhat more general, is a 
Lagrange equation that can be written as 
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y=xG(q)+ Fq) . (6.19) 


If the function G(q) should be equal to g, Lagrange equation (6.19) would reduce 
to Clairaut equation. 


6.2.1 General Solution 


Differentiate (6.19) 

dy = xdG(q) + G(qg)dx + dF(q) 
and use the following relationship proposed in (6.1) 

dy = qdx. 
The result is 
qdx = xdG(q) + G(q)dx + dF(q) 

Now move G(q) dx to the left-hand side 

[q — G(q)|dx = xdG(q) + dF(q) 
and divide both sides by dq 


dG(q) | dF(q) 
dq . dq . 


G dx _ 
lg (q)] a x 


Assume g # G(q). Multiply from the left both sides by @-G@l ae @l: 


dx 1 E dG(q) Oe a0) 


dq l¢-G@lL dq dq 
This is a first-order differential equation, and its solution, x(q), should be achievable 
depending on the details of the functions G(qg) and F'(q). Even its singular solution 
may be found be setting the singular value g = G(q) in the original differential 
equation. 
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6.2.2 Examples II(A)-II(C) 


II(A): yas (4) - ae 


I1(B): y=x (2) - (£) 


TI(C): y=3qx + 5 log(q) . (6.21) 


Solution: II(A) 
Here, G(q) = (¥) and F(g) = —q’. Therefore, (6.20) and II(A) give 


> alt (3) -74] 


= (2) x+4. (6.22) 


q 


This is a first-order differential equation. Its solution x(g) can be found by using 
(4.10) and (4.15). The result is 


oO 
xq)=q+ B ; (6.23) 


where o| is a constant. Inserting (6.23) into Lagrange equation II(A) leads to 


1 3 
yD =5 G +9, (=) ; (6.24) 


Equations (6.23) and (6.24) are parametric representation of the general solution 


y = yQ). 
Singular solution is obtained by setting g = G(q). That means using the relation- 
shipg = EE which is g = 0, in equation II(A). Thus, the singular solution is 


yax)=0. (6.25) 


Solution: I(B) 


S 


Here, G(q) = (4) and F(q) = — (<) . Therefore, (6.20) and II(B) give 
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()[G)] 


This is a first-order differential equation. Its solution, according to (4.10) and (4.15), 
is 


xQ=-q-a1/4 . (6.27) 


As usual, a; is an arbitrary constant. Inserting (6.27) into Lagrange equation II(B) 
leads to 


3 
Ea + na" | . (6.28) 


Equations (6.27) and (6.28) are parametric equations representing the general solu- 
tion y = y(x). Singular solution is obtained in similar fashion to that for equation 
II(A). And the result once again is y(x) = 0. 


Solution: II(C) 
Here, G(q) = (3q) and F(g) = S5log(q). Therefore, (6.20) and II(C) give 


S-@e-Ol 


This is a first-order differential equation. Its solution, according to (4.10) and (4.15), 


iS 
wa=-(2)+/ 4]. (6.30) 
q q? 


As usual, oj is an arbitrary constant. Inserting (6.30) into Lagrange equation II(C) 
leads to 


o 

vg = stoxc—2143 | (6.31) 
qd 2 

Equations (6.30) and (6.31) are parametric equations representing the general solu- 

tion y = y(x). Singular solution is obtained in similar fashion to that for equation 

II(A). And the result once again is y(x) = 0. 
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6.2.3 Problems Group IT 


Solve the following Lagrange differential equations problems labeled (1)—(3). Find 
both the general solution and the singular solution. [Hint: Read (6.21)-(6.31).] 


GQ): y= © cae ae 


a: y= (O+-(8) 


4qx +4 log(g) . 


~~ 
WwW 

ww 

2 
ll 


6.3 Separable Differential Equations 


Whenever it is possible to separate the dependent and the independent variables and 
express the differential equation in the form 


oe a (6.32) 

Qty) P(x) , 
the resultant equation 

ay =i, os (6.33) 

Q(y) J P(x) 


can directly be integrated. 


6.3.1 Examples Group ITT 


Variables are separated in the following four problems, and then, direct integration 
is used. 


(1): 


= exp(x) dx. 
y logy 


dy 
(2) dk = exp(2x) exp(—2 y) . 
ie EP dy 
(3) (sin x) ae = (cos x) de A 


dy 2 
(4): — = (x + 2x) expx . (6.34) 
dx3 
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6.3.2 Solution 


(1): II oy = [evcoar: logflog(y)] = exp(x)+ const . 
y logy 


Equivalently : y = log”! log”! [exp(x) + oo] : 


; dy _ _ exp(2y) — exp(2x) 
(2): lap = Joven dx ; 5) = 5) + const . 


1 
Equivalently :y = 5 log [oo + exp(2 x) | : 


dy as. _ . dq dy 
(3): |Use —=q]; (sinx) — = (sinx) — = (cosx)— = (cosx)q 
dx2 dx dx 


dx 
dq : 
Therefore, — = cotxdx; logg = log(sinx) + const ; 
dy ; 
Equivalently , q = os oy Sinx . 
x 
Or , fw = ay f sinx ax ; y = -—o9 cosx+o,. 


3 2 
(4) : / (3) dx = (3) = / (x? + 2x) exp (x) dx = x” expx +09 


dy dy > 
Therefore , —Jdx = ([—]} = x*. exp (x) dx + oox 
dx? dx 


= (x? — 2x + 2) expx +oox +01 . 


Thus , fo = ftc?-20+2) expx + oox +a,]dx . 


Or, y = (x? —4x +6) expr t Dx? +orxton. (6.35) 


6.3.3 Problems Group IIT 


Solve the following problems by separating the variables. 


(1): a , 
Xx 
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dy 

(2): — =exp(3y — 2x) . 
dx 
d 

(3): <Y _ 2x y exp(x2) . 
dx 
dy 22 

4): —= 

(4) Go. 


6.4 Separable Equations of Form a = 0(2) 


Another readily separable class of equations are of the form 


dy y 

—=@(-). ; 

=e) (6.36) 

+, dy _ y 
6.4.1 Solution i= #(2) 
Introduce a new variable 
af* 
p= (=) (6.37) 


As aresult, y = x p and (6.36) can be represented as 


dy — d(xp) dp 
® = = = 
() dx dx i dx 


+p. (6.38) 


Transferring p to the left-hand side, 
dp 
O(p) — p= x—, 
dx 


and multiplying from the left both sides by & (at) finally transforms (6.36) into 


one of separable form 


OF es laa (6.39) 
x B(p)—p 


Equation (6.39), depending on complexity of ®(), may now be integrated. 


6.4 Separable Equations of Form $2 = 0() 133 
6.4.2 Examples Group IV: ee = ©(2) Equations 
Examples Group IV: Equations (1)-(6) 

o ae ae 

2) w= ™(]+() 

%) a = P(-()] + (2) 

o  B-()eQ. 

(S) Ort yo =y@+yy 
(6): ° = (=) , (6.40) 


6.4.3 Solution 


As noted in (6.38) and (6.37), substitute ®(p) for a and p for (2). One gets 


x 


(1): @(~) = ipo . Therefore, according (6.39) 


dx dp _ dp 
i 7 Lscrcal = Le me 


[oo + log x] = tan-'p , or p = tan [oo + log x] , or 


y=x tan [oo + log x] ; 


dp dx 
(2): ®(p) = tanp+p. Therefore, dx = —,or 
tan p x 
log(sinp) = logog+logx , sing = oox , or 
y Sx sin”! [oo x] 
dp dx 
(3): @®(p) = exp(—p)+p . Therefore, = | —, or 
exp(—p) x 


exp(p) = oo + logx; p = log [oo + log x] , or y = x log [oo + log x] : 
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1 2] dx 
(4): ®(p) = -—+ .= . Therefore, i = -{< , Or 
p 


= x 
p 
po 1 
og do+logx , or y = + x /2 [oo + logx]? 


dy py 2 (2) 
(5) Writeas : ein ( ))r ms y Therefore , 


X (2 
2p° 1+, d 
P(p) = ae . Accordingly, ' ve) ap= f=. or 
1 
scree = ootlogx.Thus : p — 2p(o9 +logx) —1 = 0, or 


p= (oo + logx) + / (oo + logx)? +1 , or 
y = x (oo t+ logx) £ x4/ (op + logx)? + 1. 
(6): ®(p) = (p+c)/(U+cp). Therefore, 
fats = rete) - EES 
®(p)—p (+o/d+ep—p}] eJ l1-p]? 
= @0"| c-0f S+e+nf -/< 
l+p l-—p x 


= —(2c)"'[(c— I log(1 +p) + (c+ I) log — p)] = [oo+logx]. (6.41) 


6.4.4 Problems Group IV 


Solve the following ay = (2) problems . [Hint: Read (6.40) and (6.41).] 


=r (2)+(2) 

a: Besml}+( 

@: P= sew[-3 (2)]+ (2) 
0 $a) 

(5): x7 +2992 =y (x? +3y x +25?) 
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° . dy _ y 
6.5 Equations Reducible to 5% = © (2) 


These are equations of the form 


dy | byte 
box + co 


dx 


6.5.1 Examples Group V: (I)-(IV) 


Solved below are equations (/) to (JV) that are of the form described above. Despite 
slightly different appearance, they are readily reducible to the general equation a 


0(2) 
dy y y \ 
I): —=1 . 
@) dx +(35)+(5) 
dy yt+1 
(1) dx Eau 
d 2 2 
(III): = ian ies + as 
dx x+3 x+3 
dy y+3 y+3 
IV): —— _ 
UY) dx exp | (255) ]+(4) 


Solution: (I) 


dz dy dydz dy 
Set 2)=2.Th —=1 d = = ei 
me ee) : = dx o dx dz dx dz 
dy _ dy y y\" 
Therefore, — = — =1+4+ {=-]}+ {- F (6.42) 
dz dx Zz Zz 


Except for change of variable from x — z, this is identical to (1) in (6.40). Therefore, 
its solution is 


(7): y=ztan [oo + log z| , or, y= (x+2)tan [oo + log(x + 2)] . 
(6.43) 


Solutions: (ID-(IV) 


Set z} = y+1,7z = x+2 and (2) =. Then 
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Also, rewriting equation (II), one has 


d 
Of = 2(2) +4 = Syd 


dx Z2 
If one sets 
2p+4 = (p), 
then, much like (6.38), one has ae = ®(p). Therefore, according to (6.39), 
ds = [ad op cade Additionally, because ® = = st, the earlier variable y corresponds 


to the current variable z,. Similarly, the earlier variable x corresponds to the current 
variable z2. Therefore, for brevity it is convenient to go directly to (6.39) and rewrite 
it by transliterating x to z2. Additionally, we do the same for the corresponding result 
that would be obtained. 


dx S| dp le dp } = [SI (6.44) 
x 22 Dip) —p 2p+4-p p+4 


Integrating both sides leads to 
[at pea 
p+4] 


log z2 + constant = log(p +4) , 
O2=pt4. (6.45) 


Using the information, p = oe Zy=ytl1, z2=x+2, the above relationship 


x 


becomes oo(x + 2) = (4 ) + 4 which leads to the result 


dd): y =o9(x +2)? —4x -9. (6.46) 
Zz 
(UII): Set z) =yt2,%7%=x*+4+3, (2)=» 
Pi 
d d 
Teg Sd tn (1) + (2) = tanp+p. (647) 
dx dz Z2 Z2 


As per (6.38) and (6.39), the relationship a — [att | obtains. And again because 
here (2) — ( a) , therefore, similar to (6.39), one can write 
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—_ oe lel ag ] = [4]. (6.48) 
Za oy =p tanp+p—p tan p 


Integrating both sides leads to 


dz 
i =| fa | 
log z2 + constant = log(sin p) , (6.49) 
ooz2 = sinp; p=sin '(09z). (6.50) 


Using the information, z} = y+2, z2=x+3, p= ae the above relationship 


becomes (24) = sin! [a9 (x + 3)] which leads to the result 


(II): y=@23)sin™ [oo @ 43-2; (6.51) 
UV): Set z) =y+t3,%m%=x4+4, (2)=e. 
2 
d d 
i oo exp (-2) + (2) = exp(—p) +p . (6.52) 
dx dz2 Z2 Z2 


Following the same procedure as used in the above two equations, namely (II) and 
(II), one can write 


dz2 dp dp dp 
= = | ———_—_ | = | ———_ }. 6.53 
Z2 Ea = | lascp p= | lmen| “7 


Integrating both sides leads to 


agian 
exp(—p) | ’ 


log(z2) + oo = exp(p) , 
= log[log(z2) +00] . (6.54) 


Because z} = y+ 3, 2 =x+4, p= ae (6.54) readily leads to the result 


(IV): y = (x +4) log [log(x + 4) + 09] -3. (6.55) 
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: dy _ ayx+hi y+e1 
6.5.2 Equations dx — ayx+bp ytez 


(V): ey eae 
, dx xty+2/)- 
dy x-—ytl 
VI): = : 
ae) dx (5) 
dy x+2y+3 
VII): = 6.56 
ee dx laos | ce 


Solutions of (V) and (VI) 


Unlike (II)-(V) the situation is different here because either the numerator or the 
denominator, or both, contain x as well as y. When such is the case, one proceeds as 
follows: First one sets 


Zz d dz 
y=Huta;x=at+b; (Z)-0 2 = S. (6.57) 
22 dx dz 


Then, one eliminates both a and b as well as the original constants in the numerator 
and the denominator. To that end, one employs Cramer’s rule—see (3.117). This 


procedure is demonstrated in the treatment of (V) and (VJ) below. 


Equation (V): Solution 


dy ( | We Z2 — 21 + (—a +b) (6.58) 


V): — . 
) dx x+y+2 Z2+z+(at+b+2) 


Both (-a +b) and (a+ b+ 2) are vanishing when b = a = —1. As such z; = 
Q-a)=O+),2=@-b)=@4tD,andp=2= (4), 
Accordingly, the differential equation (V) becomes 


dy d - i= 
a ei (6.59) 
dx dz z+z Il+p 


Following the same procedure as in (J7)—(/V), one can write 


(6.60) 


1+ 


= = | dp |- dp _, ep) 
zo L®(p) -—p | (152) -p ~ 1-2p- 


Integrating both sides leads to 
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1 2 
log(z2) = = log(p* +2p-l)+o,. (6.61) 


Replacing z2 by (x + 1) and p by (4) gives 


x4 


log(x +1) = -5 logy” + 4y + 2yx - ge 2) + log(x + 1) +0. 
Thus 
logy? +4y +2yx —x? +2] =20, . 
Exponentiation leads to 
y? +4y +2yx —x?-o9 =0. 
This is a quadratic in y with solutions: 


(V): y= —(x +2) + V2x2 + 4x + 09. (6.62) 


wo: Be G4) eee 
: dx x+y4+3 z2a+z1+(a+b+3) © 


Equation (VI): Solution 

Both (—a + b+ 1) and (a+b + 3) are vanishing when a = —1 and b = —2. As 
such 21 = (ya) =(y +1), 2 = —b) = (+2) andp=2= (23). Asa 
result, the differential equation (V7) becomes 


dy d = fe 
eS ai. (6.64) 
dx dz Z1 + 22 l+p 


In this form, it becomes identical to (V) above—see (6.59). Therefore, its solution 
is as obtained in (6.62). 


1 
log(ze) = —5 log(p’ + 2p— I) +01. (6.65) 


Replacing z2 by (x + 2) and p by (35) leads to 


1 
log(x +2) = er logly? + 6y + 2yx — x? —2x + 1] + log(x +2) +01. 
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Thus 
logly? + 6y + 2yx — x? — 2x +2] = 20}. 
Exponentiating the above gives 
y? + 6y + 2yx — x? —2x —09 = 0 
which is a quadratic in y with solutions: 


(V1): y = —(x +3) + V2x2 + 8x + a9. (6.66) 


Remark 


Differential equation (V /) that was solved above had variables x, y as well as con- 
stants both in the numerator and the denominator. It was successfully treated by 
replacing x and y with two new variables such that the use of Cramer’s rule helped 
eliminate the constants. There are, however, situations where the Cramer’s rule is 
inapplicable. When that is the case, and the differential equation has features similar 
to (VII), one proceeds somewhat differently. 


Procedure for Solving (VID 


For generality and ease of recognizing the feature of interest, it is convenient to 
rewrite problem (VII) as 


- | 2 2y 43 

7 fess a 

_ | (ax+by)+e 
=|farya 


(6.67) 


where a, b, c, j, andr are constants. Clearly, the Cramer’s rule is inapplicable here 
because the relevant determinant, 


a b 


7090) (6.68) 


is vanishing. 
To deal with this matter, let us introduce a single variable, zo, for the combination 
(ax + by). 
Zo=axtby. (6.69) 


Differentiate (6.69) and use (6.67) and (6.69). 
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dz =adx+ bdy 
b 
=adx+b || dx 
J (ax+by)+r 
=adx+ b [==] dx 
JZo+r 
=dx [w(ajt+tb)+(ar+tbe)]/Gzutr) . (6.70) 


Next, multiply the resultant equation (6.70) by TCREU ACERT 


JZo+r 


don cage, 1 
| a on) 


As aresult, the left- and the right-hand sides are functions of only one variable each: 
that is zo and x. Thus, one can directly integrate both sides to determine one as a 
function of the other. Finally, because zo is equal to (ax + by), in this manner one 
has determined the desired solution y = y(x). 


Equation (VII): Solution 


Comparing (VID and its surrogate equation (6.67), one finds the relationships: a > 
1;b>2;c¢—>3; j > 4; r— 5S. Accordingly, (6.71) becomes 


eS 


eT ig a aie: 6.72 
oot] se oe) 


Integrating both sides leads to 


2 Z0 log(6 zo + 11) +00 = 
— — 10 =X. 
3 i8 (6 Zo 0 


Setting 77 = (ax +by) > (x +2), one finds the requisite solution to (VI). 


Ax+2y) 7 
(VID: x= ———— — Fylog(6x+12y+1l) +o. (6.73) 


6.5.3 Problems Group V 


Solve the following problems, labeled (1)-(7), that are in fact reducible to the form 
q=® (=). {Hint: Read (6.42)-(6.73).] 


142 6 Special Types of Differential Equations 


dy _ y g-) 
wo Ba) 

; dy |y+2 
(2): 2 = [25s] a1. 

; dy _ y+ y+ 
(3): aati kesihakesdt 

; dy _ y+2 y+2 
4): oe = exp (225) ]+(3) 
(5) : 2-(—4). 

x x+2y+3 

dy (x-yrl 
ns ~-(=4)). 
(): 2 S| 

: dx [3@+y)+4]' 


6.6 Exact Differential and Exact Differential Equation 


6.6.1 Exact Differential 


Consider variables X and Y that are both real and finite within an (X, Y) domain A, 
and a function Z(X, Y) that has continuous partial derivatives (22), and (22) ¥: 


OX 
Then, the total derivative of Z, namely dZ(X, Y), 
dZ(X, Y) = U(X, Y)dX + V(X, Y)dY , (6.74) 


is exact if U(X, Y) and V(X, Y) are functions of X and Y in the domain A and obey 
the so-called integrability requirement: 


OZ OZ 
Y x 


This requirement holds if the second mixed derivatives of Z are equal. That is, if the 
following is true. 
PZ OZ 
OYOX = OXOY" 


(6.76) 


Thus, in two dimensions, the standard representation for an exact differential is 
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OZ 


aZ 
dZ(X,Y) = a) ax (5) dy (6.77) 
Y xX 


with an important caveat that the following equality holds. 


(7) gp OF PZ = (7s) . eee 
¥ 


dy} avax ~ OXOY 


6.6.2 Exact Differential Equation 


Given an exact differential dZ(X, Y), the relationship 
dZ(x,Y)=0 , (6.79) 


or equivalently 


U2 | ie) ae (6.80) 
ax }y 2 


is referred to as an exact differential equation. 


6.6.3 Requirement 


Consider differential equation (6.81). 


dZ(X, Y) = U(X, Y) dX + V(X, Y)dY 
=0 (6.81) 


Its exactness requires (6.82) to be satisfied. 


e ee e Verte @ _ ee 
OX}y ar), ~ — Hz), = ax }y 


(6.82) 


6.6.4 Solution 


Consider differential equation (6.81) 


dZ(X, Y) =0 (6.83) 
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and assume it is exact. Solving it requires the evaluation of the function Z(X, Y). To 
that purpose, proceed as follows: One has from (6.81) and (6.82): 


OZ 
¥ 


Integrating both sides with respect to X gives 


[uc Y)dX = I (@) dX = Z(X,Y)+F(Y) . (6.85) 
OX) y 


The function F (Y) is as yet undetermined. To eliminate it, proceed as follows. 
Equation (6.85) relates F(Y) to f U(X, Y) dX. 

Symmetry considerations require the next task must be to relate F(Y) to 
f V(X, Y)d¥. 

In order to do that, one needs to differentiate (6.85) with respect to Y while holding 


X constant. 
OZ 4 dF(Y) 
OY), dY 


dF(Y) 
dY — 


(= U(X, Y) “tt 
oY e 


V(X, Y)+ 


(6.86) 


In the above, following (6.82), (22) y was replaced by V(X, Y). This establishes 
the needed connection. And ¥ (Y) can now be determined by integrating both sides 
of (6.86) with respect to Y. 


ALf U(X, Y) dx] 7 dF(Y) 
[ee = [vanars | ay oY +e 


[vanar+ray+o : (6.87) 
Equations (6.85) and (6.87) are rewritten as 


-F) == f UK Nex + ZY) : 


-F) = [ vex, Y)dY [Ces oe) d¥ +o. 
X 


OY 


Eliminate —F(Y). Thus, the solution Z(X,Y) of the exact differential equa- 
tion (6.81) is 
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Z(X, y= fu, ¥YjdX + [ve Y)dY 


OLf U(X, Y) dX] 
| or 


) dY+o. (6.88) 
x 


6.6.5 Examples Group VI 


Given below are six differential equations that are similar to (6.81). 


(1): 0 = dZ=[1+2Y] dX +[24+2x]dY . 
(2): 0 = dZ = [3X?+4xY] dX + [2X*+2Y]dY . 

(3): 0 = dZ = [exp(2Y)] dX + [2X exp(2Y)-—Y] dy . 

(4): 0 = dZ = [3YX* + sin(Y)] dX + [Xcos(Y) + X* +1] dY . 
(5): 0 = dZ = [sin(Y) + X¥°+X°Y+X+Y] dx 


+ 


x3 
E + eos() +x7Y +X] ay; 


(6): 0 = dZ =[X + 2X cos(Y) + 3X°Y] dx 
+[X*°— xX? sin(Y)+Y] d¥ . (6.89) 


6.6.6 Solution 


Choose U(X, Y) and V(X, Y) from one of the six equations (6.89). Check whether 
the relevant differential equation is exact by using (6.82). And if so, employ (6.88) 
to find its solution. 

The results are given below ad seriatim. 


(1): U =14+2Y;V=242X. 
wv) _ 4 _ (mv 
O¥ Jy —-§- “OK Jy 


dX = (X% 4+2ryx); [ve = OY 42x77), 


Aas) dye - f oxay = 3g ae 
x 
( 


aY 
¥+27¥X) + @Y 42XY)= xy) 


X—oO; 
Therefore, Y= — 
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OVe = SN Lage? V =] 7x oY. 


(sr) (oe) 
cau) aAxy Sf 
aY ) y ax), 


SO Lye hr eer y= Ory) 
Therefore , Y74+2X°*VY+X3-9, =0. 
Or equivalently , Y = —X?4+V/X4-—X3+0, 


(3): U = exp(2Y); V = 2X exp(2Y) —Y. 
OU OV 
(5p), = 2000 = (5), 
fuex = Xexp(2Y) , [ve = Xexp(2Y) — Y7/2, 


/ (Aig) dY = - f 2x exp(2Y)dY = —X exp(2Y), 
OY x 


o, = Xexp(2Y) — Y7/2 
Therefore ,X = (Y?/2) exp(—2Y) + (01) exp(—2Y) . 


(4): U = 3YX*+sin(Y); V = Xcos(¥Y)+X?4+1. 


OU 9 OV 
(sr). = 3X“+cos(Y) = (Gr). ; 


o, = [Xsin(Y) + ¥X?]+[xX°Y + Xsin(Y) + Y] 
— [Xsin(Y) + YX?] 
Therefore, o, = ae. Xsin(Y)+Y. 


(5): U = jx er pera ys yy: 
x3 
Vi= > +Xcos(¥)+X°Y+X . 
OU OV 
—— = Yer ad = es ee 
a a 1 Gar 


o, = [Xsin(¥) + X°Y’/24+ X°Y/3+ X7/24+ XY] 
+ -v/3 +2 sin(¥) 4+ FY 2 XY 
— [X sin(Y) + X°Y?/2+ X°Y/34 XY] 
Therefore, o, = X°Y/3+Xsin(Y) + X?Y¥7/2+XY4X7/2. 


6.6 Exact Differential and Exact Differential Equation 147 


(6): U = 2Xcos(Y)+3X2Y +X; V = x2-X*sin(y)+Y. 


(FF = 3X?_-2X sin(Y) = (Sr) 


a = [ x? cosy) + X3¥ + X?/2] + X3¥ + X? cosy) + ¥7/2 
= [X? cosy) + x3 Y] : 


Therefore, 01 = X°¥ + X* cos(¥) + X7/2+ 7/2. (6.90) 


Exercise 


Due to symmetry, it is clear that the functions U(X, Y) and V(X, Y) may be inter- 
changed as long as the same is done for the variables X and Y. Therefore, (6.88) can 
also be represented as 


FOV = [ve yay + f ucx, Y) dx 


| (= V(X, Y) dY] 


dx : 91 
aX ), +a (6.91) 


Show that this is true. Also, by using (6.91)—that is, instead of (6.88)—-solve the six 
differential equations given as (6.89). 


6.6.7 Problems Group VI 


Solve the exact differential equations specified in problems (1) — (3). [Hint: Read 
(6.88) and (6.90).] 


(1): 0 = dz=[1+2xy] dx+[2+x7] dy. 
(2): 0 = dz=[1+y+y?] dx+[2+2xy] dy . 
(3): 0 = dz = [exp(y) + x] dx + [x exp(y) + y] dy . 


6.7 Inexact Differential Equation Integrating Factor 


A differential equation of the form 
u(x, y)dx + v(x,y)dy=0 , (6.92) 


that is not exact, meaning 
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Ou Ov 
(5), # (), - — 


may be made exact if multiplied by an appropriate function J (x, y). When that can 
be done, and the new differential equation 


I(x, y) (u(x, y)dx + v(x, y)dy] =0 , (6.94) 

is exact, the multiplying function / (x, y) is called an integrating factor. 
Although, in principle, for every inexact differential equation there exists an appro- 
priate integrating factor, in practice such integrating factors are hard to find. More- 
over, a general rule for determining the relevant integrating factor is not available. 


However, if the integrating factor should turn out to be a function of only a single 
variable, progress can be made. 


6.7.1 Integrating Factor Dependent only on x 


Assume the integrating factor for the inexact differential equation (6.92) is dependent 
only on x. That is 


I(x,y)=X(x) . (6.95) 
In other words, the following differential equation is assumed to be exact 
X(x)..udx+udy]=0 . (6.96) 


Clearly, if (6.96) is indeed exact, it must satisfy the exactness rule 


OLX (x).u] _ O[X (x).v] 
oa = oe a 
That is 
Ou\ Ov dX (x) 
X (x) (F). = X(x) ar + v(x, y) ay : (6.98) 


This readily leads to the relationship 


Bi) arly. a 
(3), — @, =, (6.99) 
v(x, y) X(x) 


In other words, if the integrating factor X that makes the inexact differential equa- 
tion (6.92) exact is to depend only on x, it must satisfy (6.99). 


6.7 Inexact Differential Equation Integrating Factor 149 


Multiplying both sides of (6.99) by dx and integrating gives 


dx = log X(x) + constant . (6.100) 


(Coren? 
/ v(x, y) 


To conclude, if there is an integrating factor X (x) that makes an inexact differential 
equation u(x, y)dx + v(x, y)dy = 0 exact, it must have the form 


Ou(x,y) Ov(x,y) 
X(x) = o1 exp / ( ay ), ( a Meo (6.101) 
v(x, y) 


6.7.2 Integrating Factor Dependent only on y 


Assume there is an integrating function, Y(), dependent only on y that makes the 
inexact differential equation (6.92) exact. That is, assume the following is an exact 
differential equation 


Y(y) (u(x, y)dx + v(x, y)dy]=0 . (6.102) 
Comparing with (6.99) and (6.101), symmetry considerations suggest that if there is 


an integrating factor Y (1) that makes an inexact differential equationu dx + udy = 0 
exact, it must have the form 


yee)... 
u(x, y) ~ Y¥(y) ’ 
(2) ; (2 ) 
Y(y) = o2exp / We 7 dy]. (6.103) 


Exercise 


Prove that (6.103), guessed on symmetry grounds, are correct. 


6.7.3 Examples Group VIT 


Exact or Inexact? 


Solve the following three differential equations. 
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(1): 0 = dz=[1+2y] dx + [1 + 3x] dy . 


(2): 0 = dz=y’dx+3xydy . 
(3): 0 = dz=[x?—y] dx+xdy . (6.104) 


Procedure: First choose u(x, y) and v(x, y) from one of the three equations (6.104). 
Then by using (6.82), check as to whether the relevant differential equation is exact 
or inexact. And if it is inexact, employ (6.99) or (6.103) to find whether an integrating 
factor that depends only upon a single variable is possible. 


Solution of (6.104)-(1) 
u=14+2y;v=1+3x. ($*) = 2 and (32) = 3. (6.105) 
Oy), Ox} , 


Because 2 # 3, this equation is inexact. Therefore, try using (6.99) to check as to 
whether an integrating factor that depends only on the variable x is possible. 


(6.106) 


[ (#).- (2), | ae = _ ES 


v 1+ 3x X(x) 


Good news! There exists an integrating factor X (x). One can find it by integrating 
the above equation. 


log[X (x)] = log 1 + 3x)F + constant. (6.107) 
Thus 
%oj = (6.108) 
(1 + 3x)3 


Including the integrating factor, and ignoring the unnecessary multiplier oo, the 
differential equation (6.104)-(1) now is 


(1+ 3x)73 [1 + 2y) dx + (1+3x) dy] =0. (6.109) 
Now, determine whether this new differential equation is indeed exact. One has 


u(x, y) = (1+ 2y)(1+3x)73 3 v(x, y) = (1+ 3x)3. Therefore, 


Ou eal, Ov = 2 -1 
(=) = 2(143x)73; (=). = 5 [a +30 ] 3 . (6.110) 


Good! The new equation is exact. Accordingly, one can find its solution via the 
procedure outlined in (6.88). That is 
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o1— 02 = [uc »ax + free / (Aiea) dy 


= fas3otatayax+ fa +3niay 


| (eel iy 
y x 


_ +2y)0+ 3x)? 


+ (1+3x)3y— (1 +3x)3y 


[3 (3)] 
= (1+ 2y)(1 + 3x)3 (6.111) 
5 : ; 
Therefore, the solution to (6.104)-(1) is 
= _ 
j= — ee. . (6.112) 
2 (1 + 3x)3 


Solution of (6.104)-(2) 


PS oS 2a ($) =2y # (3) = 3y. (6.113) 
x y 


This equation is clearly NOT exact. However, to check as to whether an integrating 
factor that depends only on the variable y is possible, use (6.103). 


fo, -@)) GI, 


E = =| dY (y) 
we 
y? Y(y) 


(6.114) 


Good news! There exists an integrating factor Y (y), and one can find it by integrating 
the above equation. 


log(y) = log Y(y) + constant. (6.115) 
Thus 
Y(y)=o0y . (6.116) 
With this integrating factor, the differential equation (6.104)-(2) becomes 


ydx +3xy’?dy = 0. (6.117) 
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As before one checks as to whether this new differential equation is indeed exact. 


u(x,y) = ves v(x, y) = B3y7x . 


Ou Ov 
And. | = 3y:; uaa = 3y’. 6.118 
i (=). (=), : ae 


Yes, the new equation is exact. Accordingly, one can find its solution via the procedure 
outlined in (6.91). That is 


eae fre nart fuc.nar {s) 7 


d 
= fo ody+ fo ax f(s *t) dx 


=yx+yu—yx = yx. (6.119) 


Accordingly, the solution to (6.104)-(2) is 


y(x) = [=] (6.120) 


Xx 


Solution of (6.104)-(3) 


j6o94 pees 1) oot 2-12), 34, Gn 
BEE ae ee Ng co 


This equation is NOT exact. Therefore, try (6.99) to check as to whether an integrating 
factor that depends only on one variable is possible. To that end, x would appear to 
be the more likely candidate. 


L (3), - G2] Pao [=| = Ea . (6.122) 


x xX 


Thus, there appears to be an integrating factor X that depends only on x. And it 
obeys the relationship 


log(X) = —2logx + constant (6.123) 


leading to 


X(xy)=—. (6.124) 
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With the integrating factor included, the differential equation (6.104)-(3) reads 


1 
<3 [(«* - ¥) dx +x dy] = 0; 


it 2s 1 1 
“y= =a (x —y) 3; v@,y) = sts n. (6.125) 


For exactness, it must satisfy the equality 


Ou 1 Ov 
(s), —_- je) = 


which it does. Accordingly, one can find its solution via the procedure outlined 
in (6.88). That is 


a —a2= f u(x. y) dx + [rena f A292) dy 


=(x+2)+2-2 = (x +=) ; (6.127) 


x 


Therefore, the solution to (6.104)-(3) is 


yx) = (0, —0)x — x’. (6.128) 


6.7.4 Problems Group VIT 


Solve the following three differential equations. 
[Hint: Compare (6.81)—(6.128).] 


(1): 0 = dz=(2+3y) dx+(8+4+2x) dy. 
(2): 0 = dz=y*dx +2xydy . 


1 
dz = (x* + y) dx + (=) dy. (6.129) 


o 
| 


ies) 

wm 
oO 
ll 


6.8 Riccati Equation 


A nonlinear differential equation of the form 


carer =O 6.130 
a +fiayt+ fx) = (6.130) 


is sometime called a Riccati equation. 
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6.8.1 Treatment 


Set 
1 dz 
-—=y. (6.131) 
z dx 
As a result, 
dz 
— =2)y. (6.132) 
dx 
Its differentiation gives 
dz dy dz dy 2 
= = ; 6.133 
dx2 Ae de oe a ( ) 
Now, multiply (6.130) by z 
Y pp = 0 6.134 
2 ae +fi@y+fp@)| = (6.134) 


and replace z o according to (6.133). This gives 


d?z 
qa Petey + ACI + he) =0 (6.135) 
Remove —y? z +z y* and replace z y by oe As aresult, the Riccati equation (6.130) 
is transformed into 

dz dz 

——+fi)—+ Az =0. (6.136) 

dx dx 
Notice that this differential equation, unlike the original Riccati equation, is linear. 
But the removal of nonlinearity has resulted in increasing the order. And we now 
have a second-order differential equation. But, because the new equation is linear, 
there is a greater possibility of making progress. In particular, if f\(x) and fo(x) 
should both turn out to be constants, (6.136) can be solved much like equations of 
the type (3.1), (3.5), etc. And once z has been determined, y can be calculated by a 
simple differentiation as is implicit in the form of (6.131). 
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6.8.2 Examples Group VIII 


First convert the Riccati equations given below into second-order linear equations 
and then solve them. 


dy 
(1): ——+y+xy=0. 
dx 
d 
(2): Peg 0): 
dx 
d 
3): 24+y+y41=0. 
dx 
. dy 2 = 
(4) : ae +2y+2=0. (6.137) 


Converting the Riccati equations into second-order linODE’s is straightforward. All 
one needs to do is use (6.130) and (6.136). Accordingly, (6.137) get transformed as 
follows: 


Cp Ds ig 0 
Q+e: Het hac 
GO). Gh fey ei7 0 
4) > 4): GF+2G4+22=0 (6.138) 


6.8.3 Solution 


Equations (6.137)-(1) and (6.138)-(1’) 


Introduce the notation p = a and write (6.250)-(1’) as 


dp 
—4txp=0. (6.139) 
dx 


Equation (6.139) is readily solved. (See, for instance, (4.2), (4.10), and (4.15) that 
describe how such first-order linODEs are solved.) That is 


2 
Dp = 90 &Xp (-5) : (6.140) 


Because p = oe its integration leads to z. 


dz x 
—dx = z= | pdx = oo | exp[|—— Jdx+q™. (6.141) 
dx 2 
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And once z is known, y can be determined by using (6.131). That is 


ae. p ov exp (—*)) 
z dx z oo f exp (-+)ax +o, 


= : ; (6.142) 
{exp (-¥)ax +02 
Equations (6.137)-(2) and (6.138)-(2’) 
Follow the same procedure as in (6.139)-(6.142) and write (6.138)-(2’) as 
d 
oP degh oD, (6.143) 
dx 
Again with the help of (4.2), (4.10), and (4.15) one gets 
Pe 
Pp = 00 exp (-5) : (6.144) 


Because p = ge its integration leads to z. 


3 
fe =7= ao f exp (-S arto. (6.145) 


And once z is known, y can be determined by using (6.131). Much like (6.142) one 
can write y as 


exp -*) 


f exp (-$)ax + oo. 


y (6.146) 


Equations (6.137)-(3) and (6.138)-(3’) 


Notice that (6.138)-(3’) is homogeneous linear ordinary differential equation with 
constant coefficients. 

And according to (3.13), the complimentary solution of a second-order homoge- 
neous linear ordinary differential equation with constant coefficients can be written 
as 


Z = Scomp(*) = 01 exp (ki x) + a2 exp (kz x) . (6.147) 
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Here, k =k, and k = ky are solutions of the Characteristic Een Ea) 
for (6.138)-(3’). The procedure for finding Ey, is to replace z by 1, 4 a by k, and ¢ ae 
by k?. Thus, the Scomp(x) for (6.138)-(3’) is found by solving the following Ey. 


M+k+1=0 (6.148) 
which leads to 
=14iw3 
k=k=r+im = ase) 
=I 74/3 
a sae) (6.149) 


Therefore, using (6.147)—-(6.149), the result for z, according to (3.21) and (3.22), can 
be written as 


Z= 0) exp(r —im)x +02 exp(r +im)x 


exp (r x) [o exp (—imx) +02 exp(im x)| 


= exp (r x) [o3 sin(m x) + 04 cos(m x)] 


= exp (-3) . sin (=) + 040s ()| : (6.150) 


Or, alternatively, as 


z =o exp (-3) cos ( = Fs] (6.151) 


Note, one went from (6.150)—(6.151) by introducing two new arbitrary constants oo 
and os such that 03 = og sin(os5) and a4 = oo cos(as). This is perfectly alright as 
long as a5 = oy + Cre And because all sigmas are arbitrary constants, this equality 
is trivially achieved. 

Given z—see, (6.151)—the solution y is readily found. 


ld 1 3 3 
Y= . — + YF tan (>s- Fs] a (6.152) 


z dx 2 


Equations (6.137)-(4) and (6.138)-(4’) 


Again follow a similar procedure to that used for (6.147)—(6.152) and write the E,, 
for (6.138)-(4’) as 


e+2k+2=-0 (6.153) 
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k=k=rt+im = -1+i, 
k=k=r-im = —-1-i . (6.154) 


Therefore, 


Z = exp (—x) [03 sinx + 04 cos x] 


= 00 exp(—x)cos(a5—x) . (6.155) 
And the solution y is 
1 dz 
y= -— = —I1+tan(o5—x) . (6.156) 
z dx 


6.8.4 Problems Group VII 


Solve the following two problems that involve Riccati equations. 
[Hint: Read (6.137)—(6.156).] 


dy 2 

(1): —+y+2y+1=0. 
dx 
d 

(2): scaNi ae e ee) 
dx 


6.9 Euler Equation 


Among Euler’s multifarious contributions to mathematics, in particular to the theory 
of differential equations, is his work related to linear ordinary differential equations 
with constant coefficient. He showed how linear ordinary differential equations with 
variable coefficients of the form, c, x”, given below 


ae rae: (6.157) 


n=0 


could be transformed into linear ordinary differential equations with constant coeffi- 
cients. The latter are much easier to solve as was demonstrated in detail in Chaps. 3 
and 4. 
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The Euler procedure consists in arranging an appropriate change of the indepen- 
dent variable that transforms the operator D into a new operator A. One proceeds as 
follows. Set 


x = exp(t) 


and differentiate with respect to x. 
dt 
1 =exp(t).— . (6.158) 
dx 


Consider an arbitrary function U(x, rt) that is differentiable with respect to x and ¢. 
Multiply both sides of (6.158) from the right by Ut) 


dU (x,t) dt dU(x, fr) 
1 - ——— = exp(f). —.———_ 
dt dx dt 
dU(x,t) 
=epp<—— 
dx 
dU (x,t) dU(x, ft) 
= Oy 6.159 
dt * ax a 
Because U(x, t) is arbitrary, (6.159) implies x 7 — £ : meaning 
x D=A. (6.160) 
Next, let us look at x D (x D). 
x D(x D) = x (Dx) D+ x* D? 
= A(A)=xD4+xD=A+4+x7D* . (6.161) 
Therefore 
ea] Aih— 1k , (6.162) 
Similarly 
x D[x? D?] = A[A(A-1)] . (6.163) 


One also has 


x D[x? D?] = x (2x D’) +x? D =2x? D* +x? D? 
SrA Tee ee, (6.164) 
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The left-hand sides of (6.163) and (6.164) are equal. The equality of their right-hand 
sides yields 


2A(A=D +e DD SATAA=—11 (6.165) 
or 
x? D? = A(A—1)(A—2) . (6.166) 


In order to proceed to the next order, multiply x* D? from the left by x D and 
use (6.166) to appropriately replace one of the expressions equal to 3 x* D?. 


*D\x? D*| = x (3.x° D?) + x* D* = 3x? D> + x4 Dt 
= ZA(A= (A=32)45' Dd". (6.167) 


Multiply the left-hand side of (6.166) by x D and the right-hand side by the same 
amount, that is A. One gets 


x D [x* D®] = A[A(A— l(A—2)] . (6.168) 


Now that the left-hand sides of (6.167) and (6.168) are the same, one can claim 
equality of their right-hand sides. That is 


3 A (A — 1) (A =2) +x D* = A[A(A— 1)(A—2)], 
which leads to the result 


CD aAA=—A=2A=9) (6.169) 


Exercise 


Clearly, (6.160), (6.162), (6.166), and (6.169) show a pattern. Therefore, by induc- 
tion, one assumes 


x" D" = A(A = 1)..(A-n+1). (6.170) 


Assuming (6.170) is valid when n = £ — 1, show that it is also valid when n = £. 


6.9.1 Examples Group IX 


Transform each of the four differential equations 1X — (A) — IX — (D) given 
below by using the transformation x = exp(t), and renaming the function u(x) as 
U(t). Finally, represent the result in terms of x. Then, find u(x). 
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IX —(A): [x?D? +xD+1]u(x)=ax?+b. (6.171) 


Solution IX-(A) 
Use (6.158), (6.160), and (6.162) and transform (6.171) into 


[A(A-—1 +A4+1] UG) = [A*+ 1] U@) =aexp(2t) +b. (6.172) 


Then, solve for U(t) by following the familiar routine. 


En = kh +1=0 ; kin = +i; 
Scomp(t) = a0 exp(—it) + oj exp(—it) = o2 sin(t) + 03 cos(t) ; 
1 b 
Tpit) = wag +b} = aexp2 7 ae ; : 


U(t) = Scomp(t) + Ipi(t) = 02 sin(t) + 03 cos(t) + = exp(2 +b. 
Finally transform U (t) back into u(x). In this fashion, one gets: 
U(t) > u(x) = o7sin[log(x)] + 03 cos[log(x)] + oe +b. (6.173) 
Solution IX-(B) 
IX —(B): [x?D’?-2xD+4]u = alog(x) . (6.174) 


As above use (6.158), (6.160), and (6.162) and transform (6.174) into the following 
differential equation. 


[A*—3A +4] U(@) =at . (6.175) 


Its solution is found in the usual manner. 


a 
Ex, = kb —3k+4= i Ke Ss 
/ 3k+ ) 1,2 5 ‘rs 
5 ae 3t ; v7, 4 3t v7, : 
comp \t) = 01 exp 5) sin 5) 02 exp 5) cos 5 ; 
1 1 3 a 3a 
Iyi(t) = —>—— (at) = (- + SA) (at) = -t + —; 
ae CEC a (; 16 Jen 4" 16 


U(t) = Scomp(t) + Ipi(t) 3 


U(t) > u(x) = oysin [Fee x? + oncos [Fee x2 
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es re a ae (6.176) 
_ XxX —— a ‘ 
Tas 16 


Solution [X-(C) 
IX—(C): [x?D?+2xD—4]u = ax? log(x) +b. (6.177) 
Again use (6.158), (6.160), and (6.162) and transform (6.177) into 
[A? + A—4]U(t) =a exp(2t)r+b , (6.178) 


Its solution is as follows: 


1 17 
Ech = Pe +k-4=0 pe ae 
; 2 2 
t VI17 t JI7 
S, Hn= =2 =F —-~— —t]; 
comp (t) cies aT 5) ) + oassn( 5 2 


I pi (t) = {a exp(2t)t + b} = aexp(2t) 


(A+2)2+(A42)—4). 


if” (21) : f° Gilt alee? 
— | =aex = aex aa ae 
“4 Pov le rsAce Ae | A onal Dee 4 


1 5 b 
Tpit) = aexp(2t) re a= m 


U(t) = Scomp(t) + [pi 1); 


1 
[A7+A—4] 


1, VI7 vl 
U(t) > u(x) = 0, x 2° 2 +00x 272 


4 ax | 5 toes 3 ar (6.179) 


Solution IX-(D) 
IX —(D): [x*? D?—4x D+2]u = 2x cos[log(x)]. (6.180) 
And finally, as before, use (6.158), (6.160), and (6.162) and transform (6.180) into 
[ A? —5A+ 2] U(t) = 2 exp(f) cos(f) . (6.181) 


This leads to 
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5 
Ech =? —5k4+2; ki =; 


2 
5 V17 5 V17 
Scomp(t) = 01 exp 5! a af + 02 exp 3! - t] ; 


1 : j 
i (t) _ [eo saaay exp(t) cos(t)} — [a2 —5A +42] exp[t (1 + i)] 
1 “7. 
+ [Az =5A 42] exp[¢(1 — 7)]; 
1 1 
= exp[f(1+i)] E = =| + exp[t(1—i)] Eas 
__ exp(t) 


— (1 —i)exp(@it) + (1 +1) exp(—it)| = /,;() = = exp(t) [sin(t) + cos(t)]. 
6 f 3 

U(t) = Scomp (t) — Tpi(t) 

U(t) > u(x) = oy xit ? 4 yx 


a [sin{log(x)} + cos{log(x)}] . (6.182) 


17 


5 
27° 2° 


6.9.2 Euler Equation: An Extension 


A simple extension of Euler equation is given below in (6.183). 
Yo en (ax +b)" D'u = B(x), (6.183) 
n=0 


Any such linear ordinary differential equation with variable coefficients of the form 
Cn (ax + b)” can readily be transformed into a linear ordinary differential equation 
with constant coefficients—meaning into equations of the type that we have been 
studying previously. The relevant transformation is carried out by a change of the 
variable: from (a x + b) to exp(at) where both a and b are constants. That is 


(ax +b) = exp(at). (6.184) 
Differentiate (6.184) with respect to x, and divide both sides by the constant a. 
dt 
1 = exp(at). — 
dx 


dt 
=(ax+b).—. (6.185) 
dx 


164 6 Special Types of Differential Equations 


Consider an arbitrary function U(x, t) that is differentiable with respect to x and f. 
Multiply both sides of (6.185) from the right by SZ@-2 | 


dU (x, t) dt dU(x, ft) 
oe eee py ees 
di Oe Te ae 
dU (x, t) 
= (ax + b). ———_.. (6.186) 
dx 
Because U(x, f) is arbitrary, this implies a. = (ax +b) “ : Meaning 
A =(ax+b)D. (6.187) 


Next, let us look at (a x + b) D {(a x +b) D} or in other words at A {A}. 


(ax +b) D{(ax +b) D} (ax +b)[a D+ (ax +b) D?] 
= A{A} = aA+(ax+byD’ . (6.188) 


Transferring a A across to the left side gives 
(ax +b)*>D? = A(A—a) . (6.189) 
Similarly 


e+ [tax +b)? b>] =o hy (20?x + 2ab) D? + (ax+b)[(ax +b)? D?] 


= 2a(ax + b)*D? + (ax +b)? D? 
=2aA(A—a)+(ax+b)D* . (6.190) 


By using (6.189) and the equivalence (ax +b) D= A on the left-hand side of 
(6.190), one gets 


A[A (A —a)] = 2aA (A—a)4+(ax+b)D* , (6.191) 
which leads to 
(ax +b) D® = A(A —a)(A—2a) . (6.192) 
Again, starting with (ax + b) D [(a x +b) D*| , one can readily show that 


(ax +b)’ D* = A(A—a)(A—2a)(A—3a) . (6.193) 


Also, in view of (6.187), (6.189), (6.192), (6.193), or equivalently (6.194) given 
below, one can transform a general equation of the type (6.183) into one involving 
A’s and functions of the variable t. One must not forget, however, to use (ax + b) = 
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exp(at) for transforming out of the variable B(x) into an appropriate function of the 
variable t. This will become clear in examples (XJ) given below. 


Exercise 


Clearly, (6.187), (6.189), (6.192), and (6.193) show a pattern. Therefore, by induction 
(ax +b)" D® = A{A —a}...{A— (n— la} . (6.194) 


Assuming (6.194) is valid when n = @ — 1, show that it is also valid when n = €. 


6.9.3 Examples Group X 


Extended Euler Equation 


Transform each of the following three differential equations by setting the variable 
(ax +b) = exp(atr) and then find their solution U (t). Also write the corresponding 
solution u(x). 


X(A): [(2x +3)? D? + 2(2x + 3) D — 4] u(x) = 5 log[2x + 3] . (6.195) 


Solution of Example X(A) 


Set (2x + 3) = exp(2fr) and (2x + 3)D = A, use (6.187) and (6.189), and trans- 
form (6.195) into the following: 


[A(A — 2) +2A — 4] U(t) = 5 log [exp(2r) | 
= [A? — 4] U(r) =10r . (6.196) 


Now proceed with the usual routine. 


En =k -4=0 3; king = +2; 
Scomp (t) = 00 exp(2 r) + Oj exp(—2 fr) ; 
Tyi(t) = ! {10t} = : ee {10 r} 
mw [A2 — 4] ~ 4 4 
10 
= 2G 
A 


10 
U(t) _ Scomp (t) + Ti (t) = Jo exp(2 t) + oj exp(—2 rf) = rae. 


5 
a ~ Jog(2x + 3). (6.197) 


U(t) > u(x) = aa ae Pre “4 
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X(B): [(x +2)? D? + 3(@@ +2) D+ Lux) = (« + 2)? log(x + 2) 
(6.198) 


Solution of Example X(B) 


According to the schedule described earlier, set (x + 2) = exp(t) and(x + 2)D=A 
and transform (6.198) into the following: 


[A(A — 1) +3A + 1] Ut) = exp(2 1) log [exp(r)] 
=[A?+2A4+1]U(t) = =exp(2r)t. (6.199) 


Now proceed with the usual routine. That is 


En =k’+2kK+1=0 3 ky = -1; 
Scomp (t) = (Jo + Oj t) exp(—f) . 
1 1 
Ii) = (eas a [(A+22+20A4+2 +41] 9 
_ 1 _ exp(2t) 6 
aids CETTE eC a 9 (: 5a) 1 
2 
= Tpit) = a t) (: = 5) ;U(t) = Scomp(t) — Ti (t) 
= (09 + 0; t) exp(—t) + ene) (: 3) 
9 9 
2 
U6) 3 2 = ae a) ae [roe 4+2)- ar (6.200) 


X(C): [@— 1? D? = tue) = @ — Dcosflog(x — I] log(x — 1)6.201) 


Solution of Example X(C) 


According to the schedule described earlier, set (x — 1) = exp(f), 
(x — 1)?D? = A(A — 1) and transform (6.201) into the following: 


[A(A — 1) — 1] U(t) = exp(t) cos(t) t 
=[A*-A-1]U() = exp(f) cos(t) t. (6.202) 


Again proceed with the usual routine. 
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14/5 
Eqn = RP —-k-1=0; kyo = en 


sorts en(s)|weel =) + reel): 


exp(i t) + exp(—i fr) ; 
2 


He 


1 
Ipi(t) = Ty fen 


{exp(t) cos(t) t} = [a2 ae 


1 
[A7-A-1] 
1 
[At ti? = Abi 7) = 1] 

1 
[((A+1-i)? -(A+1-i)-1] 


{1} 


= expir(1+i)] 


{t}. 


+exp[t(1 —7)] 


1 
= (=) exp[t(1 + [2 +7)- (1 — 2A] {t} 
- (=) exp[¢(1 — i)] (2 — i) — (1+ 2) A] {1}. 
=- (=) exp[t(1+aA][(2+i)t — (1 —2i)] 


= (5) exp[t(1 —i)] [2 -at—-(1 +23). 


exp(t) 


5 [(2 + f) sin(t) + (1 — 2r) cos(t)]; 


= Tpi(t) — 


U(t) = Scomp (t) + Tpi (t) 


exp(t) 
5 


te +1) Ss Gat: foox - DF +oie—H*} + 


{[(2 + t) sin(t) + (1 — 2) cos(t)] ; 


$0 ~ 1) (2+ log(x — 1} sinllogex ~ 1)] + 


ay 5 — 1) {1 —2log(x — 1)} cos[log(x — 1)] . (6.203) 


6.9.4 Problems Group IX 


Solve the following five problems by transforming each of the differential equations 
by setting the variable (ax + b) = exp(at). Then, work out their solution U(t). 
Also write the corresponding solution u(x). 
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[oe +3)2D* + 2x + 3)D| u = —log(x +3) (x +3). (1) 
[ 43)2p2 42% 4+3)D+ 3] u = —log(x +3) (x +3) . (2) 
[ex - 12D? — 20x — 1D] u = -2 log(2x — 1) sinflog@x — )] 2x = 1). B) 


[ex = 1) D*= 20x D+ 4 u = —2 log(2x — 1) sin[log(2x — 1)] (2x — 1) . (4) 


[cas 9D? — 3374-24 ;| u = sin[log(3x + 2)] (3x +2) . (5) 


6.10 Factorable Equations 


Occasionally, there is a second- or higher-order linear (ODE) that, by good luck or 
fortunate insight, can be factorized. Of course, the factorization has to be done in 
such a manner that it keeps the differential equation operationally intact. For instance, 
construct a second-order linear (ODE) with variable coefficients that is arranged in 
advance to be operationally factorable into the following pair of first-order equations. 


y. = [D+ Moly), (6.204) 
and 
[x"D+M]y =N, (6.205) 


where for brevity Mj (x) has been represented as M,, M2(x) as Mz, N(x) as N, yi (x) 
as y;. With the help of (6.204), which allows replacing y; by [D + M2]y(x), (6.205) 
can be represented as 


[x"” D+ M,]|[D + Mo]y(x) =N. (6.206) 


The operator multiplication of the term on the left-hand side of (6.206) requires 
some care. For instance, (6.206) leads to the following second-order (linODE) with 
variable coefficients. 


{x" D® + [My +x" M3] D + [x" (DM2) + M,M2]} y(x) 
= Ns (6.207) 


In this chapter, for convenience, (6.204)-(6.207) are referred to as the “master 
equations.’ Analyses of factorable second-order differential equations will make 
extensive use of these master equations. 
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Unfortunately by comparing a second-order differential equation with its master 
equation equivalent (6.207), one can glean only limited information. For instance, 
while one can readily find what n and N are, determining M, and My is less straight- 
forward. Here, one knows only the sums [M, + x” M2] and [x” (DM2) + M, M2]. 
But alas that does not a readily accessible solution of M; and M2 make. 


6.10.1 Examples Group XI 


Check whether the following second-order equations are factorable. And if so, solve 
them accordingly. 


XI): [D?+@7'+)D+2"]y@ = 

XI(2) [D? + (x1 +3)D+4+2007'+ pe = 

X1(3) : [xD?- A ee sick x? exp(x). 

X1(4) : [D? —x?]y = exp(x). 

X1(5) : [D? ee = log(x). 

X1(6) [D? + exp(x) D + exp(x)] y = 2x exp(x). (6.208) 
Solution XI(1) 


One-to-one comparison with (6.207) leads to the equalities 


M,+x"M,=x '4+1; (6.209) 
x" (DM) + M\Mn =x"! . (6.210) 


Because N = x andn = 0, M; and M) are determined by the relations 


M,+M)=x7!+4+1. (6.211) 
(DM>)+M\M, =x! . (6.212) 


Elimination of M,, (6.211) and (6.212), renders (6.212) into a Riccati equation— 
compare (6.130)-(6.156)— 


[D+ (x7! + 1)]M2 = [MoP + x7!. (6.213) 
and solving it would involve a second-order differential equation. Thus, one would 


have made no headway at all! Unless, of course, one were clever and could guess 
M, or Mz by inspection. 
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Another two possibilities for success are if 
(A): M, is vanishing 
(B): or, M> is a constant. 

In order to solve (6.211) and (6.212), try the first possibility: meaning M, = 0. If 
this is true, then according to (6.211) and (6.212), Mo,= 
(x~! + 1) and DM, = x~!. Which of course is not possible. 

On the other hand, the second possibility, namely M> is a constant = c, works. 
Here, DM, = 0 and (6.213) becomes 


Go 4+ lese ax . (6.214) 


This is a quadratic with two solutions c = 1 andc = x~!. Clearly the only acceptable 
solution, where M> = cis aconstant, isc = 1. Knowing M>) = 1, (6.211), or (6.212), 
gives M, = x7!. 

Also because n = 0 and N = x, the central differential equations to be solved— 
namely (6.205) = (a) and (6.204)= (b)—can now be written as: 


(a): [D+x™"]ly =x; 
(b) : [D+l1llya)=y, . (6.215) 


Because both these equations are first-order (inODE), the procedures used in (4.2)— 
(4.18) apply and lead readily to the relevant solution. 


o x 
(@@) :y=— +5: 
x 3 
exp (x) 1 , 
(b) : y(x) = oj exp (—x) —, +02 exp(—x) + a — 2x +2]. 
(6.216) 
Solution XI(2) 
Again work with the master equation (6.207) and the defining (6.204), (6.205), 
and (6.206). 
Here, n = 0, N = x7! and 
{2} : (Mi + M2) = (x! +3); [DM2 + M\Mp] = 2x7! + 1). 
(6.217) 


Clearly, M; = 0 does not work. 

Next, try Mz = c. Then DM = 0. One of the two solutions of the resultant 
quadratic in c is a constant equal to 2. This means c = My = 2 and therefore 
M, = (1+.x7!). Now that one knows all the relevant parameters, one can construct 
the pair of first-order (linODE) that need solving. These are: 
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(a) : [D+(l+x7!)]y, = x7! ; 
(b): (D+2)y(~) = yy). (6.218) 


In the usual manner, their solution is found to be the following: 


exp(—x) 


(a) : yy = 0, ——+— ; 
x Xx 
exp(x) 
(b) : y(x) = 01 exp(—2x) | kena dx + a2 exp(—2x) 
+ exp(—2x ) f [Jas (6.219) 


Solution XI(3) 


Next, solve differential equation {3}. Here, n = | and 
{3}: (M, +x Mo) = -—2x+ 1); [X(DM2)+ M\ Mo] =2. (6.220) 


Therefore, M, = 0 does not work. 
Next, try M, = c. Then, DM, = 0 and (6.220) represent two relations: (M, + 
xc) = —(2x+1)andcM, = 2. Elimination of M; leads to a quadratic in c 


xe + (2x + Deo+2=0. (6.221) 


Its two solutions are : c = —x~! andc = —2. Clearly, the solution which is relevant 
is when c is a constant. That is, c= —2. Knowing M) = c = —2 one readily finds 
M, = —1. Knowing n, Mj), M2, and the fact that N = x3 exp(x), one can construct 
the pair of first-order (linODE) that need solving. These are: 


(a): [xD—1]y, = x° exp(ax); 
6): (D-2Dy@)=y. (6.222) 


In the usual manner, their solution is found to be the following: 


(a): yy = o1x4+(%? —x)exp(a) ; 
(b) : y(e) = 02 exp2x) - () @x +1) 
— (x? +x + 1) exp(x) . (6.223) 


Solution XI(4) 
Here, n = 0, N = exp(x) and 
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{4} : (M, +My) = x7'!; [DM,+M,M)] = — x7. (6.224) 
As usual, first try M, = 0. Therefore, Mz) = x—!. Then, DM) = —x~*andboth 


the equations work. Now, one can readily construct the relevant pair of first-order 
(linODE). These are: 


(a) : Dy, = exp(x) ; 
(b) : (D+x7ya) = yy. (6.225) 


Their solution is 


(a): yt = oO +exp(x) ; 
): ye) =a (5)+2 
Xx 


2 
1 
+ exp(x) — (<) exp(x). (6.226) 
x 
Solution XI(5) 
Here, n = 0, N = log(x) and 
{5} : (M, + Mo) = 2x; [DM.+M,M)] = 2. (6.227) 


Set M; = 0. Then, My = 2x and DM, = 2. These two statements are consistent. 
Now, one can readily construct the relevant pair of first-order (inODE). These are: 


(a) : Dy; = log(x); 
(b) :(D+2x)ya)=y1 . (6.228) 


Their solution is 


(a) :y) = o1 —x + x log(x); 
(b) : yy) =01 / exp(x")dx + a2 exp(—x*) 


vA 
zs (5) [log(x) — 1] (3) exn« oy] [| dx. (6.229) 
2 4 x 


Solution XI(6) 
Here, n = 0, N = 2x exp(x) and 


{6} : (Mi + M2) = exp(x); [DM2+M,M2] = exp(x). (6.230) 
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Again, first try M; =0. Then, M2 = exp(x) and DM, = exp(x). These two 
statements are consistent. Therefore, the relevant pair of first-order linear (ODE) is 


(a): Dy, = 2x exp(x) ; 
(b): [D+exp@)]y@) = y . (6.231) 


Their solution is 


(a): yy = a + 2 exp(x) (x — 1); 
(b) : y(x) = (a, -— 2) exp (—exp)} f exp fexpx)}ax 
+o. exp {— exp(x)} + 2x -2. (6.232) 


u=1+2y; 0 = 143x. >) = 2 and =) = 3. (6.233) 
Oy). Ox . 


Because 2 # 3, this equation is inexact. Therefore, try using (6.99) to check as to 
whether an integrating factor that depends only on the variable x is possible. 


(6.234) 


[ (#).- (2), | ox=| ti _ ES 


1+ 3x X (x) 


Good news! There exists an integrating factor X (x). One can find it by integrating 
the above equation. 


log[X (x)] = log 1 + 3x)F + constant. (6.235) 
Thus 
12, (6.236) 
(1+ 3x)3 


Including the integrating factor, and ignoring the unnecessary multiplier ao, the 
differential equation (6.104)-(1) now is 


(d+ 3x)73 [1 +2y)dx+(1+4+3x)dy] =0. (6.237) 
Now determine whether this new differential equation is indeed exact. One has 


u(x, y) = (1+ 2y)(1+3x)73 ; v(x, y) = (1+ 3x)3. Therefore, 


(5) = S49 +: (2) — Fa aant]3 . 6.238 
ay), = 2d tam: (ae) = gla+3n!]3 . 6238) 


174 6 Special Types of Differential Equations 


Good! The new equation is exact. Accordingly, one can find its solution via the 
procedure outlined in (6.88). That is 


O1 — 02 = [uc as + fresay / (Ae ve) ay 


= fat3nta+aydx+ fa+3niay 


| Ge sy 
y x 


_ A +2y)d +3x)3 


+ (1+3x)3y —(1+3x)3y 


[3 (3)] 
1+2y)(1 + 3x)3 
op aa (6.239) 
2 
Therefore, the solution to (6.104)-(1) is 
@Q2>42=2 (6.240) 
yu) = — + ——,. : 
2 (143x)3 
6.10.2 Problems Group VIT 
Solve the following three differential equations. 
[Hint: Compare (6.8 1)—(6.128).] 
(1): 0 = dz = (2+ 3y) dx + 34+ 2x) dy. 
(2): 0 = dz= y>dx + 2xy7 dy. 
1 
(3): 0 = dz=(x?+y) dxt+ (=) dy. (6.241) 
x 
6.11 Additional Riccati Equations 
A nonlinear differential equation of the form 
dy 9 7 
ty +fh@y+ fi) = 0 (6.242) 


dx 


is sometime called a Riccati equation. 
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6.11.1 Solution 


Set 
1 dz 
-—=y. (6.243) 
z dx 
As a result, 
dz 
— = zy. (6.244) 
dx 
Its differentiation gives 
dz dy dz dy 2 
= = ; 6.245 
dx2 Ae de oe a ( ) 
Now, multiply (6.242) by z 
Y py = 0 6.246 
2 tae +fi@y+fp@)| = (6.246) 


and replace z o according to (6.245). This gives 


d?z 
qa Ve tey + A@)eyt+ A@z = 0. (6.247) 
Remove —y? z +z y* and replace z y by oe As aresult, the Riccati equation (6.242) 
is transformed into 

d?z dz 

—+tf@M—t+h@)z=0. (6.248) 

dx dx 
Notice that this differential equation, unlike the original Riccati equation, is linear. 
But the removal of nonlinearity has resulted in increasing the order. And we now 
have a second-order differential equation. But, because the new equation is linear, 
there is a greater possibility of making progress. In particular, if f\(x) and fo(x) 
should both turn out to be constants, (6.248) can be solved much like equations of 
the type (3.1), (3.5), etc. And once z has been determined, y can be calculated by a 
simple differentiation as is implicit in the form of (6.243). 
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6.11.2 Additional Examples Group VII 


First convert the Riccati equations given below into second-order linear equations 
and then solve them. 


(1): wLy+ry =0. 
(2): Wy +x y = 0. 
(3) : wp y+y+1=0. 
(4) : W+yt2y+2 =0. (6.249) 


Converting the Riccati equations into second-order linear ordinary differential equa- 
tions is straightforward. All one needs to do is use (6.242) and (6.248). Accord- 
ingly, (6.249) get transformed as follows: 


dy); +x =0 
(2) > (2): ae 4x2 = 9 
3) > @): 447 =0 
(4) > (4): 2 42%427=0 (6.250) 


6.11.3 Solution 


Equations (6.249)-(1) and (6.250)-(1’) 
d 


Introduce the notation p = re and write (6.250)-(1’) as 
dp 
—+xp=0. (6.251) 
dx 


Equation (6.251) is readily solved. [See, for instance, (4.2), (4.10) and (4.15) that 
describe how such first-order linear ordinary differential equations are solved.] That 
is 


ee 
Pp = 900 exp (-5) : (6.252) 


Because p = x, its integration leads to z. 


dz x 
[ge = c= [ pas a ao exp —-—]|dx+o. (6.253) 
dx 2 
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And once z is known, y can be determined by using (6.243). That is 


ae. p ov exp (—*) 
z dx z oo f exp (-+)ax +o, 


= : ; (6.254) 
f exp (-¥) ax +02 
Equations (6.249)-(2) and (6.250)-(2’) 
Follow the same procedure as in (6.251)—(6.254) and write (6.250)-(2’) as 
d 
eae ee (6.255) 
dx 
Again with the help of (4.2), (4.10), and (4.15) one gets 
Pe 
p = 900 exp (-5) : (6.256) 


dz 


Because p = 7 


its integration leads to z. 


3 
fe = ao | exp (-5 Jax +01. (6.257) 


And once z is known, y can be determined by using (6.243). Much like (6.254) one 


can write y as 
x? 
exp (- =) 


f exp (-4)ax + oo. 


y (6.258) 


Equations (6.249)-(3) and (6.250)-(3’) 


Notice that (6.250)-(3’) is homogeneous linear ordinary differential equation with 
constant coefficients. And according to (3.13), the complimentary solution of a 
second-order homogeneous linear ordinary differential equation with constant coef- 
ficients can be written as 


Z = Scomp(X) = 01 exp (ki x) + 02 exp (k2 x). (6.259) 
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Here, k = k, andk = k are solutions of the characteristic equation E,,, for (6.250)- 
(3’). The procedure for finding E,, is to replace z by | , & by k, and 3 by k?. 
Thus, the complementary solution for (6.250)-(3’) is found by solving the following 
Een. 


M+k+1=0 (6.260) 
which leads to 
kak ar tim= tS, 
k=k=r—im= sca (6.261) 


Therefore, using (6.259)—(6.261), the result for z, according to (3.21) and (3.22), can 
be written as 


Z=o; exp(r —im)x +02 exp(r +im)x 
= exp (rx) [o exp (—im x) + 02 exp (imx)| 


= exp (r x) [03 sin(m x) + o4 cos(m x)] 


= exp (=; ) [« sin (=) 4+ 04.008 (=)| (6.262) 


Or, alternatively, as 


Z = 00 exp (-=) cos ( _ 4) : (6.263) 
2 2 
Note, one went from (6.262)—(6.263) by introducing two new arbitrary constants oo 
and os such that 03 = og sin(os5) and a4 = og cos(as). This is perfectly alright as 
long as on a oy + a. And because all sigmas are arbitrary constants, this equality 
is trivially achieved. 
Given z—see, (6.263)—the solution y is readily found. 


1 dz 1, 3 J/3 
= a t — —x]. 264 
y or 5 + 5 an ( 5 ‘ (6.264) 


Equations (6.249)-(4) and (6.250)-(4’) 


Again follow a similar procedure to that used for (6.259)—(6.264) and write the Ey, 
for (6.250)-(4’) as 


e+2k+2=-0 (6.265) 
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which leads to 


k=k=r+im = —-1+i, 
k=kg=r-im = —1-i. (6.266) 


Therefore, 


Z = exp (—x) [3 sinx + 04 cos x] 


= 00 exp (—x) cos (a5 — x). (6.267) 
And the solution y is 
1 dz 
y= -— = —1+tan(o5 — x). (6.268) 
z dx 


6.11.4 Additional Problems Group VHT 


Solve the following two problems that involve Riccati equations. 
[Hint: Read (6.249)-(6.268).] 


dy 2 

(1): —+y+2y+1=0. 
dx 
d 

(2): scaNi ae e ee) 
dx 


6.12 Additional Euler Equations 


Among Euler’s multifarious contributions to mathematics, in particular to the theory 
of differential equations, is his work related to linear ordinary differential equations 
with constant coefficients. He” showed how linear ordinary differential equations 
with variable coefficients of the form, c, x”, given below 


ae x" D"u = B(x), (6.269) 


n=0 


could be transformed into linear ordinary differential equations with constant coeffi- 
cients. The latter are much easier to solve as was demonstrated in detail in Chaps. 3 
and 4. 

The Euler procedure consists in arranging an appropriate change of the indepen- 
dent variable that transforms the operator D into a new operator A. One proceeds as 
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follows. Set 
x = exp(t) 


and differentiate with respect to x. 
dt 
1 = exp(t). —. (6.270) 
dx 


Consider an arbitrary function U(x, rt) that is differentiable with respect to x and ¢. 
Multiply both sides of (6.270) from the right by $29 | 


dU (x,t) dt dU(x, fr) 
1. ——— = exp(t). —.———_ 
dt dx dt 
dU(x,t 
dx 
dU(x,t dU(x,t 
eu _ a: (6.271) 
dt dx 
Because U(x, t) is arbitrary, (6.271) implies x a = : meaning 
x D=A. (6.272) 
Next, let us look at x D (x D). 
x D(x D) = x (Dx)D+ x? D? 
= A(A)=xD4+xD=A+ x? D’. (6.273) 
Therefore 
aD s= AA =— 1). (6.274) 
Similarly 
aD? D*|=A[ADA—1)), (6.275) 
One also has 
xD |x? D*| = x (2x D’) +49 D? =227 D? +2° D? 
=2A(A—1) 4%? D’, (6.276) 


The left-hand sides of (6.275) and (6.276) are equal. The equality of their right-hand 
sides yields 
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2A(A-)4+xXD=A[A(A-)], (6.277) 

or 
e D? = A(A=—1(A — 2). (6.278) 


In order to proceed to the next order, multiply x° D? from the left by x D and 
use (6.278) to appropriately replace one of the expressions equal to 3 x* D°. 


x D[x? D*] = x (3x7 D’) +. x* D* = 3x3 D> + x* D* 
=3A(A= 1) 1A=—9) 4 D* (6.279) 


Multiply the left-hand side of (6.278) by x D and the right-hand side by the same 
amount, that is A. One gets 


x D [x* D®] = A[A(A — I(A — 2)]. (6.280) 


Now that the left-hand sides of (6.279) and (6.280) are the same, one can claim 
equality of their right-hand sides. That is 


3 A (A — 1) (A= 2) D? = A[A(A— 1)(A —2)], 
which leads to the result 


oD =AA=—HA= 2A =3). (6.281) 


Exercise 


Clearly, (6.272), (6.274), (6.278), and (6.281) show a pattern. Therefore, by induc- 
tion, one assumes 


CP eA] hah=n ep, (6.282) 


Assuming (6.282) is valid when n = £ — 1, show that it is also valid when n = £. 


6.12.1 Additional Examples IX: Euler Equation 


Transform each of the four differential equations 1X — (A) — IX — (D) given 
below by using the transformation x = exp(t), and renaming the function u(x) as 
U(t). Finally, represent the result in terms of x. Then, find u(x). 


IX —(A): [x* D?+xD+1]u(x) =ax? +b. (6.283) 
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6.12.2 Solution Additional Examples IX-(A) 
Use (6.270), (6.272) and (6.274) and transform (6.283) into 


[A(A — 1) + A+ 1]U(t) =[A? + 1] U(®) = aexp2t) +b. (6.284) 


Then, solve for U(t) by following the familiar routine. 


En =hR+1=0 3k = Hi; 


Seomp (t) = 00 exp(—i t) + 0; exp(—i t) = 07 sin(t) + 03 cos(t); 


1 1 b 
Iyi(t) = [ety exp(2t) +b} =a gs aL ara a +4 = 
U(t) = Scomp (t) + Tpi(t) = 02 sin(t) + 03 cos(f) Se : exp(2 t) + b. 
Finally, transform U (t) back into u(x). In this fashion one gets: 


U(t) > u(x) = op sin[log(x)] + 03 cosflog(x)] + se +b. (6.285) 


6.12.3 Solution Additional Examples IX-(B) 


—(B): [x?D?-2xD+4]u=alog(x). (6.286) 


As above use (6.270), (6.272), and (6.274) and transform (6.286) into the following 
differential equation. 


[A? -3A +4] U(t) =at. (6.287) 


Its solution is found in the usual manner. 


En =k? -3k+4=0 shi. = 


3t\ . [v7 
Scomp(t) = 01 exp > sin a + 02 exp 


ie a@n=(44+ Za) @n= a 
we (Masha NA 


U(t)= Scomp (t) a Tpi (t) 3 


wo oAa™~ 
w|& 
Sc” He 
° 
° 
n 
aS 
aor 
~ 
~~” 


U(t) > u(x) = oj; sin Ee et x2? + o0cos Ee et x2 
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a 3a 
— | —., 2, 
+ a og(x) + 16 (6.288) 


Solution Example IX-(C) 
1X — (C): [x? D? + 2x D—4]u =ax" log(x) +b . (6.289) 
Again use (6.270), (6.272), and (6.274) and transform (6.289) into 
[A? + A — 4] U(t) =a exp(2t)t +5, (6.290) 


Its solution is as follows: 


1 JI7 
Eqn = RP +k-4=0 3kyp=-- t+; 
ch a 1,2 3 5) 
t 4/17 t S17 
th= —-~+—t —-~——t]; 
Scomp (t) cies a 5) ) + eas 3 2 


Ipi(t) = {a exp(2t)t + b} = aexp(2t) 


(A+2)2+(A42)—4). 
b 


+ @ (2t) : t . (2t) : oa t 
— | =aex = aex aa ae 
“4 Pov le rsAce Ae | A onal Dee 4 


1 5] &b 
Tpit) = aexp(2t) re a= m 


U(t) = Scomp(t) + [pi 1); 


1 
[A7+A—4] 


1, VI7 vl 
U(t) > u(x) = 0, x 2° 2 +00x 272 


4 ax | 5 toes 3 ar (6.291) 


Solution Example IX-(D) 
1X — (D): [x? D? — 4x D + 2] u = 2x cos [log(x)]. (6.292) 
And finally, as before, use (6.270), (6.272), and (6.274) and transform (6.292) into 
[ A? —5A+ 2] U(t) = 2 exp(t) cos(f). (6.293) 


This leads to 
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V17 
=a : 


> 


5 J17 5 17 
Scomp(t) = 01 exp (5 + F.) +02 exp (} = ) : 


5 
Ech =k*—-5k42; ki.2 = 


2 2 2 2 


1 : j 
Ti (t) = [azasaa yy” a exp(f) cos(t)} — [a?—5A +2] exp[t(1 + i)] 

1 “7. 

+73 “SA42] exp[t(1 — i)]; 
l 1 
= exptrtl +91 =~] + exptr(1 -)| | 
exp(t) : ; : i : i 

aaa: [C1 — i) exp(it) + (1 +i) exp(-it)] = Ip = 73 a aE 


U(t) = Scomp(t) + Lpi (t) 


U(t) > u(x) = of nate! + eee 
a [sin{log(x)} + cosflog(x)}] . (6.294) 


6.12.4 Additional Extended Euler Equations 


A simple extension of Euler equation is given below in (6.295). 


Vv 


> Cy (ax +b)" D"u = B(x), (6.295) 
n=0 


Any such (linODE) with variable coefficients of the form c, (ax + b)” can readily 
be transformed into a (linODECC)—meaning into equations of the type that we have 
been studying previously. The relevant transformation is carried out by a change of 
the variable: from (a x + b) to exp(at) where both a and b are constants. That is 


(ax +b) = exp(at). (6.296) 


Differentiate (6.296) with respect to x , and divide both sides by the constant a. 
1 (ae dt 
= exp(at). — 
r dx 
dt 
= (ax+b).—. (6.297) 
dx 


Consider an arbitrary function U(x, t) that is differentiable with respect to x and f. 
Multiply both sides of (6.297) from the right by Meet 
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dU (x, t) dt dU(x,t) 
palais ce aoe Bye co, es 
dt Cae amen T 
dU (x,t 
tape SO (6.298) 
dx 
Because U(x, t) is arbitrary, this implies < = (ax +b) a : Meaning 

A =(ax+b)D. (6.299) 


Next, let us look at (ax + b) D {(ax + b) D} or in other words at A {A}. 


(ax +b) D{(ax +b) D} (ax +b)[a D+ (ax +b) D?] 
= A{A} = aA+(ax+b)D?’. (6.300) 


Transferring a A across to the left side gives 
(ax +b)’D? = A(A—a). (6.301) 
Similarly 


axa BD [tax + by? D?| = (ao by (20?x + 2ab) D? + (ax+b)[(ax +b)? D?] 


= 2a(ax + b)* D* + (ax +b)? DI 
= 2aA(A—a)+ (ax +b) D*. (6.302) 


By using (6.301) and the equivalence (ax +b) D = A on the left-hand side of 
(6.302), one gets 


A[A (A —a)] = 2aA(A —a) + (ax +b) D’, (6.303) 
which leads to 
(ax-+b)y D? = A(A =—a)\(A=— 2a). (6.304) 
Again, starting with (ax + b) D [(a x+b) D?| , one can readily show that 


(ax +b)* D* = A(A —a)(A — 2.a)(A — 3a). (6.305) 


Also, in view of (6.299), (6.301), (6.304), (6.305), or equivalently (6.306) given 
below, one can transform a general equation of the type (6.295) into one involving 
A’s and functions of the variable t. One must not forget, however, to use (ax + b) = 
exp(at) for transforming out of the variable B(x) into an appropriate function of the 
variable t. This will become clear in examples (X/) given below. 
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Exercise 


Clearly, (6.299), (6.301), (6.304), and (6.305) show a pattern. Therefore, by induction 
(ax +b)" D" = A{A — a}...{A — (n — 1)a}. (6.306) 


Assuming (6.306) is valid when n = € — 1, show that it is also valid when n = €. 


6.12.5 Additional Examples Group X: Extended Euler 
Equations 


Transform each of the following three differential equations by setting the variable 
(ax +b) = exp(atr), and then, find their solution U(t). Also write the correspond- 
ing solution u(x). 


X(A): [(2x +3)? D? + 2(2x + 3) D — 4] u(x) = Slog[2x + 3]. (6.307) 


Solution of Example X(A) 


Set (2x + 3) = exp(21r) and (2x + 3)D = A, use (6.299) and (6.301), and trans- 
form (6.307) into the following: 


[A(A — 2) +2A — 4] U(t) = 5 log [exp(2r)] 
=[A?- 4] U() = 102. (6.308) 


Now, proceed with the usual routine. 


En =h-4=0 3k. =+2; 
Scomp(t) = oo exp(2t) + a, exp(—2t)  ; 


Tpit) = : cd as 10t 
pi(t) = [ae ay eae ear) } 
10 
Ss 1 
4 
1 
U(t)= Scomp(t) + Tyi(t) = a0 exp(2 r) + a1 exp(—21r) = a 
_ O71 5 


X(B): [( +2)? D? + 3(x +2) D + 1] u(x) = (« +2) log(x + 2) 
(6.310) 
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Solution of Example X(B) 


According to the schedule described earlier, set (x + 2) = exp(t) and(x + 2)D= A 
and transform (6.310) into the following: 


[A(A — 1) +3A + 1] UC) = exp(21) log [exp(r)] 
=[A?+2A4+1]U(t) = =exp(2r)t. (6.311) 


Now proceed with the usual routine. That is 


Een = +2k4+1=0 3ki2=-1; 
Scomp (t) = (00+ o1F) exp(—f) 


ONS aon Oy a +D41)" 
=arlee [o+ ox + A? = a (: 54) : 
=hQ=—— ee (: ;) : U(t) = Scomp(t) + Ipi(t) 
= (09 + 0; t) exp(—t) + a (: 5): 
ee cs ee aan ya a loa Es, | - (6.312) 


X(C): [@— 1)? D? — 1] u(x) = & — 1) cosflog(x — 1) log(x — 1)(6.313) 


Solution of Example X(C) 


According to the schedule described earlier, set (x — 1) = exp(t) , 
(x — 1)?D? = A(A — 1) and transform (6.313) into the following: 


[A(A — 1) — 1] U(@) = exp(t) cos(t) t 
= [A? —-A- 1] U(t) = exp(t) cos(f) t. (6.314) 


Again proceed with the usual routine. 
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LaV/5 


Eqn = RP —k-1=0;k2 = a 


cnin-o() foe) (2) 


_ a 7 1 exp(i t) + exp(—i fr) 
Ini) = mx = 7 {exp(t) cos(t) t} = [a = 7 {exp(t) 5 t}. 
; 1 
= EEO ape = Gate = TG 
+ exp[t(1 —i)] ve 


[(A+1-i? -(A+1-i)-]] 
_ (5) explt(1 +) +i) — (1-21 Al {4} 
- (5) exwtrdt - 112-0 +2a1(0 
=~ (5) extra + e+ ir-a-201 
- ;) exple(1 Dye — +29). 


exp() : 
pitt) = 5 [(2 + rf) sin(t) + (1 — 2r) cos(t)]; 


— 


U(t) Scomp (t) a Thi (t) 


xn [(2 +12) sin(t) + (1 — 28) cos(t)]; 


OA we= («- 1)! [oe - + ox — 1)" } 


+ 


+5(¢— 1) (2 + loge — 1)}sinllogce — I] + 


+500 1) {1 — 2log(x — 1)} cos[log(x — 1)]. (6.315) 


6.12.6 Additional Problems Group IX 


Solve the following five problems by transforming each of the differential equations 
by setting the variable (ax + b) = exp(at). Then, work out their solution U(t). 
Also write the corresponding solution u(x). 
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[oe +3)2D* + 2x + 3)D| u = —log(x +3) (x +3). (1) 
[ 43)2p2 42% 4+3)D+ 3] u = —log(x +3) (x +3) . (2) 
[ex - 12D? — 20x — 1D] u = -2 log(2x — 1) sinflog@x — )] 2x = 1). B) 


[ex = 1) D*= 20x D+ 4 u = —2 log(2x — 1) sin[log(2x — 1)] (2x — 1) . (4) 


[cas 9D? — 3374-24 ;| u = sin[log(3x + 2)] (3x +2) . (5) 


6.13 Additional Factorable Equations 


Occasionally there is a second- or higher-order (linODE) that, by good luck or fortu- 
nate insight, can be factorized. Of course, the factorization has to be done in such a 
manner that it keeps the differential equation operationally intact. For instance, con- 
struct a second-order (linODE) with variable coefficients that is arranged in advance 
to be operationally factorable into the following pair of first-order equations. 


yy = [D+ M]y(x), (6.316) 
and 
Ix" D+Mi Jy =N, (6.317) 


where for brevity Mj (x) has been represented as M, , Mz(x) as M2, N(x) as N, yi (x) 
as y,. With the help of (6.316), which allows replacing y, by [D + M2] y(x), (6.317) 
can be represented as 


[x" D+ M|[D + Moly(x) = N. (6.318) 


The operator multiplication of the term on the left-hand side of (6.318) requires 
some care. For instance, (6.318) leads to the following second-order (linODE) with 
variable coefficients. 


{x" D® + [My +x" Mp] D + [x" (DM3) + Mi Mo]} y(x) 
=N. (6.319) 


In this chapter, for convenience, (6.316)-(6.319) are referred to as the “master 
equations.’ Analyses of factorable second-order differential equations will make 
extensive use of these master equations. 

Unfortunately by comparing a second-order differential equation with its master 
equation equivalent (6.319), one can glean only limited information. For instance, 
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while one can readily find what n and WN are, determining M, and Mj is less straight- 


forward. Here, one knows only the sums [M, + x” M2] and [x” (DM>) + M, Mp]. 
But alas that does not a readily accessible solution of M; and M, make. 


6.13.1 Examples Group XT: Additional Factorable Equations 


Check whether the following second-order equations are factorable. And if so, solve 
them accordingly. 


X10): [D?+@!'+)D+x"]y@ =x. 

X1(2) : [D° Te ee ere =x !, 

X1(3) : ii ane ale = x° exp(x). 

XI(4): [a x Jy = exp(x). 

X1(5) : | [D? ae = log(x). 

X1(6) : [D* +exp(x) D + exp(x)] y = 2x exp(x). (6.320) 


Solution: Example XI(1) 


One-to-one comparison with (6.319) leads to the equalities 


M,+x"M,=x '4+1; (6.321) 
x" (DMy)+ M|M, =x"! . (6.322) 


Because N = x andn = 0, M; and M2 are determined by the relations 


M,+ Mz, =x !+1. (6.323) 
(DM2)+M,\M, =x"! . (6.324) 


Elimination of M,, from (6.323) and (6.324), renders (6.324) into a Riccati 
equation—compare (6.242)—(6.268)— 


[D+ (x71 + DIM = [MP 4x71. (6.325) 


and solving it would involve a second-order differential equation. Thus, one would 
have made no headway at all! Unless, of course, one were clever and could guess 
M, or M) by inspection. 

Another two possibilities for success are if 
(A): M; is vanishing 
(B): or, M> is a constant. 

In order to solve (6.323) and (6.324), try the first possibility: meaning M, = 0. If 
this is true, then according to (6.323) and (6.324), My = (x7! + 1) and DM = x7!. 
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Which of course is not possible. 
On the other hand, the second possibility, namely M2 is a constant = c , works. Here, 
DM) = 0 and (6.325) becomes 


Go +lheaee+3—, (6.326) 


This is a quadratic with two solutions c = 1 andc = x~!. Clearly, the only acceptable 
solution, where M, = cis aconstant, isc = 1. Knowing M) = 1, (6.323), or (6.324), 
gives M, = x7!. 


Also because n = 0 and N = x, the central differential equations to be solved— 
namely (6.317)= (a) and (6.316)= (b)—can now be written as: 
@): [D+x"ly =2; 
(b) : [D+ l]y@) = yi. (6.327) 


Because both these equations are first-order (inODE), the procedures used in (4.2)— 
(4.18) apply and lead readily to the relevant solution. 


(a): y= + 


x 
El 
xp (x) 15 
(b) : y(x) = oj exp (— i ——dx + o2 exp(—x) + = rie — 2x42). 


(6.328) 


Solution: Example XI(2) 


Again work with the master equation (6.319) and the defining (6.316), 
(6.317), and (6.318). 


Here, n = 0, N = x7! and 
{2} : (M) + Mo) = (x7! +3); [DMy + M\ Mp] = 2x7! +1). (6.329) 


Clearly, M; = 0 does not work. 

Next, try M7 = c. Then DM, = O. One of the two solutions of the resultant 
quadratic in c is a constant equal to 2. This means c = My = 2 and therefore 
M, = (1+.x7!). Now that one knows all the relevant parameters, one can construct 
the pair of first-order (linODE) that need solving. These are: 


(a) : [D+(l+x7')]y = x7! ; 
(b): (D+2y@)=y. (6.330) 
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In the usual manner, their solution is found to be the following: 


- 1 
@: y= io) mie : 
x x 
exp(x) 
(b): yx) =o exp-20) | | Ja +02 exp(—2x) 
x 
+ exp(—2x) i [ee aw (6.331) 
x 


Solution: Example XI(3) 


Next, solve differential equation {3}. Here, = | and 
{3} : (M, +x M2) = -—2x+1); [X(DM2)+M\ Mo] =2. (6.332) 


Therefore, M, = 0 does not work. 
Next, try Mz = c. Then DM, = 0 and (6.332) represent two relations: (MM, + 
xc) = —(2x+1)andcM, = 2. Elimination of M, leads to a quadratic in c 


xe +(2x+)Dco+2=0. (6.333) 


Its two solutions are : c = —x~! andc = —2. Clearly, the solution which is relevant 
is when c is a constant. That is, c = —2. Knowing My = c = —2, one readily finds 
M, = —1. Knowing n, Mj, M2, and the fact that VN = x? exp(x), one can construct 
the pair of first-order (linODE) that need solving. These are: 


(a): [xD—1]y, = xexp(x) ; 
(b): (D-2y@%=y. (6.334) 


In the usual manner, their solution is found to be the following: 


(a): yy = o1x +(x? — x) exp(x) ; 
ont 


(b) : yx) =o exp2x) — (=) (Qx +1) 


— (x? +x + 1) exp(x) . (6.335) 


Solution: Example XI(4) 
Here, n=0 5 N= exp(x) and 


{4} : (Mi + Mo) = x7!; [DM)+M\M2] = — x7. (6.336) 
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As usual, first try M; = 0. Therefore, M. = x7! Then, DM, = —x~ and both 
the equations work. Now, one can readily construct the relevant pair of first-order 


(linODE). These are: 


(a) : Dy, = exp(x) ; 
(b):  (D+x7y@)=y. (6.337) 


Their solution is 


(a): yy = oO; +exp(x) ; 


Xx 02 
): y@) =a (5)+2 
1 
+ exp(x) — (<) exp(x). (6.338) 
x 
Solution: Example XI(5) 
Here, n = 0, N = log(x) and 
{5} : (M, + Mp) = 2x; [DM.+ M,M>] = 2. (6.339) 


Set M, = 0. Then, M, = 2x and DM, = 2. These two statements are consistent. 
Now, one can readily construct the relevant pair of first-order (inODE). These are: 


(a): Dy, = log(x) ; 
(b) : (D+ 2x)y(x) = y1 . (6.340) 


Their solution is 


(a): yy = 0, —x + x log(x); 


(b): yx) =o / exp(x”)dx + 02 exp(—x”) 


2 
4: (5) [log(x) — 1] (5) exo 2) [|| de 
2 4 x 


(6.341) 


Solution: Example XI(6) 
Here, n = 0, N = 2x exp(x), and 


{6} : (M, + M2) = exp(x); [DMy + M,M2] = exp(x). (6.342) 
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Again, first try M; =0. Then, M2 = exp(x) and DM, = exp(x). These two 
statements are consistent. Therefore, the relevant pair of first-order (inODE) is 


(a) : Dy, = 2x exp(x) ; 
(b) : | D + exp(x) | yx) = yy. (6.343) 


Their solution is 


(a): yy = oy + 2 exp(x) (x —-1) ; 
(b) : y(x) = (a; — 2) exp {- exp(a)} f exp fexp(x)}ds 
+ o2 exp {—exp(x)} + 2x —2. (6.344) 


Chapter 7 M®) 
Special Situations cro 


Unlike equations of the first-order and first-degree linear (ODE)’s that are second and 
higher order, and have variable coefficients, are often difficult to solve. Fortunately, 
there are equations of special types that are easier to handle. Some of these were 
treated in the preceding chapter. Different from special types, but somewhat in the 
same vein, are equations that represent “Special Situations’. With such situations 
in place, satisfactory solution is often possible. For instance, a given differential 
equation may be integrable. Similarly, equations that have both the independent 
as well as the dependent variables missing in any explicit form: And those that 
explicitly contain only the independent variable, or only the dependent variable, are 
easily handled. 

An interesting new situation called order reduction comes into play if one of the 
n non-trivial solution of an nth order homogeneous linear (ODE) is already known. 
Then, the given equation can be reduced to one of (n — 1)th order. 


7.1 Ordinary Differential Equations 


Both homogeneous—[See (3. 1)—(3.56)]—and inhomogeneous—[See (3.57)-(3.91)] 
—first- and second-order linear ordinary differential equations that have constant 
coefficients were discussed in detail in Chap. 3. Indeed, that discussion would also 
apply to similar equations of order higher than the second. Also studied, there were 
simultaneous linear ordinary differential equations—[See (3.92)-(3.143)]. But owing 
to the complexity of this latter study, simultaneous equations involving only two or 
three dependent variables were treated. 

Chapter 4 dealt with equations of first order and first degree with variable coeffi- 
cients. Included there was a discussion of the special case of the Bernouilli equations 
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[See (4.19)-(4.77)]. These equations, it turns out, can be transformed into standard 
linear (ODE)) of first order and first degree. 


The Second Order 


Unlike equations of the first order and first degree, as a rule linear (ODE)’s that 
are second and higher order and have variable coefficients are difficult to solve 
in terms of known elementary functions. Fortunately, there are exceptions to this 
gloomy rule. But, much like the Bernouilli!- equations, mostly the exceptions are 
equations of special types. Some examples of these are special equations that were 
described in the preceding chapter. Included there were the Clairaut” equations— 
[Compare (6.2)—(6.13)]—the La grange* equation—[Compare (6. 19)—(6.31)]—the 
Separable Equations—[Compare (6.32)—(6.35)] and the a -_ (2) equations— 
[Compare (6.36)—(6.73)]. In addition, there are the so-called Exact- [Compare (6.74)— 
(6.91)] and Inexact-Equations—[Compare (6.92)—(6.241)]—Ri ccati* equations— 
[Compare (6.242)-(6.268)]—Euler’ equations—[{[Compare (6.269)-(6.315)] , and 
the Factorable Equations—[Compare (6.3 16)-(6.344)]. 

Described below are a few equations that represent special situations. Such situa- 
tions are slightly different from the special types treated in the preceding chapter. And 
with these situations in place, satisfactory solution of relevant differential equations 
is often possible. 

Simple Cases—see (7.1)—(7.27)—are studied first. These cases are either readily 
integrated, or they have the independent and/or the dependent variables missing in 
explicit form. 

In (7.29)-(7.47), one works with an interesting new situation that is referred to 
as order reduction. Generally, it is not very likely that one of the non-trivial solution 
to a given differential equation is known. However, if it should happen, the given 
equation can be reduced to one which is of order one lower than the original. This 
is particularly helpful when dealing with a first-degree, second-order homogeneous 
linear (ODE). Because with prior knowledge of one non-trivial solution, the equation 
evolves into one of the first order. And such first-order differential equations are often 
more manageable than the original second-order equations. 

Should a differential equation with variable coefficients also be inhomogeneous, 
finding its complete solution would require knowledge of both its complementary 
solution and the particular integral. While the method of undetermined coefficients— 
see (3.60)—-(3.91)—-worked well for determining the /,; for equations with constant 
coefficients, differential equations with variable coefficients, in contrast, are best 
treated by a procedure termed variation of parameters . This latter procedure is 
described and extensively illustrated by relevant application—see (7.48) — (7.62). 

Finally, two different varieties of second-order differential equations are con- 
sidered where a known special situation obtains. For known special situations, the 
second-order differential equation can often be solved by following particular rou- 
tines which are special to that case. These routines are described in detail in (7.63)— 
(7.124). 
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7.2 Simple Cases 
Equation (1) 


Consider 


[D?y]" = (x) , (7.1) 


or, equivalently, the second-order, first-degree ordinary differential equation 


(Ds [D’y] = f@. (7.2) 


Here, as usual, D = 4. Clearly, differential equations of the form (7.2) can directly 
be integrated. First and second integration yields 


i: [D?y]dx = Dy = / fade tor , 


[rove i fu {/ foas| +a;x+oa2. (7.3) 


As an exercise, in (7.2), try 


f@®)=x9-x. (7.4) 
Then, (7.3) leads to the result 
_ Xo x x3 ea 4 (7.5) 
y= 5 r O\X +02. : 


Equation (2) 


Next, treat equations of the form 


(2) : D’y(x) = f (Dy(a)) . (7.6) 
Use the notation D = 4, q(x) = ae = Dy(x), and rewrite (7.6) as 
d 
1 = Figo] 
and integrate. 
ea =x + constant. (7.7) 
q(x 


The left-hand side of (7.7) is some function F'[q (x)] that in principle determines q(x). 


Once g(x), = ate , is known, its integration would lead to the desired solution y(x). 
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Equation (3) 


[Dy] =1+ (Dy) . 
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(7.8) 


A more suitable form, convenient for calculation, is the square root of (7.8). 


d 
GB): Dy@) = Dg@) = A 
Xx 


=4/1+(q00P . 


Or, equivalently, 


dq(x) 


Tl —} +d 
fuer 


Integration leads to 


sinh ![q (x)] = +x + constant . 


Inverting (7.11) yields 


dy(x) _ 


g(x) = = sinh[x+o,]. 
dx 


And final integration with respect to x leads to 


y(x) = cosh(x +01) +02 . 


7.2.1 Problems Group I 
Solve the following (ODE). 


[Dy] =1+4 (Dy) . 


7.2.2 Equations (a) and (b) 


Consider second-order, first-degree linear (ODE) of the form 


D’y(x) + ®(x) Dy(x) =0. 


(7.9) 


(7.10) 


(7.11) 


(7.12) 


(7.13) 
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This equation is best re-expressed as a first-order, first-degree linear (ODE) in terms 
of ay @ . 
q(x)—meaning, —as the new dependent variable. 


Dq(x) + ®(x) q(x) = 0 , (7.14) 


Once solved, g(x) can be integrated with respect to x to find y(x). Below, we solve 
the following first-degree linear (ODE)’s. 


(a): D’y+(x+x*)Dy = 0; 
(b): D’y+exp(x) Dy = 0. 15) 


In the following, we define M(x), N(x), and W(x) and work out the solution. 


7.2.3 Solution 


(a): Dq(x)++x*)q(Qx) = 0. 
M(x) =x+x? ; N(x) = 


0; 
x? x? 
lanes egy = ep (> +3) 


q(x) = we ) |/ Woy Madd +or| 


Integrating g(x) with respect to x leads to the desired solution. 


x2 x3 
ya) = [acoas = 01 [oe (-5 - a+ 08 (7.16) 
(b) : Dq(x)+ exp(x) q(x) = 
M(x) =exp(x) ; N(x) = 


W(x) = exp iu M(x) ax) = exp{exp(x)} ; 


a ll W(x) N(x) dx + a| 
=o, exp{—exp(x)} . 


q(x) 
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Therefore, the solution y(x) is 


y(x) = [acoa = 01 [op-epe)ar tor . 
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(7.17) 


Clearly, this procedure would work just as well for other choices of the function ® (x). 
To that end, it is helpful to set z = — exp(x). Then, represent f exp {— exp(x)}dx 


as l ae) dz= 03 Ei[z] = 03 Ei[-exp(x)]. 


7.2.4 Equations (c) and (d) 


Solve the following second-order, first-degree linear (ODE). 


1 


(c): D?y(x) + —~ Dy(x) = 


y(x) 


(d):  D°y(x) +2 yx). Dy(x) 


Solution (c) 
Because 


dq(x) _ dq(x) dy(x) _ dq() 


D*y(x) = Dq(x) = = 


dx dy(x) ¢ 
and 
_  4aq(x) =i 
(ey: dy) q(x) + ea . Dy(x) 
_ dq(x) == = 
= deny. 1 5a A” 
Therefore, 
(c) : dq(x)_ 1 
j dy(x) ——y(x) * 


Integrate the above with respect to y(x) . 


dq(x) = a 
{4 .dy(x) = [eae = / 


We get 


q(x) = —logly(x)]— 90 . 


dy(x) ~ 


dy(x) 
y(x) 


(7.18) 


q(x) , (7.19) 


(7.20) 


(7.21) 
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Invert the above 


1 dx 1 
q(x) dy(x) ~—logly(x)] +. a0 ” 


multiply both sides by dy(x) and integrate 


| ae / dy(x) 
x= 
logly@)1 + 00 


[Note it is helpful to know also the equality: 


rat = —expl—oo) f SBN a logly(x)] + 00). 
The result is 
(c) : x+oa,; = —exp(—o9) Ei [log y(x) + oo] ; (7.22) 
Solution (d) 
(d): D*y(x)+2y(x). Dy(x) =0 : (7.23) 
Equation (d) can be shown to lead to 
d 
ME) = yyy (7.24) 
dy(x) 


Integration with respect to y gives 


dq(x) 7 dy) 
[Zo = q(x) = 7. 


= -2 J y(x).dy(x) = (00) — y(x)’ (7.25) 


where (a9)? is a constant. Invert (7.25) and integrate with respect to y(x). 


dy(x) 
aos las fo .. 
[las]. ¥@) = / a Gi? yay 


= r=(S)u nh7 PO) (7.26) 
00 00 


(d): y(x) = 09 tanh[oo9- (x +0))] . (7.27) 


Thus, the final result 
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7.2.5 Problems Group II 


Solve the following two differential equations (1) and (2). 


(is D’y+yDy=0; 
(2): D’y+exp(y)Dy=0. (7.28) 


7.3 Order Reduction 


Occasionally, the unlikely is true and one of the v non-zero solutions to a vth order 
homogeneous linear (ODE) is already known. When that happens, the given equation 
can be reduced to an equation of the (v — 1)th order. 

Consider, for example, a vth order homogeneous linear (ODE) 


> aj(x)D'u(x) = 0 (7.29) 


i=0 


where {a;(x)}, i =0,1,..., are all known functions of x. The solution u(x) of 
(7.29) is of course unknown. Given g(x) is a known solution of (7.29). Consider a 
function ¢(x) that is a product of g(x) and a new function f (x). 


P(x) = f(x) g@) . (7.30) 


Assume f(x) is so chosen that ¢(x) is also a solution of (7.29). This require- 
ment results in Df (x) satisfying homogeneous linear (ODE) of the (v — 1)th order. 
Because the size of the relevant algebra decreases rapidly with decrease in order, for 
simplicity one works with a low value of v. Accordingly, in the following, only a 
second-order linear (ODE)is treated. 


[ao(x) + ay(x) D + ay(x) D?]u(x) = 0 . (7.31) 
The two solutions to this equation are notated u;(x) and u2(x). Regarding these 
solutions: 
(a): Assume uw; (x) is a known (or correctly guessed) non-trivial solution. 


[ao(x) + ai(x) D +. a2(x) D?] uj(x) = 0 (7.32) 


(b): The other linearly independent solution, u>(x) , to the same differential equation, 
that is 


[ao(x) + a1 (x) D + an(x) D*] u(x) = 0, (7.33) 


is currently unknown. 
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7.3.1 Linear Independence of uy and u2 


It was asserted above that functions u,(x) and wu2(x)—see (7.32) and 
(7.33)—are linearly independent. It is helpful to show that this assertion is correct. 

According to (3.47), two functions u(x) and u2(x) = f(x) u4(x) are linearly 
independent if and only if their Wronskian is non vanishing. In other words, functions 
u1(x) and u2(x) are linearly independent only if the following is true 


u(x) f(x) u(x) 
Duj(x) D[f(*) ui] 


uy(x)  u2(x) 
Duj(x) Dug(x) 


| =uj(x)- Df(x) #0. 
(7.34) 


With f(x), as in (7.45), the right-hand side of (7.34) is 


(1): w(x) Df (x) = a9 - exp |- f Sas] (7.35) 


a2(x) 
As such, the Wronskian is non-zero as long as a) (x) is non-infinite and a2 (x) is non- 


zero. Assuming both these requirements are satisfied, wu, (x) and u(x) are indeed 
linearly independent. 


7.4 Reduce Order from Second to First 


Represent the second solution as a product of the first and a new function f (x). That is 
uz(x) = fx)ui) . (7.36) 
Because uj (x) is already known, in order to determine w(x) all one needs is calculate 


f(x). And to that purpose, proceed as follows: 
(A): Differentiate (7.36) twice. 


Dur(x) = f(x) Dus(x) + u(x) Df (x); 
D?ur(x) = f(x) Duy (x) + 2 Duy(x) Df (x) + u(x) D? f(x) . (7.37) 


(B): Substitute these differentials into (7.33). 


0 = a f(x) ui) +a @)[f(%) Dux) + ui) Df(*)] 
+ap(x)[f (x) D’uy(x) + 2 Duy (x) Df(x%) + ui) Df). (7.38) 


(C): Rewrite (7.38). as 


0 = f(x) [a +. a(t) D + a(x) D7] u(x) + a(x) u(x) DF) 
+ 2a (x) Duy(x) Df (x) + a(x) u(x) D’ f (x) . (7.39) 
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As per (7.32), the first term on the right-hand side of (7.39) is equal to zero. By 
introducing a convenient notation, 


v(x) = Df (x) (7.40) 
one can write the remaining parts of (7.39) as 
[ay (x) uy(x) + 2an(x)Duy(x)] v(x) + ag(x) uj (x) Du(x) = 0. (7.41) 


Dividing both sides by a2(x)u;(x)v(x) and then multiplying by dx yields a neater 
version of (7.41). That is 


1%) gg MH), dvle) _ 


x = (7.42) 
ay(x) uy (x) v(x) 
Integration gives 
a(x) 
dx + 2 log[ui(x)] + log[v(x)] = log(co) 
a(x) 
and exponentiating both sides leads to 
ai (x) 2 
exp dx |- [uj(x)]“- v(x) =o . (7.43) 
p(x) 
As such 
pea [= Fr] (7.44) 
v(x) = 69 ———_—— . 
° fw GP 
df (x) 


Because according to (7.40), v(x) = 
to x would give 


a(x) 
exp|— jf 774dx 
focoarea f PRO, faf6 dx = f(x) . 


[wi (x)? dx 


aq,» and therefore an integration with respect 
x 


The conclusion: if one solution is known—that is, if u;(x) is already known—for 
a second-order linear ordinary differential equation, one can always find its second 
solution u(x). 


x exp [-/ 2163 dx j 


(D) + r(x) = mi) FX) = oma): | —Toare 


x. (7.45) 
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7.4.1 Examples (1)-(VII) 


The seven differential equations and their first solution, u;(x) , are given below. By 


using the procedure ‘reduce order from second to first’ work out the second solu- 
tion u(x). 


(1): (D?+4)u(x) = 0. : w(x) = oy sin(2x) 
U1): (D?+bD—-2b*)u(x) = 0. : u(x) = o exp(bx) 
(Il): [D? + D—2]u(x) = 0. : uj(x) = of exp(x) 
dV): [D? —2D + 1]u(x) = 0. : u(x) = o exp(x) 
(V): (x? D?—x D—3)u(x) = 0. : u(x) = ox? 


2 
(VI): (D?4+xD4+Dux) = 0. : u(x) = exp |—4 


yy, 
2 
(VII): (D? +x D+ x)u(x) =0.: uj4%) =a exp |x| (7.46) 
7.4.2 Solution 
(1): u(x) = o sin(2x); a(x) =1; a(x) =0, an(x) =4 | 


— (2 
uz(x) = o| sin@x) op f SPELO A 4, 


[o; sin(2x)/2 


= sin(2x) f 73 ax = 0) c0S(2x) = u(x) : (1). 


(I): uy(x) = of exp(bx); M(x) =13; a(x) =b, a(x) = —2p° ; 
b 
—|{(2)d 
ux(x) = oa exp(bx) 00 | eel FO a 
02 exp(—2bx) = u(x) . :(2). 


(II): uy(x) = oj exp(x); a(x) = 13 a(x) = 1, a(x) = -2 ; 
exp Lf ~ (7)4*] 

O71 exp(x) * ao | —eeSGeS 

= 07 exp(—2x) = u(x) :(). 


u2(x) 
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UV): ui) = 01 exp(x); a(x) = 1; a(x) = —2, a(x) = 1; 


u(x) = oj exptx)-o9 f SP OMA 4, 


[exp(x)? 
= 02x exp(x) = u(x) Ow 
(V): u(x) = 01x73 a(x) = x73 a(x) =—x, an(x) = -3 ; 
inte) = 1x -oy f PETIT gy _ 2 (5) . 
[a1 x32 x 


N 


(VI): u(x) 


ll 
A 
fe) 
1 
mo) 


) > Max)=1; a%)=x, a)=1; 
) oy f SPU, 


a [exp(—x?)] 
x? x 
>): foo(> Jax = = u(x) :(6). 


I, oI 


= 02 exp 


& 
eee 
(- 
( 


(VII): uj(x) = o; exp{| x — *) 3 a(x) =1; a(x) =x, a(x) =x ; 


: a 
u(x) = oF exp(r—*) oy f SPL 


2 [exp (« - )P 


x? x? 
= 02 exp (: — >) [exp E _ 2x Jas = u(x) :(7). 


(7.47) 


7.4.3 Problems Group HI 


Given one solution, u(x), find the second solution, u2(x), of the following differ- 
ential equations. [Hint: Read (7.32)-(7.47).] 


(1): (D* + 1)u(x) = 0. : w(x) = gq sin(x) 

Oy 42 OW 4erpotw ob. aise exp {(v2-1) «| 
1 

(3): (2+ D+ 5) uo = = 0. : m(x) = 0 exp (—5) sin (5) 

(4): (D* —2D + 2)u(x) = 0. : u(x) = o; exp(x) sin(x) 


(5): (2? D*=xD—l)u(x) = 0. : u(x) = oy x!*¥? 
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oH 
(6) :  (D?—xD—Du(x) = 0. : m@) = 01 eo () 


2 
(7): (D? + x D — x)u(x) =0.: u(x) =a esp(-x-5). 


7.4.4 Particular Integral 


Second-order homogeneous linear ordinary differential equations were treated in the 
preceding section. Similar homogeneous linear (ODE)’s that are made inhomoge- 
neous are treated here. The latter is done by the addition of a known function, B(x), 
to the right-hand side in place of the zero that normally appears in homogeneous 
linear (ODE)’s. 

If Scs(x) is a complete solution of such equation—compare, (2.5)—one would 
have 


[ao + a(x) D + ap (x) D*] S.s(x) = BX) . (7.48) 
As noted in (3.59)—also compare (2.16)—the complete solution, S,;(x) is the sum 
of the complementary solution, Scomp(*) = 41 (x) + u2(x) , and a particular integral, 
Tpi(x). That is 
Ses (x) = Scomp (*) + Tpi(X) = uj(x) + u(x) Se Ti (x) 


Thus, in addition to solving the differential equations 


[ao + a(x) D +a2(x) D*]us(x) = 0 , 
[a0 + a1 (x) D + ap(x) D?Jur(x) = 0 , (7.49) 


one would also need to solve 


[ao + a(x) D+ a(x) D*] Ipi(x) = B(x) . (7.50) 


7.4.5 Calculation of Ip;(x) Variation of Parameters 


As per our previous experience determining /,,; (x) for inhomogeneous linear (ODE)’s 
with constant coefficients—see (3.60)—(3.91)—it is reasonable to expect the current 
particular integral, [,,;(x), will also bear relationship to the solution of the homoge- 
neous linear (ODE) (7.49): namely uw; (x) and u(x). With this expectation in mind, 
introduce a trial solution of the form 
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Tpi (x) = fi) ui) + fo) ur) , (7.51) 


where f|(x) and f5(x) are unknown functions that need to be determined. Clearly, 
in order to determine /|(x) and f2(x), two independent differential equations that 
involve these functions are required. 

Another important point to note is that the basic differential equation that specifies 
I; (x)—that is (7.50)—is second order. Therefore, one would need to differentiate 
the trial solution (7.51) twice. 


7.4.6 Procedure 


Differentiate (7.51). 


DIpi(x) = fix) Duy (x) + fo(x) Dur(x) 
+ [ui (x) Dfi(x) + u2(x) Dfh(x)] . (7.52) 


Differentiating once again would obviously introduce D? f\(x) and D? f2(x). But 
most certainly, unless it cannot be avoided, nobody wants to be stuck with having to 
deal with second-order differential equations for the yet to be determined functions 
fi (x) and f2(x) . Therefore, if at all possible, second differentials of f\(x) and f(x) 
must be avoided. Obviously, therefore, one must set that part of (7.52) equal to zero 
which upon differentiation would introduce the unwanted second differentials. This 
implies setting 


{FIRST} : [uwi(x) Dfi(x) + u2(x) Dfh(x)] = 0. (7.53) 


As a result, one now has 


D1pi(x) = filx) Duy (x) + fo(x) Dur(x) ; 
D?1,i(x) = Dfi (x) Duy (x) + Dfy(x) Dur(x) 
+ fi(x) Duy (x) + fo(x) D?ur(x) . (7.54) 


Rewrite the original differential equation, namely (7.50), by making use of (7.51) 
and (7.54). That is, write 


Bax) = [ap (x) + ay (x)D + az (x) D* [pj (x) ; 
= an (a)Lfi@) ui) + fo(x) u2(*)] 
+ aa) fi @) Duy (x) + fo) Dug(x)] 
+ an(x) [Df (x) Duy (x) + Dfa(x) Dur(x) + fi (x) D*uy (x) + fao(x) D?uy(x)] 
(7.55) 
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as 


B(x) = fi(x)Lao(x) + a1 (x) D + ap(x)D* Ju (x) 
+ fo(x)[ao(x) + a1 (x) D + ax(x) D7 Jua(x) 
+ a(x)[Dfi (x) Dui (x) + Dfr(x) Dur(x)] . (7.56) 
Recall that each of the two functions u;(x) and u(x) are solutions of the differ- 


ential equation (7.49). As such, the top two lines on the right-hand side of (7.56) are 
zero, and the third can be written as 


{SECOND} : Df\(x) Dui(x) + Dfa(x) Duz(x) = {B@)/ag@@)} . (7.57) 


Clearly, (7.57) is the desired {SEC ON D} of the two differential equations—the first 
being (7.53) named {F J RST}—that Df\(x) and Df2(x) must satisfy. 

Equations {F 7 RST} and ({SEC OND} are simultaneous linear equations in two 
unknowns Df}(x) and Df2(x). Using elementary algebra, one finds 


fi u(x) 
n= dx loan _ aa (BOr)/ar(x)}; 

— df, _ u(x) 
Dfx(x) = ria Fromraperarnel {B(x)/a2(x)}. (7.58) 


Integration leads to the functions f(x) and f,(x). Recall that one started off already 
knowing the solution to the homogeneous part of the differential equation—namely 
u;(x) and u2(x)—therefore the particular integral, 


Tpi(x) = fie) ui) + fax) uae), 


can now be evaluated. 


7.4.7 Examples: Ipi(x) — A) > Tpi(x) — 4) 


We determine the /,;(x) for examples numbered (1) - (4). Given alongside, these 
equations are the relevant u;(x) and u2(x): that is, both the first and the second 
solution to the homogeneous part of each of these differential equations. Note that 
these equations have constant coefficients. Therefore, they can be solved by using 
‘undetermined coefficients’ that were described in detail in (3.60)—(3.91). Indeed, for 
inhomogeneous linear (ODE)’s with constant coefficients, undetermined coefficients 
are much easier to use than the “variation of parameters’ procedure currently under 
discussion. Still, for demonstrational purposes, we use the more laborious variation 
of parameters procedure described above. 
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Tpi(x) — (1): (D? +4)u(x) = x exp(x); 

uy(xX) = o; sin(2x); u(x) = a2 cos(2x) .. (1) 
Tpi(x) — (2) : (D*?+bD—2b?)u(x) = exp(x); 

uy(x) = a, exp(bx) ; u2(x) = o2 exp(—2bx). (2) 
Ip) — 3) : (D?+D—2)u(x) = 1/x; 

uy(x) = o; exp(x); u2(x) = a2 exp(—2x) . (3) 
Tyi(x) — (4) +: (D?-2D+1)ux) = x; 

uy(x) = ao; exp(X); u2(x) = o2x exp(x) .(4) (7.59) 


7.4.8 Solution 


Employe (7.58), calculate Df; (x) and Df2(x), integrate the result, and determine 
fix) and f2(x). 


In(x) — I) + DA) = (=) exo cos(x) , 


20) 
Df(x) = — (=) exp(x) sin(x) , 
202 
exp(x) ; 
fia) = ( 500 ) [10x — 4) sin(2x) + (Sx + 3) cos(2x)] + 03 , 
1 
(=~) 
haw = - {(5x + 3) sin(2x) + (4 — 10x) cos(2x)] +04 . 
5002 
Given uj(x) = oj sin(2x) and u2(x) = a2 cos(2x)—-see equation I,;(x) — (1) 


in Examples J,; (x) —the relevant /,;(x) is readily found. 


Tpi(~) — (1) + Lp) = fi) ui) + fax) ur) 


ex 2 ex 
= . me ae +03uU4(X) to4Uuy(x) . 


) exp[(1 — b)x] , 


1 
Tpi(x) — 2) : Dfi(x) = (ae 


1 
a) exp[(1 + 2b)x], 
1 1 
fA@) = (sx) (5) exp[(1 — b)x] + 03 


1 1 
fax) = (==) (<5) exp[(1 + 2b)x] + 04 . 


Dfx(x) = -( 
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Given uj(x) = oj exp(bx) and u2(x) = op exp(—2bx)—-see equation 
Tpi(x) — (2) in examples [,;(x) —the relevant J; (x) is 


Ipi(x) — (2) > Ip) = fi@®) mi) + fp) w(x) 
pe) [ta] + os mix) + o4u2(x). 


’ 


1 
Tay — @). = Dfi@) = (=—) exp(x) 


301 x 


1 jae 
(; 02 x , 


1 
Ai@) = (=) Ei(—x) + 03 


Dfy(x) 


301 
1 
fa(x) = -(=) BUQ8) oh. 4 
309 
Given uwi(x) = o; exp(x) and u2(x) = a2 exp(—2x),—see equation 


I,i(x) — (3) in examples /,;(«) — the relevant [,,;(x) is 


Tpi(x) — (3) 2 Lpi) = fi) ui) + far) v2) 


exp(x) _. 1 : 
= 3 Ei(—x) re 2x) Ei(2x) + o3u4(x) + 04UuU2(x). 


Givenu)(x) = ao; exp(x)andu2(x) = o2x exp(x)—see equation /,;(x) — (4) 
in examples /,;(x) —the relevant J,;(x) is found by following a similar procedure 
to that used above. 


1 
Ipi(x) — (4) > Df) = - (—) x* exp(—x) , 


1 
Dfx(x) = = (=) sex, 
02 
fi@®) = (=) (x? + 2x + 2) exp(—x) + 03 
1 
1 
hx) = - (=) (x + 1) exp(—x) + o4 
a2 


Therefore, one has 


Tyi(x) — (4): Lp) = fi) ui) + fo) u2(x) 
67 4944 DSH De oa) + Gee): 
=x+2+03u;(xX) +04 U2(x) (7.60) 
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7.4.9 Examples: Ipi(x) — (5) > Ipi(x) — (10) 


Somewhat more complicated equations than those numbered (1)-(4) are treated 
below. Note: given alongside, these differential equations are uj (x) and u2(x) , which 
are the two solutions to the homogeneous part of each of these differential equations. 


(5) (x? D?-x D—3)u(x) = (=) nt Sea eas Se (=) 


Xx 
(6) (x7 D? +x D+ 1)u(x) = log(x) ; 
uj(x) = 0 sin[log(x)] ; u2(x) = a2 cos[log(x)] 
(7) [x?D? + x D+ 4]u(x) = x’ log(x) ; 
u(x) =o, sin [2 log(x) | 5 U2(x) = 02 COS [2 log(x) | 


(8) [x@+1)D?-@+1)D+ lu) = (<) sux)=ae+); 


u2(x) = oo[x log(x + 1) + log(x + 1) + 1 
(9) [(@? — 1) D? — @? 4+ 2x —1) D+ 2xJu(x) = x3 mx) =014+ 1); 


u(x) = o2 exp(x) 
(10) [(x +2)? D? + (w@ +2) D+ Iu(x) = (x +2): 
u(x) = oj sin[log(x + 2)] ; w2(v) = 02 cos [log(x + 2)]. (7.61) 


These differential equations, namely (7.61)-(5)-(7.61)-(10), do not have constant 
coefficients. Therefore, for determining their J,;(x), it is appropriate to use the 
“variation of parameters’ procedure. Recall that the variation of parameters procedure 
was discussed in detail when equations (1)—(4) were solved above. 


7.4.10 Solution 


As before, use (7.58); calculate Df (x) and Df2(x); integrate the result; and deter- 
mine f|(x) and f(x). 


Ipi(x) — (5): fie) = —(2001x°)) + 03; fas) = (oox)! +054. 
Using the information: u;(x) = 0123, u(x) = % and 

Tpi (x) — (5) = fi@) ui) + fol) ux) , 
one gets 


1 1 x? 
Tpi (x) — (5): Ipi(e) = 0x2 as = + 03u4(x) + o4ur(x) . 
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Next, consider equation J,;(x) — (6). 
1 
Tpi(x) — ©): fi@)= a, oe iaintoe(s) cosllog + O55 
1 
fx) = = {sin[log(x] — log(x) cos[log(x)]}- + 04 . 


And the fact that uj (x) = a, sin[log(x)] , u2(x) = o2 cos[log(x)] and 


Ipi(x) — (6) = file) ur (x) + fax) ura) 


leads to the result 


Tyi(x) — (6): Tp) = log(x) + 034, (x) + o4U2(x) 


In similar fashion equation J,;(x) — (7) leads to the following: 


2 
Ip) — 1: fi@) = Taay {2 loa(x) - 1] sin[2 log(x)] + 2log(x) cos[2 log(x)]} + 03 : 


2 
fo(x) = = {[2 log(x) — 1] cos[2 log(x)] — 2 log(x) sin[2 log(x)]} +04. 
o2 


Therefore, using uj(x) = 0; sin [2 log(x) | , U2(X) = 02 COS [2 log(x) | and the 
equation 


Tyi (x) — (1) = fi) u(x) + fox) ure) , 


one is led to 


x2 2 


Tpi(x) — 1): Ipi@) = eee 7 + 03u\ (x) + o4uU2(x) 


Proceeding as in equation I[,;(x) — (6) one has 


1 244 l ie 
(8): n= 24 (2 + toe + ee =} ee 


Therefore, using uj(x) = 0; sin [2 log(x) | , U2(X) = G2 COS [2 log(x) | and the 
equation 


Tpi(x) = fie) u(x) + fa) ux) 
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gives 


1 
(7.61) — (8) : Ipi(x) = > [ (x + 1) log + 1) — («x + 1) log(x) - 1] 
+ 03U\(X) + o4U2(X). 


Proceeding as usual, (7.61)-(9) leads to 


1 1 
®: A@= (Jos G1 + 03 ; 


A®= ( : ) je | ie 
02 x—-1 


Therefore, using uj (x) = a) (x + 1; , U2(X) = 02 exp(x) and the relationship 


Tpi(x) = fix) ui(x) + fo(x) u2(x) 
one gets 
1 
(7.61) — (9): Tp (x) = = + 034, (xX) + o4un(x) 


Finally, we treat (7.61)-(10). 


(10): fi) = * (4 ii *) {sin[log(x + 2)] + cos[log(x +2)]} + 93. ; 


1 (xt 
h@= —- % (4 *) {sin[log(x + 2)] — cos[log(x + 2)]} + o4 


Therefore, using u(x) = oj sin[log(x + 2)] , u2(x) = a2 cos[log(x + 2)] and the 
relationship 


Tpi(x) = fi) u(x) + far) ux) 
one readily finds 
(7.61) — (5): Trix) = 5 + 1 + o3ui(x) + o4ur(x) 


Note: Because 03 u(x) + 04uU2(x) are already present in the complementary 
solution, they can be ignored from the relevant result for [,,; (x) for differential equa- 
tions (7.59)-(1) > (7.59)-(10). 
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7.4.11 Problems Group IV 


Determine the /,;(x) for the following inhomogeneous linear ordinary differential 
equation with constant coefficients numbered (1)—(10). Given alongside are uw) (x) 
and u2(x) : that is, both the first and the second solution to the homogeneous part of 


each of these differential equations. [Hint: Read (7.48)-(7.58).] 


(1) (D? + 1)u(x) = exp(x); w(x) = a1 sin(x); u2(x) = 9 cos(x). 
(2) (D?4+2D—2)u(x) = x2: uy) = o; exp | (v3 - 1) x| 


oe oe exp |(-v3 - 1) x| : (2) 

(3) (>*+ D+ 5) u(x) = x; m0) = 01 exp (—3) sin (3) 
ur(x) = op exp (-3) cos (5) (3) 

(4) (x? D? + 1)u(x) = log(x); wi) = 14 Js sn| (3) ets : 
u(x) = oa views| (33) ets : (4) 

6.0? +9 S wee ew See. 


Xx 
(6) (x7 D? +x D+ 1)u(x) = x log(x); 
ui(x) = 9; sin[log(x)] ; u2(x) = 2 cos[log(x)] —: (6) 
(7) (x°D? +x D+ 3)u(x) = (1/x) log(x) ; 


(x) = 01 sin [v3 log(x)] > ua(x) = 02 cos [v3 log(x)] - (7) 


(8) [x@+1)D?-(@+1) D+ lu) = u(x) =o, (x +1); 


u(x) = oo[x log(x + 1) +log(x +1) +1] : (8) 
(9) [(x? + 2x) D? — (x? +44 4+2)D4+2(¢4+ Diu) = x41; 
uy (x) = 0 (+2)? 5 u(x) = a2 exp(x) : (9) 


(10) («+12 D?+@4+)DD4 uw =4+); 


uy(x) = oj; sin [log(x + 1] 5 U(X) = G2 COS [log(x + 1)] .10) (7.62) 
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7.5 Other Special Situations 


Consider the following second-order linear (ODE) with variable coefficients. 
[Mo(x) + Mi(x) D+ D7] u(x) = Bx) . (7.63) 
The complete solution is the sum of complementary solution and the particular 
integral. The complementary solution of a second-order differential equation with 
variable coefficients can be very hard to find. Generally, it is constituted of two non- 
trivial solutions, and assuming neither of these can conveniently be found, one looks 


for special situations. And there are some such situations, but they require appropriate 
transformations that use either Mo(x) or M(x), functions that occur in (7.63). 


7.6 Transformation Using M, (x) (7.63) 


In an attempt to solve (7.63), try a transformation that utilizes M, (x). Represent the 
solution of (7.63), namely u(x), as 


u(x) = y(x) A(x) , (7.64) 


where 
A(x) = exp Jo f moar] : (7.65) 


Inserting (7.64) into (7.63) and doing a little bit of algebra, one can rewrite the latter 
as 


[{a(DM1) + (M1)? (a? + a) + Mo} + Mi (2a + 1) D+ D?) yx) 
= H~'(x) B(x). (7.66) 


If one sets a = —5 , that is, if one uses the relationship 
Qa+1) = 0, (7.67) 


the term that multiplies D in (7.66) vanishes. And as a result, except for D”, the only 
remaining term on the left-hand side of (7.66) is 


{a (DM,) + (M1)"(a? + a) + Mo} 


1 1 
: {-5 Dm - M+ mol =. (7.68) 


And a happy circumstance is that when G is either equal to a constant, or is propor- 
tional to x~2. That is, when 
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Either G=C ; : (a) 
Or G=Cx?, : (B) (7.69) 


where C is a constant. 
Examine precisely what all this implies. Recall also that (7.64) specifies y(x) = 
~! w(x) and with the use of (7.67), (7.65) gives H~! = exp[4 f M,(x) dx]. There- 
fore, if in addition to (7.67) one uses also (7.69)-(a), the differential equation for 
y(x) , namely (7.66), becomes 


[C + D*] yx) = A! (x) BQ), (7.70) 


On the other hand, when one uses (7.69)-((2) the differential equation (7.66) leads to 


[Cx 7+ D*] y(x) = H7!(x) B(x). (7.71) 


Note, both these equations for y(x)—namely (7.70) and (7.71)—would be much 
easier to solve than the original differential equation (7.63). 


7.6.1 Examples Group VHT 


A set of second-order differential equations are worked out below. 

Reminder: These equations are written in the form of (7.63). So their solution is 
represented as u(x). By using, (7.63)-(7.71) one calculates first the function y(x). 
And because u(x) = y(x) H(x), after this calculation one multiplies the result by 
H(x) = exp[a f M(x) dx] = exp[—3 { Mi(x) dx] where a = —}. 


(1) [(4x7 -2) —4x D+ D?]u = exp(x’) x 


2 
(2) [(e2-1)- 2x) D+ Du = x exp(* =) 


3) (5 -) —xp+p"] = (2)e(5) 
(4) Ie ;) - (2) 0+ D7]u = x exp | 


(5) [4@-—b?-4@-1)D+D?|u = exp(x’) 
‘a Se 
6) wae (5) ore |u =. 


la 
o l-z, _ + (=) 0+ "| ag 


(8) [4 exp(2x) — {1+ 4exp(x)} D+ D?| u = exp(2x) 
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) D+ | u=x?. (7.72) 


7.6.2 Solution 


(1) Mo = (4x?-2) ; M,=—4x; G=C=0; H =exp(x’) ; 
B= exp(x’) x ; 


Therefore, 


[C+D*]y = [0+D?]y=H"'B 
This is a simple differential equation that can directly be integrated. 
a 
y(x) =o1x +02+ re (7.74) 


Therefore, the solution of the differential equation (7.72)-(1) is 


3 
(1) u(x) = y H =y exp(x’) = & + 02+ =| exp(x*) . (7.75) 


x 


2 
(2) Mo=(x*-1); M,=-2x; G=C=0; a=en() 


x? + 2x 


B=x exp ( ) : D’y = H'B=x exp(x) . (7.76) 


Again, one can proceed by direct integration. 
y=o\x +02+ (x — 2) exp(x) . 


And the solution of (7.72)-(2) is: 
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x? Xx 


2 
Qu=yH=yen(F) = {a,x +02 + (x — 2) exp(x)} ep (3). 
(7.77) 


2 
2 


B= Fs ple = 
= A ee ge = 


Differential equation (7.78) is both simple, has constant coefficients, and can readily 
be solved by using the technique described earlier in (3.5)-(3.73), etc. 


y =orsin (=) + 07 cos (=) a (7.79) 
J2 V2/ 4 


x? 1 x? 

(3) M=—; M,=-x; G=C=- =; H=exp|(—] ; 
4 4 

. (7.78) 
3 . 


The solution is: 


2; 
(3) u=yH = {oysin( ~)+4+o.cos( ~)4+ 7b exp(~). (7.80) 
J/2 /2 4 4 


2 2 
4) M= 3; M=--; G=C=0; H=x; 
x x 
B = exp(x) x; D’y = H''B = exp(a) . (7.81) 


Again, one can directly integrate this equation. 
y=o,x+02+exp(x). (7.82) 


And the solution is: 


(4)u=yH ={o,x + 02+ exp(x)} x . (7.83) 


(5) Myo =4(x—1)?; M) =-4(@- 1); G=C=2; H =exp(x? — 2x) ; 
B= exp (x’) : [2+ Dy = H'B= exp(2x) . 


As before, using the procedure described in (3.5)—(3.73) etc., one gets 


y= fo sin (xv2) + 02 COS (xv2)} + FexpQ2x), (7.84) 


220 7 Special Situations 


The solution is 


S)u=yH 
= o, sin xV2) + 2 COS al 2 Vb LON exp(x? — 2x) 
{e:sin (v2) + e2cos(xv/2)} + 5 


= jo; sin xV2) + 2 COS xV2 exp(x? —2x)+ eee) ; 
6 


(7.85) 
(6) M ae M z G=C=0; H=(x*+2) 
OF Gaye eee) 
x 
B=x;D’y = H'B= 7.86 
x y x42 (7.86) 
Direct integration yields 
Pe 
y=oyxtort+ a 2(x + 2) log(x + 2). (7.87) 
Therefore, 
3 
(6) w= yH = 03x + 04x" + > — 2x + 2)* loge +2). (7.88) 


(7.89) 


Direct integration leads to 


y=oyxton—4/x. (7.90) 


Hence, the solution: 


(1) w= yH = [ox + 02 —4Vz](x)-? = 01)? tox) 2-4. (7.91) 


-1 
(8) Mo = 4exp(2x); M; = {1+4exp(x)}; G=C = ee 


H = exp [5 + 2exp(x) | ; B= exp(2x); 


E + | y = H'B = exp [3 (5) - 2exp(x)} : (7.92) 
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Direct integration gives 


y = 0; exp(x/2) + o2 exp(—x/2) + rel 5 2exp(x)]. (7.93) 


And the solution is 


1 
(8) u= yH =o, exp [x + 2 exp(x) | +02 exp [2 exp(x)| + a" 


(7.94) 


XxX 
1 1 a. 2 af 

a = (2):8= (2): [S+e]y = B=1. (7.95) 
xX XxX Xx 


as ipa a (7.96) 


Therefore, solution to the second-order differential equation (7.72)-(9) with variable 
coefficients is the following. 


(9) u=yH =o,x7 2 toyx te 4x. (7.97) 
4 _ 
re eee 
Xx Xx 
H _ 2 5 _ 32. —2 2 a —l _ 
= x2 BH Ks = ae y= HAH B=x. (7.98) 
Xx 


Finally, one arrives at 


3 
ene ee (7.99) 
x 4 


Accordingly, the solution of differential equation (7.72)-(10) is 


3 
iieeser= ast 247 x. (7.100) 
Xx 
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7.6.3 Problems Group V 


Use the procedure outlined in (7.64)-(7.71) and determine the differential equation 
obeyed by y(x). Solve it and calculate u(x). 


(1) [(4x? +3) —4x D+ D?]u = exp(x?) . 


2 
(2) [x2 -2x D+ D?]u = exp (5) 


7.7 Transformation Using Mo(x) 


Recall (7.63) and (7.64). They are 


[Mo(x) + Mi(x) D+ D?] u(x) = Bx) , 
and , u(x) = y(x) A(x) . (7.101) 


Unlike (7.65), here H (x) has been set equal to | so that 


u(x) = yr) , 
and , [Mo(x) + Mi(x) D+ D?] y(x) = B(x) . (7.102) 


Let us introduce a new independent variable, z, defined by the relationship 


1 Ties (7.103) 


dx 


In order that ./(+)Mo is real, the sign (+) is so chosen that (+) Mp is positive. 
Consider the following relationships. 


dy dy \ | dz 
Dy = = ; 7.104 
ode (3) lz one 
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ae {(ae) [ac] a 


) i 

el + (2) alee 

dx dz dz | dx | dx 

dz]? dy\ d [dz 

ka ° a ale 
2 2 2 

-(2) fa " (2).[S] (7.105) 


Inserting this information into (7.102) leads to 


D’y 


ll 

Q 

| s 
| 

Se) a 
— 
— 
a| a 
XN |S 
Ne” 


II 
—, 


oe dy dy Ba) 
QytkO st ae =a? (7.106) 
where 
dJ/(4)Mo 
+ M,/(+)Mo 
Kt) = oe 7.107 
() (+)Mo ( ) 


Should K (+) turn out to be equal to a constant then (7.106) would be a second-order 
linear ordinary differential equation with constant coefficients and as such would be 
easy to solve. And, indeed, if this constant should happen to be zero, the solution 
would be even easier to obtain. 


7.8 Examples Group IX 


Work out the following second-order differential equations. 


cos 2(x) + tan(x) D+ D?| u = —sin(x)cos 2 (x) 
12 exp(4x) —2(1+ 4exp(2x)) D+ D *| u = 4 exp (2exp(2x) + 4x) 


me 
acy + (2) D+ D*|u = 264409 
® |-(a)e(gpee eee _ 
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7.8.1 Solution 


Equation (7.108)-(1) 


In (7.108)-(1), currently, we have Mo = —cos’(x), but instead of Mp we choose 
(+) Mo which is required to be +cos?(x). Therefore, in (1) one must set (+) = — 1. 
One follows the same procedure in equations (2) — (4). 


Here , (+4)=(-) 


Also : < = JDM = cos(x); z = sin(x) ; My = tan(x) . 
XxX 
—_ = —sin(x) ; Mi/(+)Mo = sin(x); K(4) = 0; 
X 
B(x) = —sin(x) cos?(x) . (7.109) 


Accordingly, via the use of (7.103)-(7.107), (7.108)-(1) is reduced to (+)y + 


ay = ae Or equivalently 
d’y —sin(x) cos?(x) : 
a dz? cos? (x) = Sa 


=-z. (7.110) 


This equation has constant coefficients and is readily solved by using the techniques 
described in a previous chapter. Its solution is: 


(1): y =o, exp(z) + 02 exp(—z) +z . (7.111) 


One can change back to the original variable x by substituting sin(x) for z. Therefore, 
the solution of (7.108)-(1) is: 


(1): y =o, exp[sin(x)] + o2 exp[— sin(x)]+ sin(x) . (7.112) 


Equation (7.108)-(2) 


In (7.108)-(2), Mo is positive. So one can safely ignore the use of the symbol (+). 


(2) Mo = 12exp(4x) ; 7 VMo = V12 exp(2x); z = V3 exp(2x) ; 


dx 
M, = —2[1+4exp(2x)] ; avMo = V48 exp(2x) ; 
Xx 
M,/My = — V48[exp(2x) + 4exp(4x)]; K = — (=) 


ao) b 2» =(2) [=| 7.113 
ve 3) op OO len | + (7.113) 


7.8 Examples Group IX 225 


Accordingly, via the use of (7.103)-(7.106), (7.108)-(2) is reduced to 


4\dy_ dy B(x) (5) =| 
aie = = exp| —|. 7.114 
sf (= ) dz dz? Mo 3 P J3 ( ) 
This equation has constant coefficients and is readily solved by using the techniques 
described in a previous chapter. Its solution is: 


(2): y =o exp (=) 4 09 exp (<v3) 7 (=) (7.115) 


One can change back to the original variable x by substituting 3 exp(2x) for z. 
Therefore, the solution of (7.108)-(2) is 


(2): y =o, exp[exp(2x)] + o2 exp[3 exp(2x)] — exp[2 exp(2x)] .(7.116) 


Equation (7.108)-(3) 


(3): Next consider (7.108)-(3). Here too, Mo is positive. So the symbol (+) is not 
needed. 


2 d 2 2 
a ee 


3): My =a; = ane = =5— 3 
3) oT x4? dx x? x 
2 dJMo V8 
M, = —; = : 
x dx x3 
8 2 
iii Rete 2 
x Zz 
B 2 (x4 + x7) 4 Z 
= = 1 a — ee | — TAIT 
Mo I0- +x + 5 ( ) 
Accordingly, via the use of (7.103)-(7.106), (7.108)-3 is reduced to 
d’y B 2 
— = —=14+—. 7.118 
eae ih oe 
This equation is readily solved. 
za 
(3): y = —o; sin(z) +02 cos(z)+— . (7.119) 


2 


Again, one can change back to the original variable by substituting (-“) for z. 
And the solution of (7.108)-(3) is 
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(3): y(x) = oj sin (2) +02 cx(2) + & : (7.120) 
x x x 


Equation (7.108)-(4) 


(4): In (7.108)-(4), Mo is equal to =. Therefore, as suggested earlier, we choose 
(b= -. 


1 od 1 
(4): (4)Mo =; — = VM = —; Therefore, 2 = logx; 
xX Pf 


dx 
1 dJ(+)M 1 
Also, M, = : (£)Mo = : 
x dx x? 
1 
M,i/+ Mo =a ; Kit} =0; B=x. (7.121) 


Cee 
ee de? (Mo 
a 
pa = ag? SS eeyee 2 (7.122) 
a ~ (4) 


This equation has constant coefficient and is solved by previously described tech- 
niques. Its solution is 


exp(3 z) 


: (7.123) 


y = o; exp(z) + o2 exp(—z) + 


Now change back to the original variable x by substituting log(x) for z in (7.123). 
The result is the desired solution to (7.108)-(4). 


x3 


: (7.124) 


(4): y@) =o;x + — + exp(—z) + 


Chapter 8 ®) 
Oscillatory Motion cro 


Oscillatory motion is central to the description of acoustics and the effects of inter- 
particle interaction in many physical systems. In its most accessible form, oscillatory 
motion is simple harmonic. Such motion—which in this chapter is described first— 
has a long and distinguished history of use in modeling physical phenomena . 

Described next is anharmonic motion which somewhat more realistically repre- 
sents the observed behavior of oscillatory physical systems. To this end, a detailed 
analysis of transient state motion is presented for a point mass for two different 
oscillatory systems. These are as follows: 


(1) The point mass, m, is tied to the right end of a long, massless coil spring placed 
horizontally in the x-direction on top of a long, level table. The left end of the 
coil is fixed to the left end of the long table. The motion of the mass is slowed by 
frictional force, that is, proportional to its momentum m v(t). In its completely 
relaxed state, the spring is in equilibrium and the mass is in its equilibrium 
position (EP). 


(2) Because the differential equations needed for analyzing damped oscillating pen- 
dula are prototypical of those used in the studies of electromagnetism, acoustics, 
mechanics, chemical and biological sciences, and engineering, we analyze next 
a pendulum consisting of a (point-sized) bob of mass m, that is, tied to the end of 
a massless stiff rod of length /. The rod hangs down, in the negative z-direction, 
from a hook that has been nailed to the ceiling. The pendulum is set to oscillate 
in two-dimensional motion in the x — z plane. Air resistance is approximated as 
a frictional force proportional to the speed with which the bob is moving. The 
ensuing friction slows the oscillatory motion. 
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8.1 Periodic Functions 


A function F(x) is periodic if for all values of x there exists a positive constant, 
CONST, such that 


F(x + CONST) = F(x) . (8.1) 


The period of the function is the smallest positive value of CONST, say, equal to 2P 
so that 


F(x +2P) = F(x) . (8.2) 


Beauty and simplicity of oscillatory periodic motion has long attracted scientists 
interested in modeling observed physical phenomena. 

The simplest possible periodic motion is called simple harmonic motion(s.h). 
(s.h) is force-free, undamped periodic motion with constant period of oscillation and 
unchanging size of the maximum and the minimum displacements. 


Oscillatory Motion of Mass Tied to Spring on a Table 


Consider, for instance, a point mass, m, tied to the right end of a long massless coil 
spring placed horizontally in the x-direction on top of a long, level, friction-free 
smooth table. The left end of the coil is fixed to the left end of the long table. In its 
completely relaxed state, the spring is in equilibrium and the mass, tied to the right 
end of the coil, is in its equilibrium position. The equilibrium position is henceforth 
to be referred to as the (EP). 

Pull the mass away from the (EP) by distance + x. The extension of the spring 
beyond the (EP) provides a restoring force. In general, the strength of the restoring 
force, F(x), is a complicated function of the extension x. If F(x) is analytic within 
—Xo <x < Xo, the Maclaurin — Taylor?! —?8. series expansion obtains. 


3 GF \ 4 
i=1 


Because there is no restoring force at zero extension, F'(0) must be vanishing. Also, 
for small extension |x| < |Xo|— where |Xo| is the maximum extension where the 
Hooke’s law accurately holds—the Hooke’ aw”: applies. That is 


F(x) ¥ —(mK)x (8.4) 
where (m K) = — (<£) is the so-called Hooke’s constant. If the spring is extended 


toward the positive direction—meaning, if x is positive—the restoring force must be 
toward the negative direction. Thus the Hooke’s constant (m K) is positive. 
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In practice, the restoring force may not be linear. As such, there would be anhar- 
monicity related to nonlinear contribution to F'(x). Also, many oscillatory processes 


encounter damping due to a variety of frictional effects. Yet, the restoring force F (x), 
for moderate to small displacement, is often well approximated by Hooke’s law. 


8.1.1 Harmonic Oscillation 


The Newtonian equation of motion of the mass m that itself is constant—meaning, 


om = 0—and experiences a force F(x) is 
dx 9 
F(x) = maa = mD*x. (8.5) 


Using (8.4) and (8.5), the resultant second-order differential equation (relevant only 
for small |x|) is 


m[D* + Qo7]x =0 , (8.6) 
where 
D= ‘ > D' = s : A? =K (8.7) 
~ dx’ or : 


(Note: (2g is real because K is positive.) 

The second-order differential equation (8.6) has constant coefficients. Therefore, 
it is readily solved by using the standard rules described in (3.5) to (3.42). The 
solution is sinusoidal 


x(t) = oo cos (Qot + do) (8.8) 
and has three parameters: 09, Qo9, and ¢o. To determine them, proceed as follows. 
The maximum value of cos(...) is = 1 making op the maximum displacement of 
the point mass beyond the (EP). 


The period of the sinusoidal oscillatory harmonic motion is defined to be the 
minimum time, 7, and it takes to exactly complete one whole cycle. That is 


x(t+7) = x(t) 
so that 


cos [Q(t +7) + do] = cos (QQot + do) . (8.9) 
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This requires Qo 7 to equal 27. 


27 20 (8.10) 
T= = —. : 
2 VK 
The frequency, v, of the sinusoidal oscillation is 
1 
v=-—. (8.11) 
T 
The angular frequency of the oscillations is defined to be 27 . 
27 
Wmv = —=% = VK. (8.12) 
T 


The one remaining parameter, namely the phase angle ¢o, can be determined from 
one additional piece of information, e.g., either the position or the velocity at some 
specific time. For instance, assume the mass is at its maximum displacement—that 
is, op—at time t = 0. Then, according to (8.8) 


cos (do) = 1 (8.13) 


meaning ¢o = 0. One could have got the same result also from requiring at maximum 
displacement, oo, the velocity is vanishing. That is, at t = 0 


d. 

(F) = —oowosin[wot+ do] = —oouosin[do] = 0. (8.14) 
t=0 

Thus, ¢o is indeed zero, and the solution of the differential equation (8.6) is 


x(t) = oo cos(Qot) . (8.15) 


8.1.2 Energy 


The (s.h) oscillatory motion described above is infinitely long-lived. How does the 
system energy fair? The total energy is the sum of the kinetic energy 


2 

om (dx _ m . 2 il ei 7 

Exinetic = = [ X0 Q49 sim (Qot)] = m K (Xo) [sin (Qot)] ’ 
2 \dt 2 2 


and the potential energy, which is equal to the work done in extending the spring a 
distance x 


> 1 1 
Eqns = — f FO)dx = 5m Kx = 5m K (40)? (os (Mon)P 
0 
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That is 


1 
Evora = Exineic + Epotential = 5 K (xo)* {[sin (Qor)? + [cos (Qot)?} 
1 2 
= 5K (%0)°. (8.16) 


Clearly, the total energy is constant, independent of time. Notice how at maximum 
displacement in either direction when [cos (Qot) = | and [sin (Qot)] = 0 energy 
is all potential. This happens when Qot = n7,n=0, 1, 2, ... At the midpoint, that 
is, at the (EP), when [cos (Qot)]? = 0 and [sin (Qot) 7 = | the energy is all kinetic. 
This happens whenever Qot = (2 + 1) (7/2). In between these two extremes, the 
energy is partially kinetic and partially potential. 


8.1.3 Energy Conservation and Equation of Motion 


Conservation of total energy provides a convenient tool for determining the differ- 
ential equation obeyed by the harmonically oscillating mass. Both the velocity, v, 
and the position, x, in the expression for total energy are time dependent. 


m 1 
Etotal (t) = Exinetic (t) + E potential (t) = 2 v(t)? =F 2 m K x(t)? : (8.17) 


Yet, given absence of lossy effects and zero exchange of energy with the outside, the 
total energy must remain unchanged. That is 


dE total (t) 


=0. 8.18 
tr (8.18) 


Using (8.17) for Eyota (t), (8.18) gives 


m v(t) 


wo +m 29 Re = Poth anne | =O; 


wi) — 


The relationship —] oe leads to the relevant differential equation. 


Ee 


ie +Kx0] = 0. (8.19) 
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8.1.4 Anharmonic Damped Motion 


Assume the point mass being described is actually quite rough and its motion on the 
table is subject to frictional force that is proportional to its momentum m v(t). No 
external force is applied, and no other forces affect the motion of the long massless 
coil. Then, the Newtonian equation of motion of the mass is 


d?x(t) 
m 
dt? 


= — Friction — Hooke’s Restoring Force 


—Qa)mov(t) —(mK)x(t), (8.20) 


where (2 q) is a constant that describes the strength of friction. Dividing by m and 
using v(t) = a Ho leads to the differential equation of damped harmonic motion that 
is not subject is any external force. 


d*x(t) = 
ges 2a + K x(t) 
= abana x(t) = 0. (8.21) 


Solution 


As is the case for all homogeneous linear (ODE), particular integral, /,;, for (8.21) 
is vanishing. Given that (8.21) has constant coefficients, its characteristic equation, 
En, can be written simply by substituting k for D. 


R+2ak+K=0 . (8.22) 


As expected, for a second-order differential equation the E,,, is quadratic in the 
variable k. Its two roots 


k= -at w—-K = —ko , 


k= a Vv a2 — ko 5 (8.23) 


provide the complementary solution Scomp(t). 


Scomp(t) > x(t) = 0) exp (—ko t) + o2exp(—ko2t) . (8.24) 


Note, x(t) signifies the location of the mass at time f. 
Henceforth, for convenience, we shall work only with t > 0. 
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8.1.5 Over-Damped Anharmonic Motion 


When 
a> K (8.25) 


friction outweighs the Hooke’s attraction, and motion is over-damped. Because a is 
proportional to resistance to motion, a must be > 0. And because Hooke’s restoring 
force, and therefore K, is known to be positive, for over-damped motion the inequal- 
ity w > Va? — K holds. Indeed, according to (8.23), for over-damped motion the 
following relationships are obtained. 


ky > O kon > O ; (8.26) 
(kor — ko1) = 2V a2 — K > 0. : 


Meaning, for over-damped motion both ko; and ko2 are necessarily positive, and 
(ko2 — ko1) is greater than zero. Therefore, irrespective of whether the constants o; 
and/or o> are positive or negative in (8.24), the position x(t — oo) must tend to zero 
which is the (EP). But on the other hand, at time t = 0, we have 


x0)=o, +m. (8.27) 


Should it happen that x(0) is a positive distance away from (EP), then there is a 
possibility that the point mass would start moving leftward, come to a momentary 
stop, and reverse direction to head back. But whether it oscillates further, or indeed 
stays put on the original side never crossing over to the other, depends—see below— 
on the sign and the relative size of the two constants 7; and 02. As usual, two boundary 
conditions are needed to fix the two constants o, and o>. 


8.1.6 Both o1 and o 2 Positive Mass Stays on Original Side 


For over-damped motion, according to (8.26), if both 7, and a2 are positive the mass 

will stay on the positive side of the (EP) and never cross over to the other side. Also, 

with the passage of time the mass will continue monotonically approaching the (EP). 
What about its velocity v,? 


dx 
i ko exp (—koi t) — 02 ko2 exp (—ko2t) . (8.28) 
As shown in Fig. 8.1, for positive values of the constants 0; and 02, at t = 0 the mass 
is moving leftward toward the (EP). Its velocity approaches zero as t > oo, and in 
this process, the velocity undergoes no extrema. 
Confirmation of above statement is given below. Rewrite (8.24). 
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v; has no extremum: x; stays 


X,andv, 0 


0 2 4 6 8 16 12 44 


Fig. 8.1 Mass tied to an over-damped spring, with positive values of o’s, stays on the original side 


2 


x(t) = 0) exp(—ko) t) {! + (=) exp[—(ko2 — ko1) a} ; (8.29) 


Given o; is a constant, be it positive or negative, the term o; exp(—ko; t) does 
not change sign with the passage of time. If there is to be a change in sign of the 
location x(t), it will have to come from the second term, namely 


{1 + (2) exp[—(ko2 — ko1) il}. At t = 0, this term is equal to 1 + (2) . And as 


t — oo, because (ko2 — ko) > O, it tends to +1. These two numbers have the same 
sign only if 


oy 
1+ (2) >0O. (8.30) 
a 


As long as 


02 
(2) >-1 (8.31) 
O71 


equation (8.30) is satisfied, and the mass stays on the original side of the (EP). 
But what about its velocity? And additionally, does the velocity v, and possibly 
also the location x(t) undergo any extrema? 
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Extrema in position x(t)—if any—would occur at time ¢ = ty-extreme Such that 
(#)_ = 9. On the other hand, the velocity extremum—if any—would occur 


du x 
att = ty-extreme When (2) = ( diz 


t=1y-extreme 


) = 0. In other words, ty-extreme and 
: . t=v:extreme 
ty-extreme WOUld obey the following relationships: 


dx 
(S) = =] kou exp(—ko1 tx-extreme) — 02 ko2 exp(—ko2 tx-extreme ) 
tx:extreme 
==] ko exp(—ko1 tx-extreme) 
[1+ (22) expl—Co2 — kor) feestemell =0. (8.32) 
dx 3 , 
ar = 07) (ko1) exp(—ko1 ty-extreme) + 02 (ko2) exp(—ko2 ty-extreme) 
t=Ly-extreme 


= 0] (ko1)* exp(—ko1 ty-extreme)) 


[1+ (24) expl—Chor — kor) trextemelf = 0. (8.33) 


a 
ako, 


Items within {...} in (8.32) and (8.33) add to zero. Therefore 


tx-extreme = log > 
kor — kor a1 \kor 
1 02 ( Koo ) : 
t:extreme = lo : (8.34) 
(;. a a) | a \kor 


Since ky; and ko; are > 0, if 0; and o> have the same sign, fy-extreme ANA Ly-extreme 
will not exist because logarithm of negative quantity is a complex number while 
the time must necessarily be real. Therefore, under these circumstances x(t) 
and v(t) will not have extrema. 


8.1.7 Over-Damped Anharmonic Motion (22) Negative But 
> —1 Mass Stays on Original Side 


Mass stays on the original side of the origin if (8.30) is satisfied. And this can 

happen—as demonstrated in Fig. 8.2—even when (2) is negative as long as it 
O71 

22 ( kor 

ko 

positive quantity is real, according to (8.34) extrema can occur both for the position 


x and the velocity v. 


is > —1. Also because the ratio [- | is then positive, and logarithm of a 
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v; has extremum: x; stays 


Xt 


Fig. 8.2 An over-damped spring with positive a; and not too negative 72. Mass stays on the original 


side. At time ft, position x; and (ten times) velocity v; are displayed as function of t. Dots locate 
extrema 


8.1.8 Over-Damped Anharmonic Motion Equation (8.31) 
Not-Satisfied Mass Crosses over 


Next, consider systems where (8.30) is not satisfied: Meaning the requirement for 
staying on the original side is violated. One class of such systems are over-damped 
springs with negative a, and larger positive 02. For such systems as f increases from 
zero the mass moves leftward, stops momentarily, and restarts moving in positive 
direction to its final position of rest. According to (8.34), extrema in both the position 


and the velocity are possible—positions indicated by dots. This behavior is portrayed 
in Fig. 8.3. 


8.1.9 Critically Damped Anharmonic Motion 


Unlike the case where friction overpowers the Hooke’s attraction—for instance, 
(8.25)—if the force due to Hooke’s attraction should happen to be of similar strength 
to friction, the system would be critically damped. More precisely, this is the case 
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mass and velocity cross over 


Fig. 8.3. Represented here is the behavior of an over-damped spring, where (8.31) is not satisfied. 
For a; = —10, ko, = i and o2 = 13, ko2 5, x(t) = x; and v(t) = y; are displayed as function 
of t. Dots locate extrema 


when K = a’. Then, the characteristic equation, (8.22), 
P+2ak+a = (k+ay’ =0 , 
has two roots, 
k= -a, (8.35) 


that are equal. According to well-established procedure, the solution to this differ- 
ential equation can then be expressed as—[see (3.37)]— 


xX, = (03+ 04t)exp(kt) = (03 + 04t)exp(—at) . (8.36) 
As such 
dx; 
Y= 7 = (04 — a03 — ao4t)exp(—ar). (8.37) 


Note a dot indicates the location of the extremum (Fig. 8.4). 
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Critically Damped 
2t 
Xt 
tL 
X; and v, 
=4{ 2 
0 05 1 21.5 2 2.5 3 


340 
Fig. 8.4 x; and v; of a mass being pulled by critically damped spring with 0; = 3 and a = 2, are 
side. Dots indicate extrema 


8.1.10 An Exercise 


displayed as function of t. Because a > 0, x; remains positive, mass stays on the original positive 


Assume, much like Fig. 8.2 at time ¢ = 0, the spring is extended and the mass is 
(8.36) and (8.37), one has 


at position x9 and has just begun moving leftward: meaning v9 = —0. According to 
vo = —0= (04-03) , 


04 = 203, 


x, =03(1+ at) exp(—at) = x9(1+ at) exp(—at); 
dx; > 
Up = 7+ —xja°t exp(—at); 

dv; dx, 

dt 


Gr = 7 0a" exp(—ar) [1 — at] (8.38) 


According to (8.38), x, remains positive because ~ > 0. Meaning, mass stays on the 


original positive side. And as t¢ increases, mass approaches exponentially the (EP). 
Att = 0, the first derivative of x; is vanishing while its second derivative is negative. 
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Thus, xo is a maximum. The velocity starts at zero, moves leftwards, and as t > oo 


it again — 0. In between, the velocity reaches an extremum —*$* at time t = i. 


8.1.11 Under-Damped Spring 
Sinusoidal Motion 


When Hooke’s attractive force is stronger than friction, ic., K > a’, the spring is 
under-damped. The two roots of the characteristic equation are complex, namely 


= Ko => a iv K a? 3 Koo = -—-at iv K—- a? 7 (8.39) 


The complementary solution can readily be found by using a procedure similar to 
that in (3.21)-(3.24). 


Scomp > X = 01 €xXp(—koi t) + o2exp(—ko2t) , 


= exp(—at) [> sin (1 VK — a”) + 040s (1 VK — 0°) | : 
= os exp(—at) cos (Wk =wee ) (8.40) 


where 03 = —i(a; — 02), 04 = (0; +02), and o5 = (3 + 2). Also, sing = 
(2) andcos¢@ = (<) ; 


The sinusoidal time dependence causes the mass to oscillate back and forth across 
the origin. And it does so, in principle, an infinite number of times. However, because 


the size of the oscillations decreases exponentially, the oscillations become all but 
invisible—depending on how large a is—long before their theoretical end. 


8.2 Oscillating Pendulum 


Oscillatory motion is central to understanding inter-particle interaction in many phys- 
ical systems. Furthermore, the differential equations needed for analyzing damped 
externally driven oscillating pendula are prototypical of those used in studies of 
electromagnetism, acoustics, mechanics, chemical and biological sciences, and 
engineering. 

We have already treated briefly the oscillatory motion of a spring on a table. More 
informative is the motion of a pendulum—see Fig. 8.5—consisting of a (point-sized) 
bob of mass m, that is, tied to the end of a massless stiff rod of length /. The rod 
hangs down—which is the negative z-direction—from a hook that has been nailed to 
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Fig. 8.5 Pendulum 
oscillates in two-dimensional 
motion in x — z plane. When 
oscillating it experiences air 
resistance. At time f, it is 
seen moving past angle 0 
with the vertical 


mg sin@ 


mg cos 9 


mg 


the ceiling. The pendulum is set to oscillate in two-dimensional motion in the x — z 
plane. Air resistance can be approximated as a frictional force proportional to the 
speed with which the bob is moving—more precisely, a times its speed. The ensuing 
friction slows the oscillatory motion. Assume that at time t the bob—see Fig. 8.5—is 
moving past a position where the rod makes an angle 6, with the vertical. Its equation 
of motion is 


d? {7 tan 6,} d {i tan 6,} 
m => a 


7 7 mgsin@, . (8.41) 


g is the acceleration due to gravity. For arbitrary size of the angle 6,, (8.41) is 
nonlinear. However, when 9, is much less than a radian both tan 6, and sin 0, tend to 
9, and the equation of motion becomes linear. [Note: 7 radians equals 180°. Thus, 
one radian is = 57.2958°.] We can then write (8.41) as 


d’6, dé, 3 
where 
2 2 Gy Se. (8.43) 
m I 


8.2 Oscillating Pendulum 241 
The equilibrium position (EP) refers to the case where the angle 6 is zero: Meaning, 
the massless rod is exactly vertical. 

Solution of (8.42) 


Equation (8.42) is homogeneous linear ordinary differential equation (hlinODE). 
Therefore, its particular integral, I,;, is vanishing. In order to determine its comple- 
mentary solution, Scomp — 9, one needs first to solve its characteristic equation 
E. To that end, 4 is replaced by k and Ae by k?. 

R+wk+wg=0 . (8.44) 


The two solutions, k = k, and kp, 


ky = —p+V(w—49) , 
ln = —p—@P-ed) , (8.45) 


of (8.44), lead to the complementary solution Scomp. 
Scomp = 9 = 01 exp(k; t) + a2 exp(kot) . (8.46) 


For use later, it is convenient to also record its differentials. 


dé 
os = 0. = ok; exp(ki t) + 02 ko exp(kyt) ; 
d*6, 


dt? 


= 0; = 01 (ki)” exp(ki t) + 02 (ka)” exp(kat) . (8.47) 
Because of convenience, and the fact that it does not at all affect any of the substance 


of this work, in what follows we shall work with t > 0. 


8.2.1 Over-Damped Oscillating Pendulum 


8.2.2 Angle 0; 


When 2 > we, friction is overpowering. Then, the pendulum is said to be over- 
damped—see Figs. 8.6 and 8.7. Because yu is greater than zero, for an over-damped 
pendulum the following inequalities hold. 


> J (u2—as) ; ki <0; ky <0; kj >k. (8.48) 
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Therefore, irrespective of whether the constants o; and/or a2 are positive or negative, 
according to (8.46) and (8.48) the angle 6, must tend to the (EP) at long time. There 
is also a possibility that before reaching the equilibrium position (EP) the bob will 
move across to the other side, come to a momentary stop, reverse direction to head 
back, and eventually 0, ~ (EP) as t > oo. But much depends—see below—on 
the relative size of the two constants o; and a2. [Note: Knowledge of two boundary 
conditions—for instance, the angle 0 and the velocity at a specified time—is needed 
to fix the two constants a; and o>.] 

Att = 0, the bob is at an angle 6 with respect to the vertical. According to (8.46) 


69 = (0, + 02) . (8.49) 
For convenience, #9 is chosen to be positive. The direction of motion of the bob at 


t = 0 may, however, be positive or negative. Or indeed, the bob may be stationary at 
that moment. 


8.2.3 Angle 0; and Its Extrema 


The following parameters have been set to be the same for all the four curves, A, B,C, 
and D, displayed in Fig. 8.6. 


SMH ge PME) . fog = 
( i a 5 ) - (u wy a (8.50) 


However, while the sum a; + 03 = 3 is the same for all the four curves in Fig. 8.6, 
individual values of 7; and therefore o2 may differ from one curve to the other. 


8.2.4 Bob Stays on Original Side Curves A-C 


To understand how the angle 6, changes with t, one needs to study its description 
in (8.46). Time moves forward. Given both k; and kz are negative, if 7; and a2 have 
the same sign, (8.46) keeps its sign and the bob never crosses over to the other side. 
Accordingly, for the curve marked A in Fig. 8.6, where 0) = 02 = 3, the bob stays 
on the positive side. 

Regarding curve B, it is convenient to rewrite (8.46) as 


0, = 0; exp(k, ft) {! + (2) exp[—(k; — kz) n} ; (8.51) 
1 
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Over—Damped 


Fig. 8.6 Pendulum motion experiences friction strong enough that its motion is over-damped. The 
rod is turning past angle 6 = 3° at time t = 0 


Clearly, the term o; exp(k; t) does not change sign with passage of time. And 
if 6, were to change sign, it will have to come from the second term, namely 


{1 + (2) exp[—(k, — ko) r]}. Ate = 0, this term equals 1 + (2) And att > oo, 


O71 1)° 
because (k; — kz) > 0, it is equal to 1. These two values can have the same sign 


only if 
(2) ts (8.52) 
O1 


The curve marked B in Fig. 8.6 refers to a pendulum that has a; = 3° x >, 

—3° x i. Therefore, (2) = —t is within the range specified by (8.52). Hence, 
the bob stays on the positive side. To determine whether the angle 0, experiences 
an extremum, it is convenient to reprint (8.34) in terms of the present notation. It 


indicates the angle, and the angular velocity undergoes extremum at times 


02 = 
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t = 1 io 02 ky 
extremum — ky -_ ko g o1 ky 
1 02 ko 
ot -extremum (; _ =) 0g Oo} (7 ) ( ) 


Given (k, — ky) = §, (2) = 5, and (2) =-i, 


1 


' = (F) we] =] = (3)! 1) =0 8.54 
extremum = 7) 0g 5 ©) —_ 4 og ( ) —_ . (8. ) 


At time zero, according to (8.46) and (8.49), the angle is 3°. Its second derivative, 


26, S\7/at\ 73/5" 
(Sr) = 71 hi)" +02 (ay = ([)(q) (G)(=) 


5 


is negative. Meaning, the bob starts its journey at @,, «= 3°, that is amaximum, 
and its distance from the (EP) continues decreasing monotonically with the passage 
of time. 

For the curve C in Fig. 8.6, 0; = 10, 72 = —7 and the ratio a = —0.7 is again 
> —1. Thus, the bob stays on the positive side. Initially, at time £6, .mum> the angle 
continues increasing and according to (8.53) reaches a maximum @t-extremum, Where 
it halts momentarily and starts decreasing. 


3 
lememm = (3) log [0.7 (5)] = 0.939572. . 


O:extremum = 0; exp (ky cirscsicin’) + 02 exp (ko ee 


1 5 
= 10exp |- (5) 0.9396] — Texp E (3) 0.9396] = 5.850° . 


Eventually—titerally, at t —- oo—the bob arrives (EP). 
Curve D refers to the case 0; = —6°, 07 = 9°. As a result (2) =-15,-1 


and the bob crosses over to the other side before it stops at time, say, fin at an angle, 
say, Omin, reverses direction and moves toward the (EP) which is where its journey 
ends. 

According to (8.53), 


; 3 
fi SS Soe, = (3) log |-2 x 5 = (3) log(1.5 x 5) 
il 


= 1.511 , (8.56) 
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and (8.46), 


Amin = 01 Xp (ki tmin) + 02 exp(k2tmin) ’ 


1 5 
= — 6exp (—5 x L511) + 9exp (-3 x 1311) = —2.901°. (8.57) 


8.2.5 Extremum in 0;° 


The x axis in Fig. 8.7 is the time ¢, and the y axis is the angular velocity a) = 06, 
[See (8.47)]. 

Curves A, B, C, and D in Fig. 8.7 refer to the same parameters as those in Fig. 
8.6. Because 6, in curve A, Fig. 8.6, undergoes no extremum, curve A in Fig. 8.7 does 
not pass through 6," = 0. On the other hand, because of the presence of an extremum 


Over—Damped Pendulum 


Angular Velocity versus Time 


Fig. 8.7 x axis is time ¢ and y axis is angular velocity 0,". Curves A, B, C, and D pertain to the 
same values as corresponding curves in Fig. 8.6. Angular velocity passes through zero where angle 
0; reaches extremum 
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in 6, in each of the other three curves in Fig. 8.6, the relevant curves pass through 
0, = 0. For curve B, this occurs at the beginning: that is, at t = 0. For curves C and 
D, 6, = 0 occurs at 0.9396 and 1.511, respectively. 

In addition to 6,' itself, graphical treatment of extrema for 6," requires knowledge 
also of 0,°—these are both available in (8.47)—as well as that of 6,°", which is given 
below. 


A OO a6," 3 3 
O° = = = 1 (ha) explki #) + 02 (ke)? expk t) 
3 ork; 
= 01 (ki) exp(k, t) y1 + =r) exp[—(k; — kz) t]}. (8.58) 
Ty 


Is there an extremum present in curve A, Fig. 8.7? To answer this query, use (8.53) 
and calculate the time f = £6... amy When such an extremum would occur. To that end 


recall that (kj — kz) = 4, and (2) = 5. Next set 6," = 0 in (8.47) and rewrite the 
result as 


1 on ks (3) (2 
lO sextre = ] = |{-)l —{—) 25]. (8.59 
extremum (; = =) oz O1 ke 4 og O1 ( ) 


For curve A, (2) — 2 = |. Therefore, 


3 
£6 extremum _ (3) log (—25) ‘ (8.60) 


This is acomplex number. Because time £4... enum NaS to be real this result is unphysical. 
Thus, curve A does not undergo any extrema. 


For curve B, (2) = Tet = —1/5. Therefore, an extremum occurs at time 


3 = 3 
rec = (3) log |- (=) 25| = (J) 2) = 1.20708. (8.61) 


Using this value of time in (8.46), one can determine the relevant value of 0,° at this 
extremum. The result is —0.668739. Because 0," at this ttme—namely 1.20708— 


3 


dé 3 3 
Of” = a = 91 i) expla t) + 02 (ha) expla t) 


= 0.371521, (8.62) 


is positive, the extremum is a minimum. 
For curve C, (2) = a. Therefore, an extremum occurs also here. The relevant 
time is 
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3 
t= (3) log (5) = 2.14665. (8.63) 
Proceeding as before, the 6, for this extremum is — 1.303795 and again it is a mini- 
mum. 

For curve D, the extremum is a maximum and it occurs at t = 2.18256 and 
6, = 0.64565. 


8.2.6 Critically Damped Pendulum 


When strength of friction becomes similar to the ordering tendency of the natural 
vibrations a pendulum is said to be critically damped—see Figs. 8.8 and 8.9. More 
precisely, this is the case when p? = ee Here, the characteristic equation (8.44) 
has two equal roots : k; = ky = —y. [See (8.45)] Therefore, according to the well- 
established procedure, and (3.37), the angle at time ¢ can be expressed as 


Critically Damped 


0 5 10 15 20 


Fig. 8.8 Angle pendulum rod of critically damped pendulum makes it displayed as function of 
time. Curves A, B, and C are defined in (8.69)-(8.74) 
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Angular Velocity: Critically—Damped 


t 


Fig. 8.9 Plotted along the vertical axis is the angular velocity, a8 , for acritically damped pendulum. 
Curves A, B, and C are the same as in Fig. 8.8 


0, = (03 + o4t) exp(—pt) . (8.64) 


Prediction from this equation is displayed in Fig. 8.8. At time ¢ = 0, the bob is at 
a point where the rod, according to (8.64), makes an angle 6) = 03 (which was set 
equal to +3°). Because ys > 0, as time t — oo, the angle 0, tends to (EP). In between, 
there are two possibilities: First, the angle stays positive, eventually reaching (EP). 
And the second, the angle switches over to the negative side where at time, say fcritical, 
the angle reaches, say @,,,,..,, Where it comes to a momentary stop. Instantly, the bob 
starts the reverse journey, eventually reaching the end of its travel at the midpoint: 
that is, when the angle 6, reaches the (EP). 

Let us examine this behavior and see exactly what transpires. To this end, in 
Fig. 8.9, look at the derivative of 6,. 


dé, 
dt 


= (4 — 03 — fo4t) exp(—pt) . (8.65) 
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Because a must tend to zero at t = foritical, (O84 — HWO3 — [04 Ccritical) = 0. AS such 
04 — [03 1 03 
Ccritical = = (; = 22) : (8.66) 
Mo4 


Therefore, according to (8.64) and (8.66), 


Drertica = (03 + 04 Icritical ) exp(— ju Icritical ) 


0. 
= (*) exp (-p teritical) : (8.67) 


In order to determine the type of extremum that 6, 
at the second derivative ae at time t = foriticale One knows that friction is positive 
therefore the parameter js > 0. And if the parameter o4 should also be > 0, the 


second differential of equation (8.65) would be clearly negative. 


a6, 1 9 
aa = exp 4-H (—po4) < 9, (8.68) 
dt t=L§eritical M o4 

As such, 6; 


critica) WOUld be a maximum. At this juncture, it is helpful to give 6, 
a more informative new name: call it max. For the same reason, also re-name the 
relevant foritical AS fmax. And rewrite (8.66) and (8.67) as 


represents, one needs to look 


critical 


critical 


_ 1 
tmax = = i al = (< = 22) : (8.69) 
Uo4 LU 04 
and 
Omax = (“) exp (—p tmax) . (8.70) 
LL 


Such behavior is demonstrated in curve A in Fig. 8.8. For this curve, 03 = 04 = 3° 
and : = 3. Therefore 


1 03 
tnax = { — — — =2, (8.71) 
Bo 94 
and 
O4 2 
Omax = | — ] exp (—L tax) = 3° x 3 x exp =5 =4.621° . (8.72) 
Lb 
Next, in Fig. 8.8, examine curve B where o3 = 3°, 1 = 3, and o4 = 0.5°. But now, 


L, 


because the predicted fax is equal to —3, which is a time before the experiment 
began, the requirement for an observed maximum is not satisfied. As a result, while 
the angle stays positive, it continues to decrease monotonically heading to the (EP) 
as t increases toward oo. 
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The third curve, C in Fig. 8.8, refers to the case where i = 3, 04 = —03 = —3. 

2 
Thus, js 04 is < 0. With reference to (8.68), (—jz 04) , and therefore (=) 
t=L§eritical 


are positive. As a result, the relevant Ocritical iS a Minimum. Again, it is helpful to call 
this value of Oeriticaa by anew name: Opin, and the time it is reached as f = tmin. Thus 


1 3 
— (- : =) =o () =4, (8.73) 
Ter —3 


|o4| 4 7 
Omin = — | — } exp (—Utmin) = — (3° x 3) exp 5 = —2.372° (8.74) 
m 


and 


With the progress of time, due to the presence of negative exponent in (8.64), 0, > 
(EP). 


8.2.7 Under-Damped Motion 


When friction is weaker than the critical amount, i.e., we > an the pendulum is 
under-damped—see Fig. 8.10. The two roots, k; and k,—compare (8.45)—of the 
characteristic equation (8.44) are complex, namely 


ky = —p—ifue —p?s kp = —ptijue—p? . (8.75) 


Using a procedure similar to that in (3.21)-(3.24), the complementary solution is 
readily found. 


Scomp a Ounder-damped = 0; exp (ky t) + 02 &xp (ka t) > 


= exp(—pt) [assin (+ yg — 18) + oxcos(1 8-1) ‘ 


= 05 exp (—pt) cos (: we — 2 —o ) , (8.76) 
where 03 = —i(a, — 02), 04 = (0; +02), and o5 = (3 + ot). Also, sing = 
(2) and cos@ = (<). Because jz > 0, as t — oo the angle Ounder-dampea tends 


to (EP). However, before the bob comes to the final absolute stop, it repeats the 
following performance many times—in principle, infinite number of times. 

At time t = 0 and angle 3°, consider the bob is heading left. As it moves toward 
decreasing angle, it crosses the (EP), proceeds further left, slows down for a momen- 
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tary halt, reverses its direction, and starts moving forward to the right: crosses the 
(EP) again before coming to a momentary stop on the right side and starting another 
journey leftward. This behavior contrasts with that of the over-damped and critically 
damped pendulums that either never move across the midpoint or cross it at most 
only one time. 

Another point to note is that according to (8.76), the angle Ounder-damped Teaches a 


maximum = 9, atatimet = ¢, if (« we —w-¢ ) = 2n7 and the next maximum 


= 6,1 at time f,4., when (1 we —p~2—¢ |) =2(n+4 1)z. Because the cosines 


at both these times are equal to unity, the ratio of the angles at these two successive 
maxima is 


On pty 2 
= exp (=H tn) = exp ee . (8.77) 
On+1 exp (—u tn41) ; 2 


[Note : The same is also true for the ratio of angles at two successive minima.] 
Remarkably, this ratio is not dependent on n. Rather, it is the same for any two 
successive maxima (or even, any two successive minima). Also, it is readily measur- 
able. Another quantity that is easy to measure is the cycle time, dcycie, of the damped 
oscillation. That is 


Scycle = tn41 —t = | ———] . (8.78) 


From dcycie and the ratio log (#) , one can determine the strength of friction, 


log ( a ) 


Seycle 


b= (8.79) 


which is otherwise hard to measure. 
For an under-damped pendulum, a typical plot of the angle versus time could be 
that given in Fig. 8.8. Here, ¢ has been set = 0, and gs set at 3°. Also, , is chosen 


to be 1.5 and , [we — p? is set at =. In other words, Fig. 8.8 refers to 


ie 


Oud:transient = 05 exp (-p t) cos (: wo _ *) 


= 3exp (-%) cos(10f) . (8.80) 
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Fig. 8.10 With sinusoidal external force, angle @ the pendulum makes with the vertical is displayed 
as a function of time. Plotted here is (8.80) 


Therefore, according to (8.77), in Fig. 8.10 the ratio of any two successive maxima, 


or minima, for the angle Oya-transient 1S equal to exp (3) = 1.520. 


8.2.8 Steady-State Motion 


Transient state motion of damped pendulums was analyzed in the foregoing. The 
steady-state motion, caused by the application of an applied force, is considered 
below. 

In the presence of an applied force, say m/f (t), the original equation of motion, 
namely (8.41), changes to the following: 


d* {/ tan 6} z d{/ tan 6} 
- dr? . dt 


+mgsind = mIif(t) . (8.81) 
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For small angle 0, it can be expressed as 


d’0 doy 
qa t HG +408 = fO (8.82) 


— /9 is = & 
where wo = 3 and pis = 5°. 


8.2.9 Sinusoidal External Force: Steady State 


Oscillating Pendulum 


Assume the externally applied force is sinusoidal in time with angular velocity w. 
ml f(t) = mlA cost) ; 1e.; f(t) = AcosWwf) . (8.83) 


With the application of external force (8.83), the equation of motion (8.82) becomes 
inhomogeneous linear (ODE) with constant coefficients. The external force, how- 
ever, does not affect the complementary solution that relates to the transient states 
discussed in detail in the foregoing. Therefore, only the particular integral, /,;, that 
leads to steady-state motion needs to be evaluated here. Denoting A = 4, the par- 
ticular integral of equation (8.82) is calculated in the usual fashion as follows. 


1 


Oni > Ing = A [cos(w f)] 
v n A? + 2A + wh 
1/2 . : 
= A. lexpli wt) + exp(—iwt)] 
A? + 2pA + we 
: 1/2 : 1/2 
= Aexp(iwt) + exp(—i wt) 


—w? + 2piw +u9 w? — 2wiw+ up 
(uh _ w*) cos(wt) + 2pw sin(wr) 
(we — w2)? + 4y2w2 
A = 
Acos(wt — ®) 7 (4) eOR eb) 


(we — w2)2 + 4p2w? ie : ()] + 2x)’ (2) 


= Mratio X Pstatic deflection X COS(wt — ®). (8.84) 
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The following expression in (8.84) is the magnification ratio Mratio. 


7 p(s) (x) [2 (2)] (8.85) 


The magnification ratio is unity when the applied force is constant in time: that is, 
Myatio = 1 when w = 0. And when the frequency of the applied force reaches the 


undamped natural frequency of the pendulum, that is when w — wo, Matic > (3) : 


Next, in (8.84), is the quantity (4) which is the static deflection, Ogtatic deflection. This 


nomenclature is owed to the fact that in the absence of time-dependent motion the 

applied force would deflect the equilibrium position of the bob through an angle 

wa tA = A. Also, in (8.84), ® is the so-called lag angle defined by the relations 
wo 


ae 
cos(®) = (ieee : 
(@ — w*)? + 42? 
: 2 pw 
sin(®) = : (8.86) 


edt at 


For convenience, let us introduce the notation 


mG) ee PG] 


z=1+x7-xo , (8.87) 


2 
d-z 
- 
2 


Given the second derivative of z is a positive constant for all x, namely ( 7 


)=2 
find the location where the first derivative of z is equal to zero. That is 


dz 
a —0 
( dx )_ 


= (2x,—,) . (8.88) 


This defines a location x,, 
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or 1 2p 2 Lb : 
X= —= 2 = 1-2(— ; (8.89) 
2 2 Wo wo 


where z reaches a minimum, and as a result, M,ai. reaches a maximum. 


(Mratio) max (8.90) 


1 1 1 
= ie | — 2% a Jl—x2 , 
V 4 


Note when friction decreases, x, increases toward unity. As a result, | — xe decreases 
and the magnification ratio increases. Indeed, when there is no friction at all present, 
meaning when jt = 0, (Mratio) max > ©. 


Chapter 9 M®) 
Resistors, Inductors, Capacitors a 


Introduced first are Kirchhoff’s two rules that state: ‘The incoming current at any 
given point equals the outgoing current at that point, and ‘The algebraic sum of 
changes in potential encountered by charges traveling, in whatever manner, through 
a closed-loop circuit is zero.’ Included next is the Ohm’s law: ‘In a closed-loop 
circuit that contains a battery operating at V volt, and a resistor of strength R ohms, 
current flow is J amperes: J = x. Several problems relating to additions of finite 
numbers of resistors, placed in various configurations, some in series and some in 
parallel formats, are worked out—see (9.2)-(9.30) and Figs.9.1, 9.2, 9.3, 9.4, 9.5 
and 9.6. More involved problems relating to total resistance and current flows in 
infinite networks of resistors are treated next—see (9.31)—(9.60) and Figs. 9.7, 9.8, 
9.9, 9.10, 9.11, 9.12,9.13, 9.14, 9.15, 9.16, 9.17. Electric circuit elements are listed 
in (9.61). Inductors are introduced in (9.62). Series and parallel circuits constituted 
of finite number of inductors, and infinite series—parallel circuits of inductors are 
treated in (9.63)-(9.70) and displayed in Figs.9.18 and 9.19. The same is done 
also for capacitors—see (9.71)-(9.82) and Figs.9.20 and 9.21. Resistor—capacitor 
circuits are treated in (9.83) to (9.86), and some results are displayed in Fig.9.22. 
Resistor—inductor circuits are studied in (9.91)-(9.96), and results are plotted in 
Fig. 9.23. Inductor—capacitor circuits are analyzed in (9.97)-(9.106), and results are 
displayed in Fig. 9.23. 


9.1 Electric Current 


9.1.1 Kirchhoff’s Rules 


Central to the understanding of current flow are a few rules that are obeyed by the 
current and the circuitry through which it flows. 
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Fig. 9.1 With the switch on, 
the battery operates at 
constant voltage V and 
drives current I amps through 
resistors R3, Ro, R, that are 
connected in series 


Fig. 9.2. Battery operating at 
voltage V drives currents 

Ti, In,..., In amps through 
resistors Rj, Ro,... Rn 
connected in parallel 


Fig. 9.3. Shown is the dd, 
the duodectet, that in 
addition to twelve resistors 
also has a switch and a 
battery 


Fig. 9.4 Shown is circuit, an 
on-off switch, a battery 
operating at V volts, and 
variously put together four 
resistors: Rj, Ro, R3 and R4 
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(b) 


(c) 


SRS 


Rs 


(d) 
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Fig. 9.5 This replicates the 
circuit in Fig. 9.4. With the 
switch on, the battery drives 
current J; through resistors 
(R, + Be) and / through 
(+4) 


Fig. 9.6 Points W and Z are 
a single point WZ. Effective 
resistances between X and 
WZ and between WZ and Y 
are Rioraix—wz and 
RtotalWZ-Y 


Fig. 9.7 For convenience, 
current is drawn as I 


Fig. 9.8 For convenience, 
current is drawn as I 


Kirchhoff’s First Rule 
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(a): Electric charges, like billiard balls, flow down from points at higher electric 


potential to points at lower potential. 


(b): When positive electric charge is placed at a given point, electric potential at 
the point rises. And the charge stays at the point only if the neighborhood is at even 
higher potential or if the charge is placed in a capacitor that is designed for the task 
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Fig. 9.9 For convenience, 
current is drawn as I. With 
the switch on, the battery 
drives current I through the 
infinite network shown. At 
the end of its journey, current 
I returns 


Fig. 9.10 For convenience, 
current is drawn as I. Figure 
9.10 circuit represents the 
essentials of Fig. 9.9. The 
resistance Reffecto equals the 
resistance of the infinite 
network that would remain 
after the first-trio, R, Ro, R 
has been subtracted 


Fig. 9.11 For convenience, 
the current is drawn as I. 
With the switch on, the 
battery operating at voltage 
V drives current I through 
the infinite array of resistors 
shown 


Fig. 9.12 For convenience, 
the current is drawn as I. 
With the switch on, the 
battery drives current I 
through the infinite array of 
resistors shown in Fig.9.11. 
The effective resistance of 
the infinite circuit is Ryorc 
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9.1 Electric Current 


Fig. 9.13 With the switch 
on, the battery drives current 
through an infinite number of 
resistors R; and R2 arrayed 
in the manner displayed 


Fig. 9.14 For convenience, 
the current is drawn as I. In 
the ‘septet’ the current I 
splits into three parts: 1), Io, 
andJ —l;}-—h 


Fig. 9.15 For convenience, 
the current is drawn as I. In 
the ‘equivalent-sextet,’ the 
battery, operating at voltage 
V, drives current I that splits 
into 1; andJ — 


Fig. 9.16 For convenience, 
current is drawn as I. In the 
‘equivalent-triplet,’ the 
battery drives current I 
through resistors R1, Rg and 
Ri 
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Fig. 9.17 For convenience, 
current is drawn as I. In the 
‘equivalent-singlet,’ the 
battery drives current I 
through resistor 

Ref fect — Cc which is the 
effective resistance of the 
infinite circuit shown in 
Fig.9.13 


Reffect™ C 


Fig. 9.18 An infinite array 
of three-upon-three 
inductors, L1, L2, L3, is put 
together in the manner shown 


Fig. 9.19 The effective 
inductance of the infinite 
array of inductors shown in 
the Fig. 9.18 is equivalently 
represented by inductance of 
a single inductor Legf 


of holding charge. Lacking the capacitor, electric charge does not accumulate at a 
point. As such, at any point, the inflow of charge during a given time interval equals 
the outflow of charge during the same time interval. 

The rate of flow of charge, (q + dq — q), during atime interval (t + dt — t)—that 
is, 44.__ig called electric current at the given time t. Thus, except for the extraordinary 
circumstance referred to above, incoming current at any point equals the outgoing 
current at that point. This is called Kirchhoff’s first rule. 
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Fig. 9.20 An infinite array G is 
of three-upon-three A 1 A) 1 
capacitors, C;, C2, C3, is 
put together in the manner 
displayed 


Fig. 9.21 Effective 
capacitance of the 
three-upon-three capacitors 
Ci, Co, C3, drawn in 

Fig. 9.20 is Cert 


Fig. 9.22 Displayed is a 
circuit connected in series to 
an on-off switch, a battery, a 
resistor R, and a capacitor C. 
At time ¢ the current is i(t) 
and the charges on the plates 
are q(t) and —q(t) 


Kirchhoff’s Second Rule 


Consider a person who starts off walking at a given point and engages in closed-loop 
travel: Meaning, he walks for however long, in whatever manner, up and down and 
sideways, but arranges to return exactly to the same point where he started. Adding 
diligently the changes in his height during the closed-loop travel, the sum must surely 
be zero because the person ends up exactly at the same height as he started. 
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Fig. 9.23 Displayed is a 
circuit with a battery that at 
time t supplies current i(t) to 
a series connection 
constituted of an inductor L, 
a capacitor C, and an on-off 
switch 


Kirchhoff’s second rule asserts that much like this person, if a given charge travels 
in aclosed-loop circuit in whatever manner, the algebraic sum of changes in potential 
encountered must be zero. 


9.1.2 Ohm’s Law 


According to Ohm’s law, current J amperes flows through a closed-loop circuit that 
consists of a battery operating at voltage V volts and a resistor of strength R ohms. 


V volts 


——_.. 9.1 
R ohms on 


I amperes = 


9.1.3 Addition of Resistors 


Three Resistors in Series 


With the switch on, the large battery, shown in Fig.9.1, operates at V volts and 
drives current J amps through three resistors of strength R;, R2, and R3 ohms that 
are connected in series, thereby forming a closed-loop series circuit. The physical 
result of the current flow through the circuit is found not to depend upon which of 
the three resistors leads, which is in the middle, or which follows. To understand 
the behavior of this series circuitry, consider a person trekking through a tunnel 
of length d1 and immediately thereafter through another similar tunnel of length 
d2 and yet another third similar tunnel of length d3. Clearly, it would take the 
person same amount of effort as trekking through a similar single tunnel of length 
(d1 + d2 + d3). Accordingly, the effective resistance of three resistors, R3, Ro, and 
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R, ohms placed one after the other—that is, as shown in Fig.9.1, in series—is 
Rseries—3 (ef fective) = (R3 + Ro + R1) ohms. 


n Resistors in Series 


By an argument similar to that given above, the effective resistance of n resistors 
Ri, Ro, ..., Ry, connected in series should be R; + Ro +---+ R,. However, more 
formally, we can argue as follows. According to ohm’s /aw**-, when a current / 
amperes! flows through a resistor of strength R, ohms the potential across it 
decreases I R, volts*2-. When current J flows through n resistors in series, the 
potential decrease across Rj is I R,, that across R2 is J Ro,..., and so on. There- 
fore, the total decrease in potential across the n resistors is 7 (Ry + Ro+---+R,): 
exactly the same as it would be across a single resistor Ryseries_n(ef fective). 


Rseries—n (ef fective) = Ri + Ro is Ry, : (9.2) 


For large number of resistors in series, the effective total resistance is large. 
2 Resistors in Parallel 


Consider two resistors R, and R» joined together in parallel and connected to a 
battery supplying direct current at constant voltage V volts. The parallel connection 
implies that while the positive outlet of the battery is connected to one end of each 
of the two resistors, the negative outlet is connected to the other end of the same 
two resistors. As a result, the potential difference across each of the two resistors is 
identical: equal to V volts. Assume this process results in current J; across resistor 
R, and Jy across R2. Then according to Ohm’s law 


V 
i 

Ri 

V 
h=—. 9.3 
2= RB (9.3) 


The total current, [partiei_2 (ef fective), that flows through the two resistors R, and 
R, that are connected in parallel, and their total resistance, 


R paratiel-2 (ef fective), are 


V V 
Tpartel-2(ef fective) = +h = ( + ) 


Ri Ry 
4 
= ane (9.4) 
R paratiel_2 (ef fecti ve) 
Eliminating V from (9.4) leads to the relationship 
1 1 1 
=r . (9.5) 


R parailel—-2 (ef fective) 7 Ri Ro 
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The resistance of two resistors R; and R2 connected in parallel, namely 


Riek 


R = tive) = R, || Rk = ——— 
parallel 2(ef fecti e) 1 | 2 Ri rs 


(9.6) 


has some interesting features. [Note: The notation a || b stands for od .] To examine 
these features, keep R; constant and make changes in R>. 
Process (1) : Consider the case z <_ 1. To this end, re-write (9.6) as 


Ro 
m8) 


and expand itin powers of the small parameter (#) . 


R 
This result is interesting. When two resistors are connected in parallel, and one of the 
resistors is much smaller than the other one, the effective resistance is even smaller 
than the smaller resistor ! 
Process (2) : Increase R2 till Ro = R,. Even though there are two resistors of 
strength Rj, their total resistance is only half of Rj. 


R parailel—2 (ef f ective) = (9.7) 


Rparaltel-2(ef fective) = Ry ! a (=) si 


R 
R parallel-2 (ef fective) = (4) : (9.9) 
lim Ry—> R; 


Process (3) : Not surprisingly, an increase in R2 beyond R, increases 
R paratiet-2 (ef fective) beyond (4). But, the rate of increase is even less than a 


quarter of what one might expect. For instance, for a small increase (4) <1: 


Ry 1 
R paraliel-2 (ef f ective) =k, I Ro = 
r= 


Le an Ry — R, o (=k 2 eae 
ed 4R> 2 R> 


Process (4) : With further increase in Ro, the effective resistance, albeit slowly, 
rises further. When R > R,1, (9.6) gives 


2 
Rparalter-2(ef fective) = aB) aie ( (3) +0 (3) -O.) 


The effective resistance reaches R, as R. > oo. 
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n Resistors in Parallel 


Current flowing through n resistors R;, R,..., R, that are joined together in par- 
allel is not unlike very large number of people wanting to tread across a mountain 
through a group of n tunnels that begin and end in very close proximity. And if 
the tunnels are of different widths, surely most people would choose to go through 
the tunnel that is the widest. And similar choices would be made for other tunnels. 
Same must also be the case for current flowing through n resistors in parallel so that 
most current would flow through that resistor that has the smallest resistance, and 
so on. Assuming the potential difference is V volts across the parallel assembly— 
which means the potential difference is V volts across each of the n resistors in the 
assembly—and currents [,, b,..., J, flow through the v resistors that are linked in 
parallel, then according to Ohm’s law 


V=R = bP = + = ER, .- (9.12) 


The above can be represented more compactly as 


As a result the total current, Iparatel-n(effective), the effective total resistance, 
Roarallel_n (ef fective), and the potential V are related as follows: 


eee eee ey oe ee 
1 2 me By By oR Ry, 
V 
— Tyara el—n tiv cm i : = 
parallel ler fee ’ °) Roarallel—n (Cf f ecti ve) 
Thus 

I ee ee (9.14) 
Rparallel—n (€f fective) 7 Ri Ry Ry . 


This is an interesting result. To a layman, some of its consequences would be 
counter-intuitive. For instance, if all the n resistors were identical, each having resis- 
tance R, then according to (9.14) 


1 on 
Roarallel—n (ef fective) 7 R 


or equivalently 


R 
Rparallel—n (Ef f ecti ve) = Ss (9.15) 
n 
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In other words, for very large number of resistors, all in parallel, the effective total 
resistance is very small. 


A Few Resistors Together 


Process (1) : A group of three resistors R;, R2, R3 ohms—to be called the ‘origi- 
nal trio-—is connected in series across an on-off switch and a battery operating at 
constant voltage V volts—see Fig. 9.3. Turning the switch on makes it a closed-loop 
circuit. 

Process (2) : Three additional resistors of strength R; ohms each are connected 
in parallel to the resistor R; of the original trio : thus forming a sextet. 

Process (3) : The sextet is enhanced further to form a nonet by connecting in 
parallel, to the resistor R2 of the original trio, three new resistors of strength R2 each. 

Process (4) : In a fashion similar to the above, another three resistors of strength 
R; ohms each are added next. Each of these new resistors R3 is connected in parallel 
to the resistor R3 of the original trio. This process results in forming a duodectet to 
be called dd, composed of a total of twelve resistors, a switch, and a battery. 


Problem (A) 


Calculate the total effective resistance, Reffect_da, Of the duodectet dd demonstrated 
in Fig. 9.3. 


9.1.4 Solution (A) 


The four resistors R; in parallel can equivalently be replicated by a single resistor 
Reffect—ddl - 
Ri 


Reffect-dd1 = 4 : (9.16) 


Similarly, the four resistors R> in parallel are replaced by a single resistor Reffect—aa2- 


Ro 
Reffect-da2 = = - (9.17) 
4 
And finally, the four resistors R3 in parallel can be replaced by a single resistor 
Reffect—dd3- 
R3 
Retfect-dd3 = — - (9.18) 
4 
In the manner described above, the dd may be replaced by a new triplet. The 
effective resistance of such triplet would be Retfect—aa- 
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Retfect—dd = Reffect—ddi + Retfect—aa2 + Reffect—da3 
epee (9.19) 
4 

Figure 9.4 describes a circuit with an on-off switch, a battery operating at V volts, 
and four resistors: Rj, Ro, R3 and R4. 

Left part of the circuit refers to points W, X, and Z. There is a single resistor of 
strength R; between points W and X. Connected in series to R are two resistors of 
strength R2 ohms. These two resistors are set in parallel between points X and Z. 
As a result, the left part of the circuit—that is, W — X — Z—can equivalently be 
expressed as having only two resistors, R; and a connected in series. 

The part of the circuit on the right—that is, between the points W, Y, and Z—has 
seven resistors. Four are of strength R4 ohms each, and they are connected in parallel 
to each other. The other three are of strength R3 ohms each, and they too are joined 
together in parallel to each other. Accordingly, this part of the circuit can also be 
expressed as having only two resistors that are connected in series. Their strengths 
are Ae from W — Y, and As from Y > Z. 

In the manner described above, Fig.9.5 effectively replicates Fig. 9.4. When the 
switch is on, the battery—operating at constant voltage V volts—drives current J, 
amps through resistors R, and Re and J, amps through resistors Re and B 


9.1.5 Problem (B) 


In the circuit shown in Fig. 9.5, turn the switch on and work out currents /; and Jy, the 
potential difference Vy — Vy, and the effective resistance, Reffect_xy between points 
X and Y. The relevant data is as follows: 


V = 10 volts; 
R,;=15 x 10° ohms; Ro = 70 x 10° ohms ; 
R; = 60 x 10° ohms; Ry =20 x 10° ohms. (9.20) 


V is the battery voltage, and R; — Rz, are the resistors described above. Their 
strength is as specified in (9.20). 


9.1.6 Solution (B) 


Shown in Fig. 9.5 is current flow, = I amps, from point W to point Z. 


fai, a (9.21) 
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am a ene (9.22) 


eae (2) (9.23) 


[Note : Prove Vy = V — R, J; and Vy = V — (4s) Ty also lead to the same result 
as (9.24).] The effective potential difference, Vetrect_xy, between X and Y is 


VR> VR 


2Ri + Ro R; + 3% , 


Vetiect-xy = Vx — Vy = (9.24) 


Following (9.24) and (9.22), and using the numbers provided in (9.20), leads to 


Vetfect-xy = (0.7 — 0.8) volt = — 1 volt; 
I, = 0.2 x 10-3 amps; I; = 0.4 x 10-7 amps. (9.25) 


Knowing the effective potential difference, Verrect_xy, and the currents J; and J5, the 
effective resistance, Refect_xy, between points X and Y can now be calculated. The 
effective current flow from X to Y is Jeftect_xy. 


lefect-xy = [1 — lp = — (0.2) x 10-3 amps . (9.26) 
Therefore 
Veffect—XY 3 
Retfet-xy = =——— = 5x 10° ohms . (9.27) 
Top fect—XY 


9.1.7 Problem (C) 


Figure 9.6 shows a circuit that represents a slight change from the circuit in Fig. 9.5. 
Here the battery is missing, the on-off switch is absent, and the labels i, and iz 
have been removed. Thereby, in effect, connecting directly the points W and Z. [This 
effective double point is called the point WZ.] Calculate effective resistance between 
X and WZ and between WZ and Y. 
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9.1.8 Solution (C) 


Detailed behavior of this ‘slightly changed’ circuit—shown in Fig. 9.6—is substan- 
tially different from that of its parent circuit le. Here the point W is in fact coincident 
with point Z, making the two a single point WZ. 

Each of the couplets (R, + 2) and (& + Bs) are now in parallel. Accordingly, 
the resistances between points X and WZ—that is Rjoraix-wz—and that between 
WZ and Y, are 


Rrotalx-wz = Ri || (R2/2)_ , (9.28) 


and 


Rroraiwz-y = (Ra/4) || (R3/3) . (9.29) 


The data provided in (9.20) yields 


1 
Riotalx-wz = a x 10° ohms . 


Riotalwz-y = 4X 10° ohms . (9.30) 


9.2 Infinite Networks of Resistors 


Resistance and Current 


Work out the effective total resistance and currents in infinite assemblies of resistors 
described below. Consider first the circuit shown in Fig. 9.7. 

Figure 9.7 is an infinite network of resistors, each of strength R ohms, connected 
together as follows. 

Process (1) : Three resistors R, to be called the first-trio, are connected in series 
across a large battery operating at V volts and an on-off switch. Turning the switch 
on creates a closed-loop circuit. 

Process (2) : The middle resistor R of the first-trio is connected in parallel to a 
similar second-trio. 

Process (3) to Process (00) : Process (2) is repeated ad infinitum. 

When the switch is turned on, the battery notices only a single effective resistance 
Reffective OhmS. Retfective 18 the sum of two resistors in series—each of strength R 
ohms—and two resistors, R and Retfective, in parallel. Thus 


Reffective = 2R+R I Reffective - (9.31) 


Equation (9.31) leads to a quadratic, 
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2 
effective 


=2R* Reftective =F aR, (9.32) 


which has one positive solution 
Retfective = R (1 a v3) . (9.33) 


With the switch on, the battery operating provides current I which distributes itself 
into 1), Jy... Io as it flows through an infinite array of resistors each of which is of 
strength R ohms. 

Physical behavior of this circuit effectively replicates that of Fig. 9.7. The battery 
experiences an effective total resistance Reffective and drives current J. 

Ampere’s law can now be used to determine the effective total current driven 
through the single effective resistance Reftective- 


V 
Teffective = Rea. : (9.34) 
effective 


An infinitely long repetitive array is not affected if a finite part is extracted. 
Therefore, the physics of the circuit in Fig. 9.7 is exactly replicated by that of circuit 
in Fig. 9.8. As shown, when current I reaches point A, it splits between two resistors 
Rand Retfective. From point A to point B, current J; flows through resistor R, while the 
remainder, I —J,, flows through the resistor Reffective. Both these currents are driven 
under the same potential difference. Therefore 


TR = [J —J] Retiective - (9.35) 


Combining this result with (9.33) and (9.34) leads to 


Re ective V/R 
i= a ae (9.36) 


R+ Repfective 7 24+ 73 


Next consider an infinite network of resistors shown in Fig. 9.9. The battery oper- 
ates at constant voltage V across an on-off switch and a trio of resistors R, Ro, R. 
This is the first-trio of this network. The middle resistor of the first-trio, namely resis- 
tor Ro, is connected in parallel to an identical second-trio R, Ro, R, and the process 
is repeated ad infinitum. Current flow and the effective resistance of are treated next. 

In the network shown in Fig. 9.10, current I amps distributes itself into 1), In... Too 
as it flows through the infinite array of resistors. In order to work out the current /, 
the total effective current Jefrecio, the total effective resistance Rerfecto, one can follow 
the following procedure. Connect the midpoint resistor Ro in parallel to a new resistor 
of strength Reffecto. And, as shown in Fig. 9.10, stop there. The upshot again is that the 
resistance of this assembly of four resistors should exactly be equal to the effective 
resistance, Refecto, Of the infinite network. That is, 
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Retfecto = R+R+ Ro I Retfecto : (9.37) 


The above is a quadratic in Reffectg with two solutions: one positive and another 
un-physical solution that is negative. The physical solution is 


Ro 
Reffect) = R : - 142 (2) . (9.38) 


Some features of the effective resistance, Reffecto, are worth noting. 

First: In the limit Rp > R, Reffecco > R[1 + V3]. This—according to (9.33)—is 
as it should be. 

Second: In the limit Rp > o, Retfecty > 00. Again this makes sense because now 
the total network consists of two infinite strings of resistors R that are unconnected— 
accept perhaps at oo !—and each of the strings has infinite resistance. 

Third: The limit Ro — 0, where Retrecto > 2 R. To understand this result directly 
from Fig. 9.9 requires a little visual alacrity. In contrast, Fig.9.10 is much clearer. 
When current I arrives at the point A, it sees two options for crossing over to point 
B. First, via zero resistance. Or second, through a finite resistance Retfecto. Quite 
sensibly, all of the current chooses to travel through zero rather than finite resistance. 
Hence, Reffecto is only R + R. 


9.2.1 Current Flow 


When the switch is on, current I flows out of the positive terminal of the battery 
and, after completing its journey, returns to the negative terminal. The total effective 
resistance of the circuitis Retfecto given in (9.38). Therefore, the total effective current 
is 


V V 
fe = (9.39) 


Retfecto [i+ 1+2(%) 


9.2.2 Current 


When current I reaches the point A in Fig.9.10, it splits between two resistors Ro 
and Retfecto. From point A to point B, current J; flows through resistor Ro, while the 
remainder, J — J,, flows through resistor Reffecto. Both these currents flow under the 
same potential difference. Therefore 


q, Ro = [J = qi] Reftecto (9.40) 
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leading to the result 


Re eC V 
is E rae |: = (9.41) 
OE ery eee Ro+R]1+ 1+2() 


Next consider an infinite network of resistors shown in Fig. 9.11. The battery operates 
at constant voltage V volts across an on—off switch and a trio of resistors Rj, R2, R3. 
This is the first-trio. The middle resistor of the first-trio, namely resistor R2, is 
connected in parallel to an identical second-trio R,, R2, R3. And this process is 
repeated similarly ad infinitum. The effective resistance and the effective current 
flow are treated below. 

The requirement that the effective resistance of the infinite circuit be the same as 
Ryorc leads to the equality 


Ryorc = Ri + R3 + R2 || Rvorc - (9.42) 


As a quadratic it has two solutions: one of which is positive and the other is negative 
and therefore un-physical. 


(Ri + R3) Ri + R3 
Rnorc = a oa 


2 
+ Ro(Rit+R3)} . (9.43) 
2 2 
Some notable features of Rnorc are its results in certain limits. 
(1) Rj — Ry — R3 = R—meaning when all resistors are equal. 


Rene R (1+ V3) (9.44) 


This result, according to (9.33), is correct. 
(1) : R; — O—meaning, when the lower line in the infinite circuit is a perfectly 
conducting wire—the result is 


R, RV? 
Ryorc = — + —]) +R, Ro] . (9.45) 


2 
(2): When R3 > Oand Ro > Rj, 


Riggs = S [14+ v5] (9.46) 
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9.2.3 Current Flow 


When the switch is on, current I amps flows out of the positive terminal of the battery 
and, after completing its journey, returns to the negative terminal. The total effective 
resistance of the circuit is Ryorc—see (9.43). Therefore, the total effective current 
is 


V 


Ryorc 


= id : (9.47) 


2 
em + [(238)' + RR, + Ro) 


[After leaving the positive terminal of the battery, the current I arrives at point A. 
There it splits into two parts. Current J; amps travels across the resistor R2 to point 
B. The remainder, (J — J,) amps, travels through Ryorc. At point B, currents J, 
and (J — J,) join up so that their sum, namely the current /, returns to the battery. 
Because the currents flowing through the resistors, R2 and Rnorc, are driven by the 
same voltage difference, the following relationship must obtain. 


I, Ry = (J — I] Ryorc (9.48) 


With the help of (9.47), one can write (9.48) as 


R 
iia Esa a, (9.49) 
Ro + Rnorc Ro + Rnorc 


Figure 9.13 portrays an infinite network which is a somewhat more involved 
network than those considered before. Shown on the left are three resistors in series, 
each of strength R; ohms. These three resistors are referred to as the first-triplet. The 
first-triplet and an on-off switch are connected across a large battery that operates at 
V volts. Turning the switch on makes it a closed-loop circuit. 

The middle resistor R, of the first-triplet is connected to another three resistors 
each of which is of strength R2 ohms. These six resistors make up the first-sextet. 
Following the first-sextet is a second-sextet that replicates the first-sextet. The second- 
sextet is followed by an identical third-sextet, and this process of adding sextet after 
sextet is repeated ad infinitum to form the infinite network. The effective resistance 
is—see Fig. 9.14—Rere. The effective total current, J, breaks up into infinite num- 
ber of different parts which flow through the given infinite circuit. According to 


Vv 
Ohm’s law, Jere = Rar’ 
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9.2.4 Effective Total Resistance 


Calculate the effective total resistance of the infinite network drawn in Fig. 9.13. Here 
it is helpful to proceed in four successive stages. 

To begin with notice the equivalence of Figs. 9.13 and 9.14. 

First Stage: Treat the first-sextet as distinct from the rest. Focus on its second- 
triplet that is composed of three resistors of strength R2 ohms each. Next, connect 
the middle resistor R2 of this second-triplet in parallel to a new resistor of strength 
Rese. This process has now formed a septet as shown in Fig. 9.14. 

Second Stage: However, as shown in Fig. 9.15, this septet of resistors can again 
be reduced further to an equivalent-sextet by representing the last two resistors— 
that is, Rp connected in parallel to R.—by a single resistor Ro. And because of the 
parallel nature of this connection, the relevant relationship is 


Ro = Ro || Re - (9.50) 


Notice this relationship has two unknowns: Rp and Rep. To determine these two 
unknowns, one needs also a second relationship. For that purpose, proceed as follows. 

Third Stage: The so-named equivalent-sextet achieved in the second stage 
described above can be reduced now to an equivalent-triplet. This is done by focussing 
on the resistor in the middle of the first-trio of resistors of strength R;. Because this 
resistor is aligned in parallel to three other resistors, R2, Ro, and Ro, all four can be 
replaced by a single equivalent resistance—see Fig. 9.16—R,. The relevant relation- 
ship is 


Rg = Ri || (Ro+2R) . (9.51) 


As shown in Fig. 9.16, we are now left with a simple circuit: consisting of the power 
source and three resistors—namely, R,, R,, and R;—that are connected in series. 

Fourth Stage: Finally replace these three resistors by an equivalent-singlet: a sin- 
gle effective resistor, Ref fect—cc, that is connected to the power source—see Fig. 9.17. 
This means 


Ref fect—Ce = Ri+ Ry + Ri. (9.52) 


9.2.5 The Result for Ref fect—Ce 


There are a total of three equations—namely, (9.50), (9.51), and (9.52)—and three 
unknowns: namely, Reffect—cc, Ro, and Ry. After combining (9.50), (9.51), and 
(9.52), straightforward algebra is used to calculate Rerfect_cc aS a function of Ry 
and Rj. However, even without examining the result in detail, one can predict its 
outcome in three particular limits: (1), (2), (3). 
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(1) Consider the resistance notated R,. In the limit Rz — > oo, (9.51) gives 
R, — > R. As such (9.52) would lead to 


Ref fect—Ce —>3 Ri . (9.53) 
(2) Next consider Ro. In the opposite limit, namely Ry — > 0, (9.50) leads to 
Ro—> 0. (9.54) 


(3) And with Ro and R» both tending to zero, (9.51) leads to R, — > 0. As a result 
(9.52) yields 


Ref fect—Ce Se 2R, : (9.55) 


9.2.6 Ref fect—Cc as a Function of Ry and R2 
For convenience, introduce the notation 


me ee 9.56 


After some straightforward but time-consuming algebra, Ref fect—cc can be calculated 
by combining (9.50), (9.51), and (9.52). The result is 


[! dy — x? a /T 10x 4 26x? + 10x? +x] 
(I + 3x) 


Ref fect—Ce = Rk ‘ (9.57) 


It is helpful to have a few simple tests that check the accuracy of (9.57). 
(a) : To that end, first try Ry — > oo. In that limit, according to (9.56), x — > oo. 
Therefore (9.57) transforms as follows. 


[4x —x*+x7(14+ 5/x)] 


[Reprect—ce], ->00 Ri (3x) 
[4x — xr txt 5x] 
=R = 3R, . (9.58) 
(3x) 


This is the result in (1) above. 
(b) : Next, look at the case Rz — > 0. That implies x — > 0. In this limit (9.57) 
leads to 
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jeer a 


“= 2k. (9.59) 


[ Rerfect—ce], = Ry 
(c): Finally, consider Rp = Rj, : thatis, x = 1. Setting x = 1 in (9.57) correctly 
leads to the result obtained earlier in (9.33). 


[Rerrecr—ce], 5) = Ri — = Ri [1+v3] . 60) 


9.2.7 Table 1: Electric Circuit Elements 


Whenever convenient, some of the following notation may be used. Also, to indicate 
time dependence, symbols may be in lower case. 


Notation Used 


Capacitance, C Measured in farads 
Charge, Q Measured in coulombs 
Current, I Measured in amperes 

Inductance, L Measured in henries 

Resistance, R Measured in ohms 
Voltage, V Measured in volts 


SOpRBOaAY 


(9.61) 


9.3 Inductors 


A.coil made of several turns of a very good conducting wire is the physical equivalent 
of an inductor (L). If constant current i (0) flows through (L), the coil acts merely as 
a very week resistor. According to Ampere’s law, constant current produces a time- 
independent magnetic field whose magnitude is proportional to the current. On the 
other hand, if the current i(t) is changing in time, it produces a changing magnetic 
field. And the resulting change in the magnetic flux induces an electro-motive force 
(emf). The (emf) produced is proportional to the rate of change of the current. 
Because of the weakness of the internal resistance, current flows that are constant 
in time mostly produce un-substantial changes in voltage across an inductor. On the 


other hand, when current flow is changing in strength, say at rate (42) amperes per 


second, an inductor of strength L henrys affects nonzero potential drop v(t) across it. 


(9.62) 
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9.3.1 Two Inductors in Series 


Imagine time-dependent current i(t) amps flowing through two inductors of strength 
L, and Lz henries connected together in series. The drop in potential across the first 
inductor is L di) and that across the second is L, 42. And because these drops in 
potential occur in series, the total drop in potential is their sum. The same result would 
obtain if the given current passed through a single inductor of strength (L; + L2) 


henries. 


di(t) di(t) di(t) 
dt = dt ae a dt — 


Ly (9.63) 
In other words, when placed in series the inductances add much the same way as do 
resistances. 


9.3.2. Two Inductors in Parallel 


Imagine time-dependent current i(t) amps flowing through two inductors of strength 
L, and Lz henries connected together in parallel. The drop in potential across the 
first inductor is Ly; a) and that across the second is L> ue And because these drops 


in potential occur in parallel, they are the same. 


Li duG)  , dn) 


= te 3s .64 
ar 2 Cons (9.64) 
With slight manipulation of (9.64), one can write 
di,(t) = Const _ 
dt ~ Ly : 
din(t Const 
a (9.65) 
dt Lo 


Denote the total current ipa, and total inductance Lpar and use (9.65) to write 


d ipartl dij(t) din(t) Const Const Const 
dt dt - dt L 1 Ly Lyar ( 


Equation (9.66) leads to the following relationship obeyed by the total inductance, 
Lyar, Of two inductors, L; and L2, added together in parallel. 


1 1 1 
oe: (9.67) 
Loar Ly L2 


Once again, the above is similar to the behavior of resistors. 
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9.3.3 Infinite Network of Inductors 


Consider the infinite network of inductors L;, L2, L3 shownin Fig. 9.18. Its effective 
inductance may equivalently be represented by the inductance of a single inductor 
of strength Leg. As aresult, inductance Leg may be equated to the inductance of the 
four inductors shown in Fig.9.19. That is, 


Let = Lit+Lo. +L || Lete . (9.68) 
Equivalently 
Leg = Let (Lit Lo) + La (Li +12) . (9.69) 


This is a quadratic with a positive and a negative solution. The physically acceptable 
one is the positive solution 


(L; + L2) 413 
Lee = — | 1+,/1+ ——— 9.70 
2 _— is 


Because in the limit L3 — 0 points A and B get connected, Leg must > L; + Ly— 
exactly as suggested by (9.70). 


9.3.4 Capacitors 


Two conducting plates, separated by dielectric constitute a parallel plate capacitor 
(C). [Note, a good dielectric conducts electricity very poorly but supports electric 
fields well.] Equal amounts of opposite charge may be stored on opposing plates 
of (C). If these charges are + Q and —Q, and the potential difference between the 
opposing plates is V, the capacitance is C. 


Q coulombs 
C farads = ———_—.. (9.71) 
V volts 


As such, a farad is equal to coulombs per volt: or, equivalently, (amperes. second) 
per volt. Also, a coulomb is equivalent to farads. volt. 


9.3.5 Charging a Capacitor 


Assume a large battery that can supply current at fixed voltage V is connected to a 
capacitor (C), a perfect resistor (R), and a switch. [Note : A perfect resistor obeys 
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Ohm’s law exactly and contains no stray inductance or capacitance.] These items are 
placed in series forming a closed-loop circuit. The charging of (C) requires an inflow 
of current into, say, the left plate and an equal outflow from the right plate. Generally 
this process is not instantaneous. Rather, the charging occurs exponentially with a 
relaxation time that is representative of the nature of the capacitor as well as details 
of the resistance in the circuitry. And both the current i as well as the charge g are 
functions of time. Note, current and charge are related because one represents the 
rate of flow of the other. That is, 


it) = —~. (9.72) 


Therefore at some specified time f, the charge g(t) that has accumulated on the left 


plate is 
q(t) =] (22) ar aa i(t)dt . (9.73) 


Of course, at that time r, the charge on the right plate is —q(t). 


9.3.6 Two Capacitors in Parallel 


Imagine two capacitors, C, and C2, connected in parallel. This implies the left plates 
of the two capacitors are connected together as are the right plates. As a result, 
both capacitors experience the same voltage difference, say V volts, leading to the 
relationships 


O=C1-V; Q=O,-Vi Qit+Q. = CitG)-V, @.74) 


where Q, and Q, are the charges held on the positive plates of capacitors C, and 
C2, respectively. The total charge held is Qtotal—paralle) and the total capacitance is 
Ctotal—parallel : 


Ototal—parallel = Q\ ae Q> =(C}+C2)-V = Ctotal—parallel a ae (9.75) 
Equation (9.75) leads to the result 
Cotal—parallel = (Cy + C2) : (9.76) 


This is an interesting result in that it is similar to that of resistors being combined in 
series, rather than in parallel. 
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9.3.7 Two Capacitors in Series 


Imagine two capacitors, C; and C2, joined together in series. This implies the negative 
plate of capacitor C; is connected to the positive plate of capacitor C2. As a result, the 
charges will be distributed as follows. If the left plate—meaning the positive plate— 
of capacitor C, has charge + Q, its right plate will have charge — Q. This will result 
in the left plate of capacitor Cz with charge + Q and its right plate with charge —Q. 
And if the potential drop across capacitor C; is V;, and that across C2 is V2, the total 
potential drop across the two capacitors in series will be Viotal—series—2 = Vi + V2 and 
the following relationships will hold. 


QQ Q 
Vio al—series—2 = Vi+tV2. = + = 9.77 
i . ; ‘ Ci Cz Ctotal—series—2 ( ) 
leading to the result 
1 1 1 
Se (9.78) 


Crotal— series—2 Ci C2 


If the two capacitors are equal—that is, C) = Cz = C—their sum in series is equal 
to a half of each: meaning Ciotal—series—2 = £. 

The above results are similar to those of resistors being added in parallel. An 
interesting consequence of this is that when very large number of capacitors are 
added together in series, their sum is very small. For instance, the result of adding n 
capacitors of strength C in series is c and if nm — oo the sum is zero. 


9.3.8 Infinite Network of Capacitors 


Consider the infinite network of capacitors C,, C2, C3 shown in Fig. 9.20. Its effec- 
tive capacitance may equivalently be represented by the capacitance of a single 
capacitor of strength Cer. As a result, capacitance Cer may be equated to the capac- 
itance of the four capacitors shown in Fig. 9.21. 

That is, 


ere oe er 
Cor Cy Cn C3 H+ Copp 


(9.79) 


Equivalently 


Cr (C1 + Cr) = — Cote C3 (Cy + Cr) + C1 C23 (9.80) 


9.3 Inductors 283 


This is a quadratic with a positive and a negative solution. The physically acceptable 
solution is the positive one, namely 


C3 Ca Cat, 
Ce = 9.81 
. +( =) +oce (9.81) 


9.3.9 Comment 


Some of the implications of (9.81) are the following. 

(a) In the limit C3 > 0, Cer > 0. 

This result makes eminent sense because now the network is composed only of 
infinite numbers of capacitors, C; and Cz, connected in series. Equivalently, infinite 
numbers of resistors connected in parallel would have vanishing resistance. 

(b) Essentially similar argument applies to the case when capacitors C; > 0 


because now the network resembles an infinite array of capacitors Co = ( oo) 


that are connected in series. Thus, one expects that in the limit C; > 0, Cer would 
also > 0. 
(c) Clearly, the same is also true if capacitors C) — 0 because here the network 


C1.C3 
Ci+C3 


(d) Finally, if both capacitors C; and Cz — 0, the network would resemble an 
infinite array of C3 capacitors that are connected in series. As a result Cope > 0. 

(e) When all capacitors are equal, meaning C); = Cy = C3 = C, according to 
(9.81) the effective capacitance of the corresponding infinite network in Fig. 9.20: 
Circuit (CA PACIT) would be Cer. 


resembles an infinite array of capacitors Cy = ( ) that are connected in series. 


Ce= S[v3 _ 1 (9.82) 


9.4 R-C Series-Circuit 


Figure 9.22 displays a series circuit comprised of an on-off switch, a large battery, 
a resistor R, and a capacitor C. At time ¢ the switch is on, the battery supplies time- 
dependent current i(f) at constant voltage V, and the charges on the left and the 
right plates of the capacitor are g(t) and —q(t). The following differential equation 
describes this closed-loop circuit. 


q(t) _ ,dq(t) . g(t) 
Rit“ =V = Rt (9.83) 
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On the right-hand side of (9.83), i(¢) has been replaced by gO) Initially, meaning at 
t < 0, the capacitor does not have any charge on either of its plates and both the plates 
are at zero potential. However, instantly after the switch is turned on, current starts 
flowing, and the process of charging the capacitor gets initiated. As the charge begins 
accumulating on the plates—left side positive and the right side negative—potential 
difference between the plates begins increasing from its initial value of zero. As a 
result, the effective voltage across the resistor begins decreasing. This engenders 
time-dependent decrease of the current. The resultant charging of the plates is an 
exponential process, and eventually, the current stops flowing, the capacitor gets 
fully charged, and the potential difference across the plates of the capacitor equals 
the battery voltage V. It is convenient to divide both sides of (9.83) by R and re-write 
it as 
dq(t) " q(t) V 


= 9.84 
dt TR-C R ( ) 


where 
Tr-c= RC (9.85) 


is the time constant of the R — C series circuit. When R is measured in &2—ohms— 
and C in F—farads—rpr_c is measured in seconds. 

Recall that inhomogeneous ordinary differential equations with constant coeffi- 
cients and their solutions were discussed in detail in (3.74)-(3.80). And (9.84) is a 
simple, one-dimensional such differential equation. Its solution is 


GG) = an een |- (= -)| corona (9.86) 


The unknown constant og can be determined from one boundary condition. 


9.4.1 Examples Group I 


Problem 


Assume the capacitor in the system described above and shown in Fig. 9.22 is in its 
uncharged state. Turn the switch on at time ¢ = fy and work out the time dependence 
of the charge and the current. 


Solution 


Charge on the capacitor at time fg is zero. Equation (9.86) at t = fo, 


9.4 R-C Series-Circuit 285 


q(to) = 0 = ao exp I-( a ) £CV (9.87) 


TR-C 


gives 


t 
oy = - cv exp|( : ) (9.88) 
TR-C 
Accordingly, we have 


iO. = GV {! Gn |- (—*)]| (9.89) 


Gy = a1) = 7 | (—*)| (9.90) 


and 


Equation (9.90) predicts that within a time interval equal to Tg_¢ the current drops to 
about one-third—actually, 36.787944 1 %— of its original value (4), while, accord- 
ing to (9.89), the magnitude of the charge on either plate rises to about two-thirds of 
its maximum value, which is C V. 


9.4.2 R-L Series Circuit 


At time f, the switch is on and the battery supplies time-dependent current i(f) at 
constant voltage V to a series connection constituted of a resistor R and an inductor 
L. The following differential equation describes this closed-loop circuit. 


Ri@t) +L “0 = 


V. (9.91) 


Divide both sides by L and solve the above. The result is 


i(t) = do exp (-; ) + a (9.92) 


9.4.3 Examples Group II 


Consider a closed-loop circuit containing a large battery that can supply current at 
constant voltage V. Other items in the circuit are a resistor R, an inductor L, and a 
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switch. All these items are connected in series. Turn the switch on at time t = fo and 
work out the time dependence of the charge and the current. 


9.4.4 Solution 


At t = fo, the current is vanishing. As such the solution (9.92) gives 
i(tt) = O = as Y (9.93) 
(to) = = 00 exp “TZ o}t+ R ; : 


Or equivalently 


_ V R 4 
oo = (=) exp (F i) ; (9.94) 


Inserting the above value of a into (9.92) yields the result 


roe (5)[: exp| al (9.95) 


where Tr_z is the R — L system time constant. 


TR-L = =- (9.96) 


When R is measured in —ohms—and L in H—henrys—rpr_;, is measured in 
seconds. 
Note that within a time interval equal to Tr_, the current drops to 63.212056% 


of its maximum value (4). 


9.4.5 L-C Series-Circuit 


The following is a differential equation that describes a closed-loop circuit formed 
of a large battery that at time t supplies current i(t) at constant voltage V to a series 
connection constituted of an inductor (L), a capacitor (C), and a switch that is 
on—see Fig. 9.23. 


q(t), di(t) _ 
C mee dt 


Vi. (9.97) 
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Replacing i(t) by uO and dividing both sides by L lead to a second-order inhomo- 
geneous linear ordinary differential equation for the charge q(t) on the left plate of 
the capacitor. [The charge on the right plate is —q(¢).] 


d°q(t) q(t) = Vv 
Ae ae Ee (9.98) 
In (9.98) 
(T1-c) =V LC (9.99) 


is the time constant of the L-C series circuit. When L is measured in H and C in F, 
T_-c is measured in seconds. [Note : ./onehenry.onef arad= | second] 

The solution to (9.98)—which is an inhomogeneous linear ordinary differential 
equation with constant coefficients—is found in the usual manner [Compare (3.55) 
to (3.80)]. 


q(t 0, sin(wt)+ o2 cos(wt)+ CV ; 


i(t) = a) = wo} cos(wt) — o sinWwt)] . (9.100) 


The charge q(t) and the current i(t) are periodic in time with angular frequency w 
and frequency v. 


1 


TL-C 


= 2nv . (9.101) 


Cm 


The unknown constants a; and 02, in (9.100), can be determined by two boundary 
conditions. 


9.4.6 Examples Group III 


Problem 


Imagine Fig. 9.23 without the battery. And consider an L-C series circuit that despite 
the absence of the battery has an on/off switch. The switch is kept off as long as the 
time t is < f9. The charge +Qp on the plates stays put as is while the switch is off. 
When at tf = fp the switch is turned on, it allows the charge to start flowing. Describe 
the resultant discharge of the capacitor. 


Battery Absent 


Solution 


In the absence of the battery, the voltage V can be excluded from the L — C series- 
circuit differential equation (9.98). The two unknown constants, 0; and a2, in the 
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result of the remaining equation are determined from the known boundary condition: 
q(to) = Qo and i(to) = 0. 


q(t) = Qo = oO Sint) + a2 costo) ; 
i(t) = 0 = [7 cos(Wto) — 2 sin(Wwftp)] . (9.102) 


€ 


Thus 


01 = Qo sinWwto) ; 
02 = Qo cos (wtp). (9.103) 


Inserting the results given in (9.103) into (9.100) yields 


q = Qo cos[w (t — to)] ; 
i= —w Qo sin[w(t—%)] . (9.104) 


Accordingly, at time t, the voltage drop across the capacitor is 


a = (2) cos [w(t —to)] (9.105) 
And that across the inductor L is 
di 
77 =—(w’L Qo) cos[w(t—%)] = — (2) cos [w(t — f)] . 


(9.106) 


Because there is no impressed voltage, the sum of these two voltage drops is zero. 


9.5 L-R-C Series Circuit 


Constant Impressed Voltage 


9.5.1 Examples Group IV 


Problem 


Consider an L-R-C circuit with a battery that operates at constant potential V. The 
switch is kept off as long as the time t is < 0. While the switch is off, the capacitor 
plates have no charge. When at t = +0 the switch is turned on, it allows charge to 
start flowing. Describe the charge q(t) and its rate of accumulation. 
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Fig. 9.24 R-L-C 
series-circuit, with a battery 
and on-off switch. At time t, 
charges on the capacitor 
plates are +q(t) and current 
i(t) flows through the circuit 


9.5.2 Solution 


The L-R-C series-circuit shown in Fig. 9.24 contains resistance R ohms, inductance 
Lhenries, and capacitance C farads. Shown also is the battery that provides constant 
voltage V volts. Also there is an on-off switch. Before the switch is turned on at 
t=0, the capacitor is completely uncharged. At t = +0, charge +dq streams out 
from the positive terminal of the battery and starts getting deposited on the left- 
hand plate of the capacitor. As a result, equal amount of negative charge—that is, 
—dq—is induced on the right-hand plate of the capacitor. Because of the physical 
requirement that charge neither be created nor destroyed, this process results in 
equal amount of positive charge—that is +-dg—to move away from the right-hand 
plate of the capacitor, continue its travel around the circuit, and in time df return 
to the negative terminal of the battery. This whole process is equivalent to current, 
4 flowing across the entire circuit, from the positive terminal of the battery back 
through to the negative terminal. 

Streaming of the charge and changes in potential across the circuit are intercon- 
nected. According to Kirchhoff’s second law, over a complete cycle, the total change 
in potential is zero. Assuming the battery provides current at V volts, a flowchart of 
the voltage changes across the whole circuit, at a given time t > 0, would be as fol- 
lows. Voltage change across capacitor C + voltage change across inductor L + volt- 
age change across resistor R + voltage change across the battery =0. That is, 


q(t) L di(t) 
Cc dt 


RID4V = 0; (9.107) 


Divide (9.107) by L, replace i(t) by sa) and rearrange slightly. 
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dg(t) (R\ dq(t) 1 _v 
eS +(7) 7 +(Z)ao =>: (9.108) 


The above is an inhomogeneous linear ordinary differential equation with constant 
coefficients C. Its solution, according to (3.59), is 


q(t) = Scomp (t) Tpi(t) (9.109) 


where Somp(t) is the complementary solution and /,,;(¢) is the particular integral that 
are defined as follows. 


a She (=) 5 = 0 9.110 
lat(Z) $+ =z) | comp(t) = 0 . (9.110) 


a ei nee ee 9.111 
sa + (Z) c+ (ze)| eG ae 


According to the description given in detail in Chap. 3—see (3.55) and (3.56)— 
Scomp(t) is readily calculated. Similarly, /,;(t) may be found by using (3.61) and 
(3.67). We get 


s _ Rt R \2 1 
— oven (-27) =r (x7) = Gc 
a -). 9.112 
+ orenp(-57) exp t (=) (=) , (9.112) 


V 1 
Tpi(t) = (=) (a =CV (9.113) 
LC 


It is interesting to note that in (9.110) and (9.111) , the expression (+) plays the 


role of angular velocity squared, while (4) acts as a friction coefficient. [Note : In 
(9.112) the constants o; and o2 are arbitrary and, as usual, can be determined by two 
boundary conditions.] For convenience, introduce the notation 


- (2) -(ce). a 


Using the above notation, re-write (9.112) as 


Scomp(t) = 01 exp (at) + a2 exp (wf). (9.115) 
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where 
—R 
a= (=) OLS 
== (9.116) 
22> aL Qa. : 
No Impressed Voltage 


When the battery is absent, the impressed voltage, V, is zero. As a result, /,;(t) is 
vanishing and according to (9.109) and (9.115) 


q(t) = Scomp(t) = o1 exp (wt) + a2 exp (wf). (9.117) 


9.5.3. Over-Damped Series Circuit 


Capacitor Charge q(t) 


The circuit is over-damped when the resistance R is overpowering and, as a result, 
a—see (9.114)—is real rather than imaginary. This results in the discriminant being 
greater than zero, that is, 


-_— RY’ : 0 9.118 
* = (sr) -(ze) >° C@ 


which leads to another inequality 


cay : (9.119) 
i >a’. : 
Because L, R, and C are all positive, (9.119) implies 
R 
(=) >a (9.120) 
2L 


and (9.114) indicates that a is positive. Then, according to (9.114), (9.116), 
and (9.120), we have the inequalities 


m<0; 
W2< 0; 
@W,—-m>O0. (9.121) 
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In view of these inequalities, (9.117) predicts that irrespective of whether a; and o2 
are positive or negative, as time passes the charge q(t) must exponentially decrease, 
heading to zero as f— > oo. 


9.5.4 Current Flow Across Capacitor 


Shown in Fig. 9.25 is a closed-loop series circuit that contains a resistor, an inductor, 
a capacitor, and an on-off switch. The switch is off while t < 0. At t = 0, the 
charge on the left plate of the capacitor is +g (0) and the current 1(0) = 0. However, 
immediately as t > O the switch is turned on and the capacitor begins discharging: 
thereby resulting in current i(t) flowing from the positively charged left plate all the 
way around the circuit to the negatively charged right plate of the capacitor. 


Problem 


Work out the time dependence of the capacitor charge qg and the electric current i in 
the circuit. For numerical calculation use: 

InductanceL = 1H ; Resistance R = 10° QQ; 

Capacitance C = (9 . 104) F ; Capacitor Charge q(0) = 10-3 C 


Solution 


Clearly /,;(t) = 0 for t => 0 because there is no impressed voltage. 
Regarding the charge q(t) on the capacitor, and the current i(t) flowing in the 
circuit, at t = O we are told i(0) = 0 and according to (9.115) 


Scom(t = 0) = gO) = +a = 107°C. (9.122) 
Fig. 9.25 Similar to 


Fig. 9.24 except for the 
battery which is missing here 
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To determine the current i(t), differentiate (9.117). 


dq (t 
i® = a) = 0, mi exp (ait) +00 mexp(a?). (9.123) 


Because the current i(0) is vanishing, (9.123) gives 
i(0) = oj, m1+0.m2 = 0A. (9.124) 


Combining (9.122) and (9.124) leads to 


W2 W2 3 
a=-(<2—) 40=-(=2) 0. 
1-H WW, — W2 
ges (=) q(0) = (=) 10-3.C (9.125) 
WW, — W2 WW — W2 


According to (9.114) and (9.116), one needs (5) and (4) for calculating a, 
@,, and cw. Using the numbers provided, one gets 


R 1 
(=) 500 (=) 90,000 ; a 00 


@,=-—100; am = — 900; 


10-3 10-3 
n= 9/ ; ) 0 = -() ; (9.126) 


Therefore, (9.117) and (9.123) give 


10-3 
q(t) = (>) [9 exp(—100r) — exp(—9001)] C ; 


i(t) = (=) [exp(—1001) — exp(—9001)] A. (9.127) 


Charge Reduction Exponential 


The magnitude of the charge g(t) on the plates reduces exponentially as time passes. 
The behavior of the current, however, is more interesting (Fig. 9.26). 


Current Decrease Exponential 


Although it stays negative, it goes through an extremum at t = 0.0025993 s when 
the current has reached —0.0759057 A. Thereafter the current strength decreases 
exponentially (Fig. 9.27). 
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Fig. 9.26 An over-damped Over-Damped L-R-C Circuit 
L-R-C series circuit: the 0.001 
capacitor charge g(t) C is 
plotted as function of time t 0.0008 
S 
0.0006 
q 
0.0004 
0.0002 
0 
0 0.005 0.01 0.015 0.02 
t 
Fig. 9.27 Current —i(t) in Over-Damped L-R-C Circuit 
an over-damped L-R-C 
series circuit as function of 0.07 
time t. The extremum in —i a 
is 0.0759 A and it occurs : 
when t = 0.0026 S 0.05 
=] 0.04 
0.03 
0.02 
0.01 
0 
0) 0.005 0.01 0.015 0.02 


9.5.5 Critically Damped Series Circuit 


Capacitor Charge q(t) 


If the discriminant—see (9.118)—a” is vanishing, meaning if 


(£) (=) =0 9.128 
op) “\ne) >" ee 


the two roots of the characteristic equation are equal. That is, 


R 
W=™m=m=- (=) F (9.129) 


Therefore, according to the well-established procedure—see (3.37)— 
(9.117) does not apply. Rather, the charge q(t) must then be expressed in the form 
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q(t) = (03 + o4t) exp(wot) . (9.130) 


As aresult, the current i(t) is 


d 
i(t) = > = [a (03 + o4t) + 4] exp(wot) . (9.131) 


9.5.6 Examples Group V 


Problem 


Assume the capacitor charge is g (0) as the impressed voltage is turned off at t = 0. 
Immediately thereafter, the capacitor begins discharging . Work out the time depen- 
dence of the electric current and the (magnitude) of the charge on a capacitor plate. 
For numerical calculation use : 


Inductance LL = 1H ; ResistanceR = 2x10? Q; 
Capacitance C = (104) F ; Capacitor Charge q(0) = 10-4 C. 


These numbers obey (9.128) which is arequirement for a critically damped circuit. 


Solution 


At t = 0, the charge is q(O) and the current i(0). Inserting this information into 
(9.130) and (9.131), as well as noting the fact that (0) = 0, we are led to 


q(0) = 03, 
i(0) = 0O=u9 03 +04 (9.132) 
which gives 
—woq(0)=o4 . (9.133) 


Using the results obtained in (9.132) and (9.133) in (9.130) and (9.131), one gets 


and 
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Fig. 9.28 L-R-C circuit with Fl i,-i 
battery. Current i; (t) flows 
out and on arrival at point A 
current i(t) separates and 
moves up the inductor L. The 
remaining current continues, 
eventually joining with i(t) 
at point B 


Turn the switch on in the L — R — C circuit shown in Fig. 9.28. The large battery 
supplies current at constant voltage V volts. At time f, current i; (t) is flowing out 
of the positive terminal of the battery. At the first circuit point A, current i(t) sepa- 
rates from i;(t) and moves up the inductor L to the circuit point B. The remaining 
current— that is, i; (t) — i(t)—-continues onward and moves up the capacitor C even- 
tually joining at the second circuit point B with the current i(t). Together these two 
currents make up current i;(t) which, after passing through the resistor R, returns 
to the negative terminal of the battery: thereby completing the closed-loop circuit. 
Assume at time ft, the charge on the lower plate of the capacitor is +q(t) and that on 
the higher plate is —q(t). 


9.5.7 Examples Group VI 


Problem 
Refer to Fig. 9.28 and work out currents i(t), i;(t) and charge q(t). 
Solution 


Figure 9.28 actually describes three separate circuits. Each follows its own differential 
equation and makes its own contribution to the process. 

For instance, the first circuit on the left that contains the battery, the inductor L, 
and the resistor R. Its differential equation is 


di(t) 
dt 


V-L — Rit) = 0. (9.136) 
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Next, there is the L-C circuit that is contained within points A and B. As shown 
in Fig.9.24, both the inductor L and the capacitor C experience identical potential 
difference that obtains between points A and B: hence the equality 


di(t) q(t) 
ren a (9.137) 


where dnt 
es = 4G 24 i (9.138) 
dt 
In addition to the above three equations, one can also write a fourth equation that 
refers to the circuit heading from the battery through the capacitor back to the battery. 
That is, 


t 
V= 10 4 Ri. (9.139) 


It turns out that (9.139) does not provide any new information beyond what is already 
included in the first set of three equations (9.136), (9.137), and (9.138). But that is 
not a problem because the first set of equations is sufficient for determining the three 
unknowns: i(t), i;(¢) and q(t). In order to carry out this determination, proceed as 
follows. 

Differentiate (9.137) and combine the result with (9.138). 


@i(t) 1 dg(t) 


dt? Cott 
suey (9.140) 
C 
Eliminate 7; (¢) from (9.140) and (9.136), 
di (t L di(t i(t V 
i(t) i(t)  i(t) = (9.141) 
dr? RC dt C RC 


and divide (9.141) by L. This leads to the desired, single, differential equation 
whereby i(f) can be determined. 


@i(t) 1 \ di) to 1 Y me 
dr? +(z2) dt +(2)io = (=) wa 


The above is an inhomogeneous linear ordinary differential equation with constant 
coefficients. Its solution, according to (3.59), is 


i(t) = Scomp(t) + Ipi() (9.143) 
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where S comp (t) is the complementary solution and /,,;(¢) is the particular integral that 
are defined as follows. 


d? : e : S, t) =0 9.144 
[52+ (zc) z+(ze)| Kap 20 (9.144) 


= = pe : a oe 9.145 
[sz+ (zc) =+(z)| nt) = (<2) ee) 


According to the description given in detail in Chap. 3—see (3.55) and (3.56)— 
Scomp(t) is readily calculated. Similarly, [,;(t) may be calculated by using (3.61) 
and (3.67). 


t i-\ 1 
= niexe(-z9a) aa (sec) - (ze) 
_ Cy ; 9.146 
+ orexp (—s52 exp t (522) (=) . (9.146) 


in = (tea) ay = ($F) 9.147 
= aoa Ga) (9.147) 


Following (9.137) — (9.147), both the charge q(t) and the current i; (7) can now 
be calculated. For instance, (9.137) gives 


di(t) 


t) = LC 
q(t) re 


(9.148) 


which leads to 


oy ee t 1\ (1 
110= (Se) #(-zRc) |" (see) ~ (ze) 
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Fig. 9.29 At time 0, the two E D 
plates of the capacitor hold 

charges Qo and —Qg. 

Shown here is 

q(t) versus i; (¢), and i2(t) 


And knowing q(t) and i(t)—see (9.157), (9.143), (9.146), and (9.147)—(9.138) 
provides a simple route to the evaluation of the current i, (t). 


9.5.8 Examples Group VII 


Problem 


At time t = 0, the two plates of the capacitor hold charges q(0) = Qo and — Qo and 
current i2(t = 0) is equal to Jo9. Work out q(t),i;(¢), and i2(t). The relevant plot is 
in Fig. 9.29. 


Solution 


The potential difference across points A and E is the same as that across points B 
and D. 


aN oe eee (9.150) 
dt 


The potential difference across points B and D is also equal to that across the capac- 
itor C. 


diz (t) 
dt 


L = qg(/C . (9.151) 


Additionally, the current flow out of the positive plate—and back into the negative 
plate—of the capacitor leads to the relationship 
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a1) ee ee (9.152) 


Differentiate (9.151) and combine the result with (9.152). 


di23(t) 1 dq(t) 


dt? C dt 
—i,(t) — in(t) 


GC (9.153) 


Now eliminate i; (t) from (9.153) and (9.150) and divide the result by L to get 


di5(t 1 dix(t j 
in(t) in(t) — in(t) =o (9.154) 
dt? RC dt L-€ 


Much like (9.146), differential equation (9.154) leads to 


, t i. 1 
a ie (-x9e) (sxc) - (ze) 
; 9.155 
+ oxexp sac) t Gra (=) . (9.155) 


According to (9.150) and (9.151) 


L\ di 
in(t) = (5) Bo 
1 


The relationship L C we = q(t) leads to 
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| ea ve t ft <\? 1 
(sz) = ) | exp (—sam) ex (szc) (<2) 


=i,(t) RC. (9.157) 


Equations (9.155) and (9.157) provide the solution to Examples Group 7 except that 
there still are two unknowns a, and a2. The given two boundary conditions, namely 
i2(t = 0) = Igo and q(t = 0) = Qo, determine these unknowns. That is, 


Iho =0,1+02 (9.158) 


and 


_ (rk EY age 9.159 
O0 = = (Fz) (or +00) + (0-00) (sz) =) 5 (9.159) 


Chapter 10 M®) 
Numerical Solution eects 


Given a first-order linear differential equation 


dy) _ r 


- (x,y), 


and its solution, y(xo), at a point x = xo, Runge-Kutta procedure is used to estimate 
y(xo + A). Runge-Kutta procedure is the least accurate when it uses only one step 
for the entire move. And indeed, as noted later, the single-step process does yield 
grossly inaccurate results. The two-step process—see (10.12) and (10.13)—improves 
the results only slightly. But the four-step effort—see (10.14)—(10.17)—does much 
better. It reduces the error to about (=)th of that for the one-step process. Estimates 
from a ten-step Runge-Kutta process are recorded in Table 10.1. These estimates— 
being in error only by (100 x 20S ) = 0.0113%—are highly accurate. 


22.17 
Coupled first-order differential equations are treated next. 


A(x, y) =x+y, 


dx 
dt 
dy 


Bix, y) =x-y. (10.1) 


dt 
Together these equations are equivalent to a single second-order differential equation. 
Tables 10.2, 10.3, 10.4, 10.5, 10.6, and 10.7 display numerical results for the one-step, 
two-step, and the five-step processes. Table 10.8 contains numerical results gathered 
during a twenty-step Runge-Kutta process. At maximum extension, A = 2, the 
Runge-Kutta estimate is 26.371190. It differs from the exact result, 26.371404, by 
only a tiny amount, 0.000214. The percentage error involved is 0.000811. Table 10.9 
records numerical results collected during a twenty-step Runge-Kutta process. 
At maximum extension, A = 2, the Runge—Kutta estimate for Y,, is 11.0170347. 
It differs from the exact result, 11.0171222, by 0.0000875. The percentage error 
involved is 0.000794. It is similar to the corresponding error, 0.000811%, for X,. 
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The accuracy achieved by the twenty-step Runge—Kutta estimate is quite extraor- 


dinary. When very high accuracy is desired, the twenty-step Runge-Kutta process 
yields results that are worth the effort. 


10.1 Single First-Order Differential Equations 
10.1.1 Runge-Kutta Steps 


Consider a single first-order differential equation. 


dy(x) 
dx 


= F(x,y). (10.2) 


Its solution, y(x), contains one arbitrary constant that can be determined by speci- 
fying one boundary condition. Let that boundary condition be the value of y(x) at 
X = xo. That is 


y(x%o) = Yo. (10.3) 


Assume the given differential equation cannot be solved by methods that have been 
described so far in this book. The objective of the current exercise is to work out an 
approximation procedure whereby one can proceed beyond the starting point in a 
step-by-step process. Each step is chosen to be of length €. In this manner, n steps 
are needed to move from the initial location xg to the desired final location x,,. 


Xe = xotne = x+A. (10.4) 


In other words, knowing yo = y(xo) = Yo, one attempts to find Y,, that is an 
approximation to y, = y(x,) = y(%p + A). However, before starting, one must 
choose numerical values for the distance A and the total number of steps, n. As a 
result one is led to the single-step length € specified by 


e= (10.5) 


A 
a 
The protocol for carrying out this objective is suggested by Runge and Kutta. It 
involves successive use of small ‘steps,’ each of which carries the process through a 
small extension in position, say from x to (x + €). To the above purpose, one proceeds 
as follows. The first Runge-Kutta step of length € takes us from the starting point 
Xo to a neighboring point x; = xo + € and requires calculating the parameters 
Ria, Rp.2, Ri.3, Ri.4, K1:1. Here Y; represents an estimate of the exact result y) = 
y(x1) = y(xo + €). Of course, the hope is that the extension, €, is short enough that 
the estimate Y; is a good approximation to the unknown exact result y,. 

Choose the value of x9, Yo = y(%o), n, and A. Sete = a 


ae 
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Runge-Kutta : First Step 
C=. 5 ao-= ee PYG Hike tf 


€ Ri 
Ry, =€ F (Xo, Yo) 3 Ro. = €F ao oe ; 


€ Ro.1 
R31 =e F x0 + 51 Yo + —— > Ray = €F (xo +6, Yo+ Rai) ; 


1 
Kj = 6 (Rit +2 Roi +2 R31 + Raz) 5 
WHeyeR . (10.6) 


It is important to note that Yo has been chosen to be exactly equal to a given value. 
Therefore, it is exact. On the other hand, Y; is the Runge—Kutta estimated value of 
y,. Therefore, it is approximate. The objective of the current exercise is to make this 
approximation as accurate as needed. And an important option for achieving this is 
to make € short. 

Because € is short, one needs to extend through several e’s. Usually, the beginning 
and the endpoints, say x9 and x9 + A, are determined by the physical needs of 
the subject matter that is being studied. And, of course, greater the number , the 
greater the effort needed to arrive at the desired estimate. Therefore, the choice for 
n is made by the amount of effort one is willing to expand. And because of the 
relationship (10.5), that decision fixes the value of €. 

We could now proceed to the second step. But it is more convenient directly to 
go to the nth step. 


Runge-Kutta : nth-Step 


6S het A See, PT See Se 


€ Ri-n 
Ri-n =€ F (xy-1, Yn-1) 3 Ron = ¢€F Xn-1T 55 Yn-1 + 5) 


€ Ron 
R3-n =eF Xn-1 + 2’ Yn-1 = 5 3 Ran = €F (1 +e, Yn-1 i R3:n) 


1 
Ky = 6 (Risn +2 Ron +2 R3-n oF Ran) 3 
Y, = Yn_-1+ Kn . (10.7) 


10.1.2 Runge-Kutta Solution 


The Runge-Kutta procedure is best demonstrated by working out an actual problem. 
To that purpose, consider the following first-order differential equation. 
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dy@) _ 7 


de (10.8) 


Assume we do not know how to solve it. Because it is first order, its solution must 
contain one arbitrary constant that can be determined by a single boundary condition. 
Let such boundary condition be its solution at x = x9 = O and assume that this 
solution is equal to Yp = 3. That is 


ya=x=0) = % =3. (10.9) 


The Objective 
Knowing xo and y(xo), we wish to find the solution y(x) at a point x = x9 + A. 
Need for Exact Solution 


As mentioned earlier, in principle we do not know the exact solution of (10.8). 
For educational purposes, however, it is important to know how well the Runge-— 
Kutta procedure actually is faring. To that end, it is best to have available, hidden 
somewhere in the background, the exact solution. Then, as we proceed through 
the various Runge-Kutta steps, the accuracy of the numerical approximation can 
properly be evaluated. 

The exact boundary-value solution of (10.8) is 


x? x? 
y(x) = do exp (5) = 3 exp (5) : (10.10) 


Solution with Longest Possible « 


In order to make our work the shortest possible, we need to use the longest-possible 
€ : meaning € = A = 2. Then, working through the first step described in (10.6) we 
have 


e=2;m=0; % =3,; 


€ Rit 
Ri1 =E€x0 Yo = 0; Ro = € (x0 + =) ae = 6; 
€ Ro. 
Rai = € (x0 + 5) (v0+ =) = 12; 
Ra. = € (x0 + €) (Yo + R3:1) = 60; 
1 
Ki= G (Rit +2 Ras +2 Rai + Rai) = 16; 
Wait Sos 16=-19, (10.11) 


The Y, calculated above is the estimated value of y(x = A). Its exact value is 
2 
y(x =2) =3 exp(3) = 22.167168. Thus, for the longest-possible choice for €, the 
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Runge-Kutta estimate is quite inaccurate. It equals 19. Therefore, it is in error by 
3.17 points which is about (100 x $44) = 14.3%. 


Solution When «€ Is Half-the-Longest Possible 


Next, let us deal with the case where € is equal to half-the-longest possible. 


Given € is equal to one-half the maximum-possible length—meaning 


€= 4 = 1—one needs to walk through two successive Runge-Kutta steps. For the 


first step, one has [Note: Compare (10.6)] 
e=1 > 30 = 0 7 Yo = 3 3 
Ri.4 =0 ; Ro.1 = 1:5 4 
R35 = 1.875; Ray = 4.875 


Ky 


1 
g (Rist + 2 Roa +2 Roi + Ra) = 1.9375 3 


¥=%o+ Kj] 3419375 = 4.0375. (10.12) 


And for the second step 


e=1l3; x =€E; Y, = 4.9375 ; 
Ry.2 = ex, Y, = 4.9375 ; Ro. = 11.1094 ; 
R3.2 = 15.7383; R42 = 41.3516 ; 


1 
Ky = ; (Ri:2 +2 Ror +2 R3:2 + Rar) = 16.6641 ; 


Y,=Y¥,+Ky = 4.9375 + 16.6641 = 21.6016 . (10.13) 


Y2 = 21.6016, calculated above, is the estimated value of y(2). Its exact value is 
3 exp(2) = 22.167168. Thus, for half-the-longest-possible choice for €, the Runge— 
Kutta estimate is already much improved over that for the longest-possible choice. 
The result is now only 0.57 points in error, which is less than a fifth of the previous 
error. 


Solution with One-Fourth the Longest Possible « 


Next, let us consider an even shorter value of € equal to a quarter of the longest- 
possible choice: meaning € = 0.5. This requires trudging through four Runge-Kutta 
steps, each of length €. The first step yields 


€=05; %» =0; YY =3; 
Ri, =O; Roy = 0.375 ; 
R3.; = 0.398438; R41 = 0.849608 ; 
1 
K,= g (Rist +2 Roa +2 Roi + Rac) = 0.399414 ; 
Y, = Y%t+K, = 3+0.399414 = 3.399414. (10.14) 
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The second step gives 


e=05; 4 =€; Ky = 3.399414 ; 
R3.2 = 1.54368; Rao = 2.47154 ; 
I 
Ky = = (Ryo t2Ro2 +2 Rao + Rar) = 1.54617 ; 


6 
Y.=Y, + Ky = 3.399414 4 1.54617 = 4.945584. (10.15) 


The third step gives 


€=0.5 3; x» = 2€; Yo = 4.945584 ; 
Ri.3 — 2.47279 ; Ro.3 = 3.86373 5 
R3.3 = 4.2984; R4y.3 = 6.93299 ; 
1 
K;= ; (Ri.3 + 2 Ro.3 + 2 R3.3 + R4;3) = 4.28834 ; 


Y3 = Yo + K3 = 4.945584 + 4.28834 = 9.233924 (10.16) 


The fourth- and the final step leads to 


€=05; = 3€; Y3 = 9.233924 ; 
Ry.4 = 6.92544 ; Ro4 = 11.1096 ; 
R3.4 = 12.9401; Raq = 12.174 ; 


1 
K,g= 6 (Ri.2 +2 Ro.2+ 2 R3.2 + R4;2) = 12.8665 ; 
Y4 = Y3+ Kg = 9.233924 + 12.8665 = 22.100424 (10.17) 


Equation (10.17) indicates that the use of one-quarter the longest-possible € leads 
to Runge-Kutta approximation result, 22.100424. This result is in error by a mere 
22.167—22.100 = 0.067 points. Being only (100 x 2°54) = 0.302%, this is greatly 
reduced error. Indeed, it is almost one-fiftieth of (100 x 22.167) = 14.29%— 


which was the error when the longest-possible € was used. 
Solution with One-Tenth the Longest-Possible ¢€ 


To get a good feel as to whether the improvement in the estimate is worth the addi- 
tional effort, let us try even a shorter length € : say, € = 7 = 0.2. In order to save 
space, these results are tabulated in Table 10.1. 

Table 10.1 indicates that when the travel to the maximum extension, xj) = 2 = A, 
is carried out by using € = 4 _—meaning, when ten steps are used to get to the 
maximum extension— the Runge-Kutta estimate is in error ~0.0025. The percentage 
error now—being about 0.0113%—is absolutely minuscule. Indeed it is much less 
than one-thousandth the error, 14.3%, found by using the longest possible value of 
€. 
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Table 10.1 Ten-step . Xn Exact Runge-Kutta | Error 

numerical approximation 

results 0. 3 3 0 
0.2 3.060604 3.060604 0.0 
0.4 3.249861 3.249861 0.0 
0.6 3.591652 3.591651 0.000001 
0.8 4.131383 4.131378 0.000005 
1.0 4.946164 4.946149 0.000015 
1.2 6.163260 6.163255 0.00005 
1.4 7.993369 7.993240 0.00013 
1.6 10.789919 10.789563 0.00036 
1.8 15.159271 15.158317 0.00096 
2.0 22.167168 22.164669 0.0025 


Summing-Up: Results for One-Tenth the Longest-Possible € 


‘For an initial value first-order differential equation, Runge—Kutta provides excellent 
approximation to the exact result when ten Runge—Kutta steps are used. Indeed, using 
less than half this effort—meaning when one-fourth the longest-possible € is used— 
the resultant Runge—Kutta estimate is in error by only 0.302% which may often be 


acceptable accuracy. 


10.2 Coupled Differential Equations First Order 


Second-order differential equations can be constructed from coupled first-order dif- 
ferential equations. For instance, consider the following differential equations: 


d 
AQt,y) = ~=xty, 
y dt y 
dy 
Bix, y) = apo 


(10.18) 


Differentiate with respect to ¢ the upper (10.18) and write the result as follows. 


ix dx as dy dx es dx ee dx 
—I — xX — xX x- — 

qd dt dt df ee dt 
=2x. 


Similarly, differentiate the lower (10.18) and write 


d’y dx dy dy dy dy 
a? ae ae ae a OO ae 


=2y. 


(10.19) 


(10.20) 
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The second-order differential equations (10.19) and (10.20) can straightforwardly 
be solved by the usual, trial solution as exponentials, technique. Meaning set x(t) = 
const. exp(@ ft) and y(t) = const. exp(6 ¢). In this manner, the solutions are 


x(t) = a, exp (721) +b exp (—V21) , 
y(t) = ay exp (W721) + by exp (—V21) . (10.21) 


While we expect the solution to a first-order differential equation to contain only a 
single arbitrary constant, unfortunately the given solutions—see (10.21)— to two 
first-order differential equations seem to involve a total of four such constants. These 
constants are a,, b,, ad, b2. Fortunately, by using the procedure described in (3.28)— 
(3.37), one can properly reduce these constants to the needed total of only two. The 
result is 


x(t) = a, exp (J/21t) +b; exp (-V21) : 
y(t) = {v2- i ay exp (V2) — [v2+ i} b, exp(—V2t) . (10.22) 


And the two constants a; and b; can be determined by the two boundary conditions— 
namely 


x(t=t=0)=1 


=a, +b; = Xp; 
y(t =t =0) =2 
= {v2-1] a -{v2+1] a (10.23) 
Equation (10.23) lead to 
3 2 2-3 
a = a2 : bb = — (10.24) 
2/2 2/2 


Inserting the a, and b;—given in (10.24)—into (10.22) provides the desired exact 
solution of (10.18). 


x(t) = (=) exp(V2t) + (43) exp(—V21) ; 


y(t) = {v2- i (22) exp (21) 


= [v2+ i| (43) exp(—V2t) . (10.25) 
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Equation (10.25) duly satisfy the required two boundary conditions (10.23). And they 
provide ready access to the exact result for comparison with Runge-Kutta estimate. 

One hastens to add that the Runge-Kutta numerical approximation—to be dis- 
cussed in the following—for a coupled pair of first-order differential equations can 
be employed without knowing the exact results in (10.25). The latter are provided 
merely for educational purposes. In other words, exact results help evaluate the accu- 
racy of the Runge-Kutta estimate. 


10.2.1 Runge-Kutta Steps 


Use the information « = 0.1, tf =0, x(to) = Xo = 1, y(to) = Yo = 2 and note 
the following: 

X,, is the estimated value of x, = x(t,) = x(to + ne), Y, is the estimated value 
of yn = V(t) = y(to + né), and fy has been set equal to zero. 

The two coupled first-order differential equations that need to be solved—subject 
to the two boundary conditions (10.23)—are A(x,y) and B(x,y) as given in (10.18). 

The nth Runge-Kutta step refers to t, = t9 + ne with ft) = 0 and x, and y, are 
exact results. 


10.2.2. Numerical Solution 


One-Step Numerical Approximation 
Solution with the Longest-Possible € 


Let us start with the worst possible choice for € : meaning € equal to the farthest 
separation envisioned. That is € = A = 2. Remember, Xo = 1 and Yo = 2 and the 
Runge-Kutta objective is to move to Xp + A=1+2=3and¥Ypo+A=24+2=4. 
The results are provided in Tables 10.2 and 10.3. In the single-step process, the 
Runge-Kutta estimate for final X,, is in error by 4.7. The exact value is 26.37. In 
percentage terms, for the one-step process, the error in final X, is 100 ( eu) — 


26.37 

17.8%. The corresponding error in final value of Y,, is 100 (235) = 3.18%. 
Table 10.2 . € = 2: one-step ne Exact Runge-Kutta Error 
approximation for Xp i i 0 

2 26.371404 21.66667 47 
Table 10.3. « = 2: one-step ne | Exact Runge-Kutta | Error 
approximation for Y;, 5 5 0 

2. 11.017122 10.666667 0.35 
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Relationships and Results for Runge-Kutta First Step 

The objective at the first step is to calculate X; and Y; which are estimates for the 
corresponding exact values xj = x(t) = x(t + €) and y; = y(t}) = y(to + €). 
Note fo = 0. The Runge-Kutta equation and the relevant numerical values for the 
first step are given below. 


Rut =€ (Xo+¥%) = 0.1 x (1 +2) = 03; 


Si S206 SY SUT eS OS SOs 

Rij (xo “ +¥4 =) = oft oF +2 | 203i 

So.1 =e «(x04 = Yo 1) = oft +S 24 == 0.08 
R31 = € (Xo + “BL 4 Yo + *3") = 0.1 [1+ os +2 | = 0.3115 
$3.1 = (x0 . Yo =) = oft + 24 | = —0.0805 


Rg.) =€ (Xo + R3:1 + Yo + 83; 1) = 0.1 [1+ 0.3115 + 2 — 0.0805] = 0.3231 
(Xo + R31 — Yo — $3.1) = 0.1[1 40.3115 — 2 + 0.0805] = —0.0608 


€ 
1 

Ki = (Rist +2 Ray +2 Rai + Rai) = 0.311017; 
1 


Li = & (Str + 2 S21 +2 S331 + S41) = — 0.0803; 
X,; =Xo+ kK, = 1.311017; Yj = Yo+L; = 1.919700; 
xy = 1.311018 ; y; = 1.919700. (10.26) 


Detailed information about the second step is provided next. 


Relationships and Results for Runge-Kutta Second Step 


Rin =€ (X1 + Yi) = 0.1 x (1.311018 + 1.9197) = 0.323072 ; 


Sip =€ (X1—Y)) = 0.1 x (1.311018 — 1.9197) = — 0.060868 ; 
Re Si 

Ree (x i. + V+: *2) = 0.336182 
Ri: Gi. 

Soe (x ee =) = —0.0416713 

2 2 

Ro: Si 

Riese (x +4 Kt =) = 0.337797 
Ro: So: 

Sige ez (x 4 7 y 22) = —0.0419756 


Ra.2 =e€E (X, + R3.9 + Y, + S3,2) = 0.352654 


10.2 Coupled Differential Equations First Order 313 
Sa. = € (Xi + R32 — Yi — S32) = — 0.022891 


1 
Ko= 6 (Ri. + 2 Ro.2 + 2 R32 + R4;2) = 0.337281; 


1 
Ly = 6 (Si. +2 So.9 +2 $3.9 + S4:2) = - 0.041842; 
X, = X,+ Ky = 1.648298; Yo = Y,;+ Lo = 1.877858 ; 
x) = 1.648299 ; y, = 1.877857. (10.27) 


The second step refers to fg = fy + 2€ = 0.2. X2 is the estimated value of x2. And 
Y2 is the estimated value of y2. Note, fo has been set equal to zero. 

If the desired total number of Runge-Kutta steps is n, one must proceed step- 
by step starting at the first step. The structure of the nth Runge—Kutta step is the 
following. 


Expected Structure of Runge-Kutta nth Step 


Rin = € (Xn-1 + Yn-1) | 
Si:n Se (Xn-1 _ Y,-1) 3 


Ry Sin 
Ron =e€ Xn-1 oe Yn-1 ae 5) 
Ry n Sin 
Son = € ( Xp Y,- : 
2; ( 1+ 5 1 -) ) 
2 Sa:n 
R31 = € | Xn-1 + —— + Yn + 5 
Ron San 
S3:n = € (| Xp ; Yn ; 
3; ( (ar > 1 5 ) 


Ran =e Gc + R3:n + Yn-1 + San) 
S4:n = (Xn-1 oa R3.n — f£n-1 — San) 
K,, = (Risn +2 Ron +2 R3:n + Ran) 


= 
II 


L 
Xn = Xn-1 ay Ky 3 Yn, = Yn-1 + Ln 
oS tee ie Saw (10.28) 


Two-Step Numerical Approximation 
Solution with Half-the-Longest-Possible € 


Consider next the case « = 1 = 3. Keep Xo = 1, Yo = 2, Xo +A = X90 + 2E = 
14+42=3andY+A = ¥o9+ 2e = 2+2 = 4. The results for X, and Y,, are 
recorded in Tables 10.4 and 10.5. Here the Runge-Kutta estimate for final X,, is 
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Table 10.4 € = 1: two-step 
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yg ne Exact Runge-Kutta Error 
approximation for Xp 
0 1. 1. 0. 
1 6.28308 6.166667 0.1164 
2 26.371404 25.583335 0.7881 
Table 10.5 cin 1: two-step née Exact Runge-Kutta Error 
approximation for Y;, 
0 2. 2D. 0. 
3; 3.0 0. 
2 11.0171222 10.722223 0.2949 


Table 10.6 ¢ = 0.4: five-step 


shan Runge-Kutta 
approximation for X;, 


2.428267 


2.429344 


0.8 4.657032 4.653827 0.003 
1.2 8.415135 8.407175 0.008 
1.6 14.938662 14.920358 0.020 
2 26.371404 26.331396 0.040 
Table 10.7 € = 0.4: five-step ne Exact Runge-Kutta | Error 


approximation for Y,, 


0 2. 2: 0. 

0.4 1.906948 1.9072 0.0002 
0.8 2.440566 2.440032 0.0005 
1.2 3.776214 3.773594 0.0026 
1.6 6.352821 6.345752 0.0071 

2 11.017122 11.000915 0.016207 


in error by 0.7881. The exact value is 26.37. In percentage terms, for the two-step 
Runge-Kutta process, the error in final value of X,, is 100 (27881) = 2.9884%. That 
is about one-sixth the error, 17.8, for the single-step process. 

Regarding the final Y,,, the relevant Tables 10.3 and 10.5. The single-step estimate 
for Y,, is in error by 0.3505 and the two-step processes are in error by 0.2949. In 
other words, while the error involved in the single-step process is 3.18%, the two-step 
process is in error by 2.68%. The difference between the two sets of errors is not 


significant. It is only 0.5%. Perhaps things will improve if we go to a five-step process. 


Five-Step Numerical Approximation 
Solution with One-Fifth the Longest-Possible « 
Error Comparison : One-Step Versus Five-Step Process 


Examine Table 10.6. At full extension A the Runge-Kutta estimate for X,, is 
26.331396. Compared with the exact result, 26.371404, the estimate is in error 
by 0.04008. This error is about (;3p)th the error, 4.705, found by using the one-step 
Runge-Kutta process. In percentage terms, the error here is approximately 0.152%. 
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Table 10.8 ¢ = 0.1: 


: . ne Exact Runge-Kutta | Error 
twenty-step approximation 
rx, 0 I. 1. 0. 
0.1 1.311018 1.311017 0.000001 
0.2 1.648299 1.648298 0.000001 
0.3 2.0186022 2.018599 0.000003 
0.4 2.429344 2.429340 0.000004 
0.5 2.888754 2.888748 0.000006 
0.6 3.406036 3.406027 0.000011 
0.7 3.991552 3.991540 0.000012 
0.8 4.657032 4.657016 0.000016 
0.9 5.415807 5.415787 0.000020 
1.0 6.283080 6.283054 0.000026 
im 7.276224 7.276192 0.000033 
1.2 8.415135 8.415094 0.000041 
1:3 9.722630 9.722578 0.000052 
1.4 11.224901 11.224837 0.000064 
15 12.952045 12.951966 0.000079 
1.6 14.938662 14.938565. 0.000097 
se 17.22455 17.224431 0.000112 
1.8 19.855504 19.855359 0.000128 
1.9 22.884230 22.884054 0.000147 
2.0 26.371404 26.371190 0.000214 


Consider Y,, next. The improvement in percentage error is quite dramatic. Accord- 
ing to Table 10.7, at full extension the exact result, 11.017122, and the Runge-Kutta 
estimate, 11.000915, differ by 0.016207. As such the error in the Runge-Kutta esti- 


mate after five steps is cacy =(ar3)th that for the one-step process. In percentage 
0.016207 i 


terms, the error in Y,,, after five Runge—Kutta steps, is ( ae) x 100 = 0.147. 
As such, after five Runge-Kutta steps, the percentage error in Y, is about the same 
as that in X,,. 

Considering the limited amount of effort involved in working through only five 
Runge-Kutta steps, the resultant error of only about 0.15%—in estimates for both 
X,, and Y,,—1s reasonable. However, if one needs to pursue much greater accuracy, 


one might try a twenty-step Runge—Kutta process. 


Twenty-Step Numerical Approximation 
Solution with One-Twentieth the Longest-Possible « 


Refer to Table 10.8 for numerical results for X,, gathered during a twenty-step Runge— 
Kutta process. At maximum extension, A = 2, the Runge—Kutta estimate for X, 
is 26.371190. It differs from the exact result, 26.371404, by only a tiny amount, 
0.000214. The percentage error involved is 0.000811. 

Table 10.9 records numerical results Y, collected during a twenty-step Runge— 
Kutta process. At maximum extension, A = 2, the Runge-Kutta estimate for Y,, is 
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Table 10.9 « = 0.1: 


: ; ne Exact Runge-Kutta | Error 
a step approximation 0 2. 2. 0.000000 
0.1 1.919700 1.919700 0.000000 
0.2 1.877857 1.877858 0.000001 
0.3 1.873635 1.873635 0.000001 
0.4 1.906948 1.906947 0.000001 
0.5 1.978463 1.978462 0.000001 
0.6 2.089613 2.089612 0.000001 
0.7 2.242626 2.242623 0.000003 
0.8 2.440566 2.440561 0.000005 
0.9 2.687398 2.687392 0.000006 
1.0 2.988068 2.988059 0.000009 
1.1 3.348599 3.3485877 0.000011 
1.2 3.776214 3.776199 0.000015 
1.3 4.279479 4.279460 0.000019 
1.4 4.868477 4.868452 0.000025 
1.5 5.555006 5.554975 0.000031 
1.6 6.352821 6.352782 0.000039 
1.7 7.277904 7.277856 0.000048 
1.8 8.348788 8.348729 0.000059 
1:9) 9.586926 9.586854 0.000072 
2.0 11.0171222 11.0170347 0.0000875 


11.0170347. It differs from the exact result, 11.0171222, by 0.0000875. The percent- 
age error involved is 0.000794. It is similar to the corresponding error, 0.000811%, 
for X,. The accuracy achieved by the twenty-step Runge-Kutta estimate is quite 
extraordinary. When high accuracy is essential, the twenty-step process is well worth 
the additional effort. 


Chapter 11 
Frobenius Solution 


11.1 Normalized Form 


For A(x) 4 0, the normalized form of differential equation 


A(x) y"(x) + Bx) Y') + C(x) y@) = 0 


V@+M@yQ)+N@ya) = 0, 


where 


(x) C(x) 


M(x) = — ; N(Q) = —. 


B 
A(x) A(x) 


11.1.1 An Analytic Function 


A function F(x) is analytic at x = x9 if the Taylor series, 


7 Ca) 
F(x) = D> @— x)" + 


7 
; 
n! 
n=0 


® 


Check for 
updates 


(11.1) 


(11.2) 


(11.3) 


(11.4) 


converges to F(x) for all x at, and in the neighborhood of, xo. Note that geometric 
functions, polynomials, and exponentials of analytic functions are analytic as are 


rational functions except at the points where their denominator is vanishing. 
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11.1.2. Ordinary Point 


If both coefficients, M(x) and N(x), are analytic at x = xq the point xo is called an 
‘Ordinary Point’ of the differential equation (11.2). 


11.1.3 Regular Singular Point 


On the other hand, if either or both of these coefficients is/are not analytic at x = xo, 
but both (« — x9) M (x) and (x — x9)” N(x) are analytic atx = xo, then xo is a ‘Regular 
Singular Point’ of the differential equation (11.2). 


11.1.4 Irregular Singular Point 


But if one and/or other of the products (x — x9) M (x) and (x — x0)? N (x) is/are not 
analytic at x = x9, the xo is an ‘Irregular Singular Point’ of the given differential 
equation. 


11.1.5 Solution Around Ordinary Point 


All solutions—compare, Whittaker, E. T. and Watson*”-—of a given differential 
equation, say (11.2), at or immediately around its ordinary point, say x = xo, are 
analytic and may be expressed as Taylor series such as (11.4). Note, the radius of 
convergence of these solutions is equal to at least the separation between xp and the 
nearest singular point of the given differential equation. 


11.1.6 Equations of Type (a) 


In the following, we shall treat differential equations of type (a)—see (1 1.5)—around 


their ordinary point x = 0 with initial conditions u(x = 0) = o; and (#) 5 = 02. 


(a) : [D> +axD+ (8x + )]u@ =0, (11.5) 
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11.1.7 Solution 


In (11.5), the parameters a, 3, y are constants that are real. We classify these equa- 
tions as being of type (a). Clearly x = 0 is an ordinary point of the differential 
equation (11.5). [Note: The symbols M (x) and N (x) are defined in (11.2)]. Because 
both the relevant coefficients M(x) = ax and N(x) = (G x? + 7) are analytic at 
x = 0. Frobenius solution of a differential equation around its ordinary point, x = 0, 
is found in simple form. Simple form refers to the case where the unknown constant 
Vo is set qual to 0, and the Frobenius solution is expressed as a Maclaurin?”: series. 


u(x) = ae (11.6) 
n=0 


In order to use (11.6), the differentials that would be needed in (11.5) are the 
following: 


Sass ioe) 
D? u(x) = > n(n = 1) An xn? — 2 n(n _ 1) dn xn? : 
n=0 n=2 
asl lore) 
Dua) = ) nag = ) pnagx™” (11.7) 
n=0 n=1 


Accordingly, the Frobenius expansion of differential equation (11.5) is 


[o.@) [oe] CO 
Yona - Daa? + ax ae + (Bx°> +7) So an x” = 0. (11.8) 
n=2 n=1 n=0 


Unfortunately (11.8), in its current form, is not convenient for working out the details 
of the unknown parameters a,. To relieve this inconvenience, one would want to 
achieve two things. First: All infinite sums should have the same range. Second: All 
infinite sums should post the same power of x, say x”. 

To begin this process consider, the first term on the left-hand side in (11.8) and 
manipulate it as follows: 


(oe) CO 


Yo n(n- bac = 2a +6a3x+ ) n(n— a,a 
n=2 n=4 
CO 
= 2a, + 6a3xt+ ¥ (n+ 2)(nt 1) dno x" : (11.9) 
n=2 


[Note: In order to render the term )°°° 4 n(n — 1) ay x"? into 
ye (n + 2)(n + 1) ayy x", etn — 2 =n so that n =n’ + 2. Then write 
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reg n(n = 1) dn x"-? as 5 a(n! + 2)(n! + LV) ay42x” and finally change the 
notation n’ + n to get the desired result. ] 

Next look at the second term on the left-hand side in (11.8) and manipulate it so 
that the infinite sum, like (11.9), is summed from n = 2 and has x” in it. Fortunately 
that is easy to achieve. 


oe) [o.e) 
ax Yona = aaxta)\na,x". (11.10) 
n=1 n=2 
Finally consider the last term on the left-hand side in (11.8). One gets 
[o,e) [e.e) 
2 a,x) = 2 oe ie (11.11) 
n=0 n=2 


And another change of variable—this time from n'’ —- n—does the trick. 


[e.e) o.e) [o,e) 
(BP +7) Vian” = yo anx" +8 DY anx 


n=0 n=0 n=0 
oe) CO 
= yan t+ yaxty > anx"+ BD dn 2Xx" : (11.12) 
n=2 n=2 


[Note: To see how 3 °° a, xt”) becomes 3 )~°., dn_2x", setn’ = n+ 2 and 
change variable from n > n’.] 

The original differential equation (11.8) is written as: [(11.9)] + [(11.10)] + 
[(11.12)] = 0. That is 


oo oo 
[2a. + 6a3x+ Yia + 2)(n + 1) dnyo x") + [way x+ a) nan x") 
n=2 n=2 
o.e) [o.e) 
Heya + yarx +7) aux" +89) an23x"] = 0 | (11.13) 
n=2 n=2 


Or more conveniently as 


(yao + 242) +x(aa, + ya, + 643) 
oe) 
+ Ox" {(n$2)(nt Vdng2 + (AN+7) ant Bay2}= 0. (1114) 
n=2 


Equation (11.14) should be true for all values of x. And that can happen only if the 
coefficient multiplying any given power of x is zero: meaning, only if the following 
relationships hold: 
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(Yao +2a2) =0, (aa,+yai+6a3) =0, (11.15) 

and for n > 2, 
(n+2)(n+ 1l)dny2 + Glanty+Baq2= 0 . (11.16) 


Equations (11.15) and (11.16) lead to 


_ _(7 ; = Lf a 
= (7) a ee ( - Ja, (11.17) 


and for alln > 2 


Qn. = [eee | (11.18) 


(a+2)+1) 


Before proceeding further, it is important to recognize that the differential equation 
being solved here is second order and it should have two arbitrary constants for which 
dao and a; would clearly serve well. Constants az and a3 are already known in terms 
of these two. All other constants, namely a4 and higher, have to be extracted from 
(11.18) and represented in terms of ag and a. That requires beginning with n = 2 in 
(11.18). 


[Cote t Ba) [Seren 
4242 = = 
12 12 


|« . (11.19) 
Next use n = 3 in (11.18). 


4243 = 


oy) _ 
aoe = [Aetee | a. (11.20) 


With n = 4 (11.18) gives 


. oa data) (PD) — 6) 
e 30 |- 


30 ao. 


(11.21) 


4 a+y)_ 
(Sa +7) E Hl ‘ 6 (=) 


42 


[Sot | 
oT 42 ~ 
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Finally, the initial conditions must be satisfied. That is 


C20 See. es. fo See (11.23) 
u(x = =<o=a4 3 a = 0. = dQ. : 


Inserting (11.17) and (11.19)—-(11.23) into (11.6) leads to the result—see (11.24) 
given below—for the simple form of the Frobenius series solution of (11.5). 


u(x) = f — [5] et [Gave =#|.+| (onl 


aty) (SEE) — 8) 
30 


at 
+{r-[SS2]v4 fore Gela) al, 


Gat+9 [Sy] -6 2) 
42 


x6 oy + O(x*) O71 


x! 02 + O(x’) OD. 


(11.24) 


One good thing about having arbitrary constants, a, 3, y, in (11.5) is that different 
choices of these constants lead to different differential equations. And its solution in 
the form of (11.24) makes the first several terms of their Frobenius series solution 
instantly available. 


11.1.8 Examples Group I 


To see how the above process works, let us solve the following five differential 
equations which are similar in form to (11.5) which is of type (a). 


f=(A): [(D°42*4D462+4)aG) = 0, 


[ 
T-(B) : (D?+xD+(2x°+)Dlu@) = 0, 
P=(C) ? (DP 422D+-@ = Do) 
[ 
[ 


I—(D) : [D?4+3xD+(2x?4+)Jux) = 0, 
I-(E) : (D?—xD+(-x*-—Dlu@ = 0. (11.25) 
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All we have to do to solve the (11.25) is to use the values of a, (3, and + that are 
given. First few terms of the relevant Frobenius power series solution of equations I- 
(A)-I-(E) are the following. 

For differential equation I-(A), use: a = 2, G = 3, y = 4. Therefore, its solution: 


I—(A) : ux) = oy [1-2 + (5) (=) + 00%)| 
a gh E x 4 (3)* (z) 7 +400)| . (11.26) 
For I-(B) use: a = 1, G = 2, y = 1, therefore 
1 1 29 
T—(B) : ux) =0, E = (5) — (=) gp (=a) xo 4 o’| 
ad | etd te 9 
+02 } (5). (5) +(a)s + O(x | . (11.27) 
For I-(C) use: a = 2, 0 = 1, y = —1, therefore 
1 5 23 
I-(C) : ud =o; 1 + (5) 7S (=) x4 (=)* + ou)| 
1 1 a as 
+09 ; @E (=) + (san) + O(x 1 


(11.28) 


For I-(D) use: a = 3, 6 = 2, y = 1, therefore 


I-—(D): ua) = 9 1 = (5) aes (=) x = (=) xe + o')| 
+ o E = (5) xk (=) pe (=) a ows| (11.29) 
3 30 35 , , 
For I-(E) use: a = —1, 6 = —1, y = —1, therefore 
1 5 37 
I-(E): u(x) = oy + (5) Pars (=) Pues (=) x 4 ou')| 
1 7 31 
+ oo [++ (5) 4? 4s (3) P+ (sa) x a ow)| ; 


(11.30) 
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11.1.9 Problems Group I 


HAs (4nd Gr ene) = 0. 

12: (D? +xD+(-3x°+2)Ju@~) = 0, 

13: [D?4+xD4+ (x —2)Ju@) = 0, 

TA: [D?4+4xD+4+ (-x? -—4Ju@) = 0. 

15: (D?+xD+(-+)Ju@) =0. 

1.6: (D?+xD+(?+ Dua) =0, 

£7 (DP =7D — 6 + Dew) = 0 

1.8: [D? +2xD+2(7+4+ Dux) = 0 

1.9 : [D?-2xD-—2(7 + lux) = 0 

1.10: (D?+3xD+3(?—Dlu~) =0. (11.31) 


11.1.10 Equations of Type (b) 


Having solved Frobenius equations of Type (a) around their ordinary point, somewhat 
more complicated such equations—to be referred to as equations of Type (b)—are 
tackled below. 


(b) : [D?+ (ax? + Bxt+y)D+(uxrtvxtp)]ua) = 0. (11.32) 


11.1.11 Solution 


Again the initial conditions are: u(x = 0) = oj and (#) 6 = 02. All the six con- 


stants a, 3, y, LW, Vv, p are real. Clearly x = 0 is an ordinary point of (11.32) because 
both the coefficients M (x) = (a x + Bx+ 7) and N(x) = (u x tuxt p) are an- 
alytic atx = 0. Frobenius solution of a differential equation around its ordinary point 
x = Ois best found in simple form. Simple form refers to the case where the unknown 
constant 1 is set qual to 0, and the Frobenius solution is expressed as a Maclaurin 
series. 


[oe] 


u(x) = ae : (11.33) 


n=0 


Using (11.33), the relevant differentials for (11.32) (b) are: 
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CO [oe] 
Du(x) = Yo nin- lax"? = Yo nn— iigex 3 
n=0 n=2 
[oe] [o.@) 
Du(x) = na = See ; (11.34) 


n=0 n=1 


Accordingly, the Frobenius version of differential equation (b) is 


[D? + (os +e +4) D+ (ux +x p)] u(x) 


oa) oa) 
= Yo nin— Naa (ax? + Bx+7) aaa 


n=2 n=1 
oe) 
+ (ux tvxtp) > anx" = 0. (11.35) 
n=0 


Unfortunately (11.35), in its current form, is not convenient for working out the 
details of the unknown parameters a,,. To relieve this inconvenience, one would want 
to achieve two things. First: All infinite sums should have the same range. Second: 
All infinite sums should post the same power of x, say x”. 

To begin this process, consider the first term on the right-hand side in (11.35) and 
manipulate it as follows: 


[oe] [o.@) 
Yi n(n —la,x*? = 244+ 6a3x+ Yi nin =< 
n=2 n=4 
[oe] 
= 2a, +6a3xt+ Yi Mt 2)(nt Vdny22” . 
n=2 


[Note: In order to render the term )°° n(n — 1) a,x"? into °°.,(n +2) 
(n+ 1)dn42 x", setn — 2 =7n' so that n = n' + 2. Then write 
eg n(n = 1) dn x"-? as DW, 5a (n! + 2)(n! + VD) ay42x” and finally change the 
notation n’ — n to achieve the given result yO (n+ 2)(n + 1) dyy2x".] 
Therefore, the first term on the right-hand side in (11.35) is 


(oe) 


oe) 
So n(n = 1) anx"? = 2a, + 6a3x+ (n+ 2)(n+ 1) Gnyz x”. (11.36) 
n=2 n=2 
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Next manipulate the second term on the right-hand side in (11.35) and arrange it so 
that the sum incudes x” and ranges from n = 2 to oo. 


oe) oe) 
(ax? + Bx+7) So nay x"! =a Yia- 1) ap) x" + Bax 


n=1 n=2 


CO CO 
+8 > nanx" +74 Pe ae . (11.37) 
n=2 n=1 


The following transformations were used in (11.37). The first term on the left-hand 
side of (11.37) is 


CO CO 

an) aaa =a yoga (11.38) 
n=1 n=1 

Setn+ 1 = 7’. As aresult, the first term on the left-hand side of (11.37) becomes 


lo. @) CO 
ax ) na,x" | =a ) na, x"! 
n=1 


n=1 


oe) CO 
=a Yi@ —1)dy1x" =a Yi(n = Taya (11.39) 
n=2 


n'=2 


The second term is 3x }°°, na, x"~!. Write it as 


oe) [oe CO 
Oty nae Sp) nae = Paet o naps ; (11.40) 
n=1 n=1 n=2 


The third term is y )°°2, na, x"~'. Setn— 1 =n’. Asa result, 
CO oe) CO 
1 Dinan x) = 7 VIG + Yawsix” = 7 DIM + Vang 2" 
n=1 n’=0 n=0 


CO 
= yar t2yaxty + Vani2” . (11.41) 
n=2 


Consequently, the second term on the right-hand side in (11.35) is 
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lo @) 
(ax? + Bx+y) a ae 


n=1 
CO lee) 
=a Yia- 1) dy—1 x" + Bayx+B) > na,x" 
n=2 n=2 
CO 
+ yar t+2yaaxty \t Vansix" . (11.42) 
n=2 


Finally, consider the last term on the right-hand side in (11.35). 


CO 
(ux? +x +p) Yat 
n=0 
[oe] CO [o.@) 
=u Yo an x? + ae + p> a,x" ; (11.43) 
n=0 n=0 n=0 


By setting “a =n+2 and changing variable from n —> n’ the sum )°” 9 dn xe 
becomes 77", dy—2 x" . Therefore, 


[o.@) [o,@) [oe] 
par? = p> Gat = p> eax. (11.44) 
n=0 n=2 n=2 


Similarly by setting n’ =n +1, the sum )°°9a,x"t! becomes °°, ay—1x". 
Therefore, 


lo.@) CO CO 
V ae =v See =Vajx+v aad : (11.45) 
n=0 n=1 n=2 
and 
[oe] [oe] 
py ax = paot+parxtp > anx". (11.46) 
n=0 n=2 


By adding (11.44), (11.45), and (11.46), the last term on the right-hand side in (11.35), 
that is the current (11.43), becomes 


CO lee) 
(wx? +x +t p) Vat = pl YS dna. x" + Vag x 
n=0 n=2 
CO CO 
+Y > ay x" + pay + payx+p > anx" . (11.47) 


n=2 n=2 
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In view of the foregoing differential equation (1 1.35)—which is the Frobenius version 
of equation(b)—is written as: [(11.36)] + [(11.42)] + [(11.47)] = 0. That is 


[D? + (ax? + Bx+ y) D+ (ex? +ux+ p)| u(x) 


[o.@) [o.@) 
= So nin— 1) an x"? + (ax? + Bx+7) ee ae 


n=2 n=1 


[oe] 
ix vx + p) \ a = 0 


n=0 

CO CO 

=2a+6a3x+ Yoat (nt lani2x" +a Yi(n — 1) a,_) x" 
n=2 n=2 
CO lo, @) 

+Bax+B> \na,x" tyaq,t+2yaxty Yat 1) yy) x" 
n=2 n=2 

lee) oe) oe) 

+h Yo ana x" +V oe +vajoxt+pag+paxt+p yank , 
n=2 n=2 n=2 


Or more conveniently as (11.48) given below. 


[D? + (ax? + BxtyDt (ux tux p)] u(x) = 0 
= (pan t+2a.+ya1)+x(Ga; + pa, + 6a3 + 2ya2 +V a0) 


[ee 


+S 0x" {(n +.2)(n+ 1) anya} 
n=2 


+ 95x" (ya + Dany + (82+ p) an + Lain = 1) + Vd dn + ana}. (11.48) 
n=2 


Equation (11.48) should hold for all values of x. And that can happen only if the 
coefficient multiplying any given power of x is zero: meaning, only if the following 
three equations, numbered (11.49), (11.50), (11.51), hold true. [Note: (11.49) refers 
to x°, (11.50) to x!, and (11.51) to x” for all n > 2.] 


(pag +2a.+ya1) = 0, (11.49) 
(Ga; +pa,+6a3+2ya,+Vva) = 0, (11.50) 
(n + 2)(n+ 1) dn42 = = y(n + an41 = (6n+ p) an 


—[a(n—1)+V]aq-1—- ban-2, foralln>2. (11.51) 
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Before proceeding further, it is important to recognize that the differential equation 
being solved here is second order and should have two independent constants. Un- 
fortunately, (11.49) and (11.50) have four such constants: do, a), d2, a3. If ay and a; 
are eliminated, only two—that is, ag and a;—will survive. And then the rest of a, 
can be written in terms of these two. To that end, proceed as follows. 

According to (11.49) and (11.50), we have 


pe [eee (11.52) 


and 


(B+ pha, +vag+2 ya (8+ p)a, +vay — y(paot+ ya) , 
— pomnd 3 


6 6 


Therefore, (11.50) gives 


(11.53) 


ne (Se) 
6 


Now that the variables a2 and a3 are available in terms of ag and aj, the higher-order 
terms—namely a4, ds5,..., etc.—may also be represented as functions of az and 
a3. To that purpose, setting m = 2 in (11.51) will lead to a4, and n = 3 will yield as, 
and so on. 


2 
= jemteree ms steer (11.54) 


Next use 7 = 3 in (11.51). 


2 3 4 
_ Ha + Qatvjat BA+p)ast4yaa] (11.55) 
20 
With n = 4 (11.51) gives 
3 4 2 
— Ha t+ Gatv)as+ 4B + pag +5 yas] (11.56) 
30 
For n = 5, (11.51) leads to 
4 5 6 
- aes nes B+ p)as+ Ae) (11.57) 
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Finally, the initial conditions must be satisfied. That is 


2026252 12) See (11.58) 
u(x = =<o=a 3 vs = 0. = Q. : 


Combining (11.52) to (11.58) with (11.33) provide first few terms for the simple 
form of the Frobenius series solution for (11.32). 


11.1.12 Examples Group IT 


Use the information given in (11.52)-(11.58) above and solve the following five 
differential equations similar in form to equation (b) (11.32). For simplicity, only the 
indices a - p are given below. [See (11.59)] 


W-(F) :[a=1; B=1; y=H=1;3 w=1; v=1; p=1] 
WI—(G) :[a=0; B=1; y=2; w=3; v=4; p=5S] 
WT-(A) :[a=1; 6=2; 7=3; p=4; v=5; p=6]. 
W-—QW) :[a=2; B=1; y=2; p=3; v=2; p=2!] 
W-(QVJ) :[a=1; 6=3; y=33; w=13; v=1; p=2)]. 11.59) 


Addition of (11.52)—(11.58) readily yields solutions of (11.59)-(F)-(J)— in terms 
of ag = 0; and a; = o>. Results are given below. 


For U-(F),a=1;8=1;y=1; w=1;v=1;p=1. Therefore, 


gg gk igs 6 i 
I-(F): = 1 
(F) : u(x) ai | > +547 15 ~ 700 a 


4: x2 x 7 ao 21 6 43 7 +0 8) 
Xx Xx Xx Xx Xx 2 
7 2 6 \120 720 5040 
For I-(G), a=0;8=1;y=2; w=3;v=4; p=5. Therefore, 
5 17 ul 
Il — = ee bo ee At\ 4 5 
(G) : u(x) ai | (3). ig +(e - (5) 
5 \\6 43\ 7 2 1\ 3 3 \ 4 
tail (saa) (soa) | e[5 * G)#+ ay 
7 


11.1 Normalized Form 331 


For II-(H), a= 1;8=2;y=3; w=4;v=5; p= 6. Therefore, 
13 13 23 
Il —(H) : ux) = [1-30 +(3) ¥+(S)#- (3) 
103\ « 212 \ <2 a\..« J1\S 
tail (s30)* (sean) | +22 [2 (5): +(G): 
BY 4 aN 44\ . 25.5 4 
: O(x’) . 
+a (Z)s (35) (=) (sa) voy 
For U-(), a=2;8=1;y=2; u=3;v=2; p=2. Therefore, 
ae ens 
= 1 Ux) = 0 Xx Xx 
: 3 iw a 
4. x 30 7| 4 2 1\ ; al 
Oo = — 1X (ox Xx Xx x 
'l 18 \ 4008 5 6 12 
+ Epa =) | +005 
°21\ 190 )* * 40 \ 1008 )* erent 
For U-J),a=1;8=3;y=3; w=1;v=1;p =2. Therefore, 
5 x4 17 
W-(WJ): = 1—x 3 5 
ee «| #+(3): rm (5) 
r aan 323.) a] 4 3) 2, (2 ioe 
“to 50407) ol AO” ae 
47\ , x6 516 \ , m 
= aa | O(x’). 
al (=). +2+(S0)"|+ o) 


11.1.13 Problems Group IT 


Use the information given in (11.52)—(11.58) and solve the following five differential 
equations similar in form to equation (b) (11.32). For simplicity, only the indices a 
to y are given in (11.60) below. 


WA: [a=1; B=2; y=H=1; p=3; v=3; p=1]) 
W72:la=0; G=1; y=0;3; pw=2;Vv=2; p=0]. 
U3: fa=1; B=0; y=13 w=2;v=1; p=1]. 
la = 0 ] 
la =2 4] 


A: ; B=2; 7=2; p=0; v=0; p=l 
WS: >; B=1; y=1; p=5; v=1; p 


(11.60) 
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11.2 Frobenious Solution Around Regular Singular Point 


According to an established idea® and a recent proo f*”,, if the differential equation 
y"@) +M(x)y'@) +N@)y@) = 0 (11.61) 


has a ‘Regular Singular Point,’ say at x = xo, then it has at least one solution that is 
expressible as a modified Taylor series of the form 


lee) 
yx) = Doan, @—xp) . (11.62) 
n=0 


The unknown constant Vp is determined by substituting such series as solution to the 
given differential equation. 


11.2.1 Equations of Type (c) 


Equations similar to (11.63) that is given below will henceforth be referred to as 
the equations of Type (c). Here, as in Type (a) and Type (b) equations, all the given 
constants—namely (3, y, pu, v, p—are real. 


2, 
(© :y@+t (44) y@)+ (Aas) yx) = 0. (11.63) 


11.2.2. Solution 


Clearly while M (x), 


M(x) = (==) (11.64) 


and N(x), 


2: 
Vai (eee) (11.65) 
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are not analytic at x = 0, the products, x M (x) and x? N(x), 


xM(x) = (@x+y), 
N(x) = (ux? +vxtp), (11.66) 


are analytic at x = 0. As such x = 0 is a regular singular point. In accord with the 
Frobenius statement, the differential equation (11.63) is assured to have at least one 
solution that can be represented in the form of Maclaurin series (11.67) given below. 


(oe) 


yx) = yaa) (11.67) 
n=0 


In order to solve the second-order differential equation (c) (11.63), the following two 
differentials of equation (11.67) are needed. 


[oe] 


YQ) = Doan (nt uy) xe? , 
n=0 
[o.e) 


y"@~) = ~~ dn N+ )(Nn+ V9 — 1) x%t-2 (11.68) 
n=0 


Combining (11.63), (11.67), and (11.68) gives 


oo 
Doan (2+ o)(n + My — xO 
n=0 


Bx + Y = (n+V—1) 
+ (2 y & (n+ 1%) x 


n=0 


2 oo 
4 (ets) Vax = 0, om69) 


2 
XxX 
n=0 


Equations (11.63) and (11.69) can be put together in a more useful format as (11.70). 
This fact is owed to the Frobenius statement that a solution of (11.63) exists as a 
Maclaurin series of the form (11.67). 


[o.@) 
sa [n+ u)(n+uy+y—D)t+p] xet-? 
n=0 
[oe] 


+ Yo an [8 (n+ v9) +] xerr-Y 


n=0 


oe) 
Sy aa 0 (11.70) 
n=0 
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The first term of (11.70) can be written as 


(oe) 


Yan (n+ Ho) (2+ +7 — 1) +p} xOre- 
n=0 


= ay x {1 + vo(y — 1) + p} 
tax) fy ++ D+7+p} 


(oe) 


+ ray (n+ mnt wy +7 — 1 +p} xe | (11.71) 
n=2 


The second term of (11.70) can be transformed as follows. Set n = n' — 1 and then 
write the second term of (11.70) as 


(oe) 


2 an (8 (n+ V9) tv] x@r-) 


n=0 


[o.e) 
= So ays [B (nl —1 + m9) + vt | (11.72) 


n’'=1 


And finally change the variable n’ back to the variable n. 


o.e) 
> [8 (2 + Hp) + uxt 
=0 


= 


[o,0) 
= Dian [8 (2 — 1+ 19) + vx 


n=1 


oo 
= ay (Bu + vx") + Tay 1 [Bn 1+ vp) + vx | (11.73) 
n=2 


The third term of (11.70) can also be suitably transformed. To that end, set n’ = n + 2 
and proceed as follows. 


oe) CO 
Sine = yaa 
n=0 n'=2 
CO 
- Yu aoe OO . (11.74) 
n=2 


By adding these terms, the original differential equation (11.63) is represented more 
neatly as (11.75) given below. 
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agx {v5 + o(y — 1) + p} 
+x) fay [vg t+uoly+ I) +740] +40(Gum+r) } 


[oe] 


+ an {(n+ v)(n+ 4 +7 — 1) + p} xetr-? 
n=2 
[oe] 


a3 >> An-1 LG (n—1+1)+7] ltt —2) 
n=2 


lo @) 
+ Yo ana [wx = 0. (11.75) 
n=2 


If (11.75) is to hold for all x, coefficient of every power of x must be vanishing. 


11.3 Indicial Equation 


Indicial Equation is the Term with the Lowest Power of x in (11.75) 


In order to properly satisfy the requirement that (11.75) holds true—namely that 
coefficients of every power of x in (11.75) is vanishing—we begin with the first term 
of (11.75) which has the lowest power of x—that is, the term ao x“0—?)__and set its 
coefficient equal to zero. 


{ytu(y-D+p} =0. (11.76) 


Equation (11.76), being the term that multiplies the lowest power of x in (11.75), 
is labeled the ‘Indicial Equation.’ 


11.4 Indicial Equation Roots 


11.4.1 wand v2 


The indicial equation always refers to a specified differential equation. In this case, 
the indicial equation (11.76) is particularized to the y and p that appear in differential 
equation (11.63), or equivalently (11.75). And being a quadratic, it has two roots, 1 
and 1. 
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Indicial Equation Roots Signify Possible Solutions of the Relevant Differen- 
tial Equation 


wy =VY 


lI 
| 
—s 
=) 
NY} | 
an 
So 
+ 
—N 
<3 
N} | 
a 
ele” 
nN 
| 
xo) 


y= 2 


= ai 
(5 ) (5 ) po. 077) 


The two roots of the indicial equation recorded in (11.77), namely v7) = 1, and 1% = 
V2, signify the two possible solutions of the original differential equation (11.63). 


Category (1): Roots Differing by Non-integer 


If the two roots, ; and 12, of the indicial equation are unequal and their dif- 
ference is not an integer, then the relevant second-order differential equation 
always posseses two linearly independent solutions, y, (x) and y2(x). 


In this regard, consider the differential equation (11.78) given below. 


2 
y+ (2) yx) + (“ary y(x) = 0. (11.78) 
Xo (x — Xo) 


It has a regular singular point at x = xo. And should its indicial equation have two 
roots that are unequal and differ by an integer. Meaning, if v, and v2 are the two 
roots that are unequal and 


y-1)' 
eee SZ lah ay me ll, x (11.79) 


is not an integer, then it will always posses two linearly independent solutions, yj (x) 
and y2(x), in the form of modified Taylor series: 


[o.@) 
WO= > ae aj” (11.80) 
n=0 


CO 
ney= > dem) (11.81) 
n=0 
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Category (2): Roots Equal 

First Solution Readily Found 

If the two roots—v; and v,—of the indicial equation are equal—meaning if 
2 

VY) = Vy = v or, equivalently, p = (3) —and the relevant differential equation— 

meaning (11.78)—has a regular singular point at x = xo, then it will always posses a 

relatively easily accessible first solution, y; (x), in the form of modified Taylor series. 


e.e) 
n@) = oa @—mer . (11.82) 
n=0 


Second Solution May Require More Effort 


The second solution, y2(x), in contrast, may require more effort. This issue will be 
discussed later in greater detail. 


Category (3): Roots Differing by an Integer 


If the two roots, 1; and 1, of the indicial equation are unequal—say, with 1) > v2— 
and differ by an integer—meaning 1; — 1 is integral—and the relevant differential 
equation (11.78) has a regular singular point at x = xo, then there always is a solution, 
say y;(x), that is of the form of a modified Taylor series. 


CO 
y1@) = Do age — x0)" (11.83) 
n=0 


The second solution, say y2(x) that uses 12 instead of 11, may sometime diverge 
because of the presence of denominators that go to zero. Often, however, the arbitrary 
constant multiplying the whole solution may be changed to obtain non-divergent 
second solution. The details of such procedure will become clear when relevant 
solutions are discussed in what follows. 


Term with the Second Lowest Power of x in (11.75) 

Having set the term with the lowest power of x in (11.75) equal to zero, we consider 
next the second term—which carries the second lowest power of x, i.e., x~—and 
set it equal to zero. 


a [et+umiy+D+y+p]+a(Gu+y) =0. (11.84) 


Equation (11.84) gives 


ee | oe Prete = am (F2>”) _ (11.85) 
{v2 +u(y—-1) +p} +2u4+7 2) +7 
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Remaining Three Terms of (11.75) 


Finally, consider the remaining three terms of (11.75). They can be set together as a 
single sum of the form )°°°, [...Jx@*"-), 


Yo [lan n+ (n+ +7-1) +9} 
n=2 
+ an {(B(n—14+%)+V} +ap_2 (ux? = 0. 


In order for this sum to add up identically to zero, terms multiplying each and every 
power of x must individually tend to zero. Therefore, the following equality 


— kane 1+vo)+v] + dy_2 2) (11.86) 


(n+ uy)n+uy+7-1)+p 
must obtain for alln > 2. 
Points to note: Equation (11.85) gives a, in terms of do. Similarly, setting n = 
2,3,4,5, 6,7 in (11.86) readily relates a7, dg, a5, 44, 43, dz tO do. Finally, unless 
otherwise stated, the parameter j: is being set equal to zero. This reduces the total 
number of parameters actively being used here to four. 


11.4.2. Examples Group HT 


Indicial Equation Roots Unequal and Differing by Non-integer 


Equations (11.88) describe a set of ten differential equations of the form 


yo) + (f+) y¥@+ (= 2) yx) = 0. (11.87) 


These equations are of type (c) where the parameter jz has been dropped. Note that 
these equations—(1) to (10)—have all a regular singular point at x = 0. Use (11.85). 
Set n = 2,3, 4,5, 6,7 in (11.86). Thereby solve (11.88) (1) to (10). The relevant 
four parameters—namely 3, y, v, p—are the following 


I —()) : (@=1; y=1; v=4/3; p=-1/9] . 
Ill — (2) : (8 =0; y=—1/2; v=—1/2; p=—5/2] . 
WT — (3) : (8 =3; y=-1; v=1; p=-5]. 
MM — (4) : (@=0; y=-1/2; v=1/2; p=—-5/2] 

I — (5) : [(@=—-1; y=5/3; v=—2; p=—1/3] . 
Ill — (6) : [(@=1; y=5/3; v=2; p=-1/3] . 

I — (1) : (@=1; y= 3/2; v=1/2; p=1]. 
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Wf — (8) : (@=-1; y=-3/2; v=—-1/2; p=1]. 

— (9) : (@=—-1l; y=1; v=—-4/3; p=-1/9] . 

I — (10): (@=3; y=-3; v=1; p=-A4]. (11.88) 
All the ten differential equations in (11.88) belong to category (1). Meaning that the 


two roots of their indicial equation are different, and the difference between the two 
roots is not an integer. 


11.4.3 Solution 


The solution to examples group III is worked out as follows. 
Begin by treating equation III-(1) and keep track of the relevant parameters: that 
isG=1; y=1; v =4/3; p = —1/9. Record the resultant differential equation. 


y'@+ (=) yx) + (G28) y@) = 0. 
x x 
Consider the indicial equation as described in (11.76). 
{4 + voy —1) +p} =u +mUl1-)- (1/9 = 0. 
Note that the two roots of the indicial equation given above are v9 = 1, = (1/3) and 


Vo = V2 = (—1/3). They are different and their difference is not an integer. Work 
first with vy = 1, = (1/3) and use (11.85) that relates a; to ao. 


oats) i+4 
a, = —a = dg | = = do . 11.89 
1 (ee 0 41 0 ( ) 


To calculate a2 and higher-order a,, for convenience, rewrite (11.86) in the form of 
(11.90) given below. 


Bn—-1+M)+v 
(n+ m)n+um+y—1)+~ 


forn>2,a@q = ona . (11.90) 


For n = 2, (11.90) gives 


— al (4/3) + 4/3) _~ 4 _ (11.91) 
(7/3)(7/3) — 1/9) 


340 11 Frobenius Solution 


For n = 3, (11.90) leads to 


7 (7/3) + (4/3) 7 
a = a2 = . 
(10/3)(10/3) — (1/9) 3 3! 


For n = 4, (11.90) gives 


(10/3) + (4/3) a3 ao 
a4 = a3 = = . 
(13/3)(13/3) — (1/9) 4 4! 
For n = 5, (11.90) gives 
(13/3) + (4/3) ay ay 
a5 = a4 = = : 
(16/3)(16/3) — (1/9) 5 5! 
For n = 6, (11.90) leads to 
(16/3) + (4/3) as ao 
a = as = = . 
(19/3)(19/3) — (1/9) 6 6! 
For n = 7, (11.90) gives 
_ (19/3) + (4/3) _— a aw 
= * | @7/3)02/3) =) | ~ 7° A 


(11.92) 


(11.93) 


(11.94) 


(11.95) 


(11.96) 


And so on, leading to the following result where the arbitrary constant ao is replaced 


either by arbitrary constant co) or by a9. 


Similar procedure can now be followed for 1) = v2 = (—1/3), and we get 


fx2@]_ 3) 2 Say 2 
|] = 194 (F)- (Fa)? + (Ea) 


39 : 36 , 
= {| ——— ] x + | —————__ ] x 
4-7-10-13 4-7-10-13-16 


37 an 
AF 102 13+ 16219) 
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For equation III-(2), @ = 0; y = —1/2; v = —1/2; p = —5/2 and the solutions 
are 


ogee | BO 2 tte eo og Wd 
= a 5 — 
o1x3 9 198 7,722 463,320 39, 382, 200 
x x! 3 
+ + + 0(x°) 


4, 489,570,800 659, 966, 907, 600 


y2(x) x x x xt x” 
II — (2b) : = 1 + 

o2x71 5 30 90 360 5400 

6 7 


XxX XxX 


162,000 7, 938, 000 


For I-(3), 6 = 3; y= -—1;v =1; 9 = —5S. Therefore, the two solutions 


2 
IH — Ga) | yi @) | = Sag ag eee 
oy x!+v6 
= 1491 + 629 — (1 Ag 75 7 
a a VO) + = * + V+ + 37/6) 
x6 x! 
(5615 — 1731 ors 144 4 ne 
a sa9 (58 5 31/6) + i 901448 + 3334036) + 
yo(x) x x 
Ill — 3b) : Se 53 (32 + 5V6) + reli 183/6) 
ous 
es x70 1491 + 6296) + 2 (126 47/6) — 2 (375+ 37V6) 
—__ (5615 + 1731V6 901448 + 33340376 
+ aa + am TEI 7 oe 


For II-(4), 6 = 0; y = —1/2; v = 1/2; p = —5/2 and the solutions are 


II — (4a) : yi@) = 7 (*) - x x? 4. x4 
; 2 9 9.22 9-22-39 9.22. 39-60 
1x 
. se x 
9. 22-39-60-85 9.22-39-60- 85-114 


x? 
9-22-39-60-85-114- 147 + 
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_ | y2@) a x al x4 
III — (4b) [2s] = 1+(3)+(42)+(45) (4) 


~ x6 x! 
i a (ase) t (se) 


For II-(5), 8 = —1; 7 = 5/3; v = —2; p = —1/3 and the solutions are 


Il — (Sa) yix ia iF EF a 
= a): = x et 
o1x3 2° Bt At St 6! 7 


= exp(x) . 


; 2 3 4 
m= Gy || aoa 5p [2] 212 _\e a 
oox7! 2 2-5 2-5-8 
35 36 7 
x» x® : x 4. 
2-5-8-11 2-5-8-11-14 2-5-8-11-14-17 


For IH-(6), 6 = 1; y = 5/3; v = 2; p = —1/3 and the solutions are 


2. 3 4 5 6 7 


ee a ge eee ee 
= a): = x ana ié 
o1x3 2) 3! 4! 5S! 6! 7! 


= exp(—x) . 


7 x2) a a \ 5 ( 34 a" 
III — (6b) [2e] = 1+43x (5)« + 75 x 7508 x 


3° 5 _ 6 37 7 
a Ee eae ae (sac) +(ssgqraaa} = 


For II-(7), 6 = 1; y = —3/2; v = 1/2; p = | and the solutions are 


2. 3 4 5 


I — (Ja) : yi (x) a4 a x yee Px x" 
ee ee eee Te LE ee 


— exp(—x) . 


ya(x) Ys a) 24 4 
(Db) + = {eee 3 
7) Fea ied (3 EV ical “\Vieaes)” 
pe 5 2° 6 a j 
* (as) (saa) "+ ifa7 oul 
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For III-(8), 6 = —1; y = —3/2; v = —1/2; p = | and the solutions are 


y1 (x) x2 x3 x4 x ra x! 
8 =1 
ut ~ (8a) :| ™] txt ot oe oto+atot. 
=exp(x) . 


ff x2@) ] 2\ » hg Z 4 
II — (8b) | | = 12% (=). (7 x 13-5 x 


= 5 3 6 2) . 
x x pie ae 
1-3-5-7 1-3-5-7-9 1-3-5-7-9-11 


For I-(9), 6 = -—1; y = 1; v = —4/3 ; p = —1/9 and the solutions are 


vibpa| | siaeee eee a 
leg | ak ae A 


= exp(x) . 


_ | ya) ; 3! 32 2 33 3 
II — (9b) [25 = 1 T Coke (<a): +(745): 


343 


34 4 = 5 3° 6 
‘ (<) *\a-7-10-13}* +(Sgs)* 


+ Pa 
1-4-7-10-13-16-19 


For HI-(10), @ = 3; y = —3;v = 1; p = —4 and the solutions are 


III — (10a) | yi) = 4 (41 +.22V2) 


o 1 x2t2Vv2 


x re 
— (85 + 63V 2) — ———(5, 049 + 3, 4572 
he ay 85 + /2) r mr + /2) 


x 


x4 
1, 064 + 797 23,316 +4+11,4 
+ oe 64 + 7997/2) — 3 pgp 22316 + 85/2) 


x9 x! 
191, 026 — 61, 92 ea oy) 159, 191 brie 
ue 0 ag 026 — 61, 9232) + (—264, 230 + 159, 191/2) + 


312, 480 


yo(x) x as ~ 
II — (10b) : | =~] = 14+ =(—41 4 22V2) + —(85 — 63V2) 
|| 31 62 
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x3 


+ 49 + 3, 457V2 
ae 5,049 + 3, 457V2) 
= V2 a V2 
+ 1, 064 — 797 + 23, 316+ 11,4 2 
ia ™ ae 52, a" oe a 
x x! 
+ 191, 026 + 61, 92 264, 230 + 159, 191 pi 
312, aap (19: 6 + 61, 92372) — 312, sa aap (204 30 + 159, 19172) 


11.4.4 Problems Group HT 


Indicial Equation Roots Unequal and Differing by Non-integer 


Use (11.85) and setn = 2, 3, 4, 5, 6, 7in (11.86), and solve the following differential 
equations that are of the form (11.78) and belong to category (1). For simplicity, the 
index p has been set equal to zero. The other four indices, 3, y, v, p, are given in 
(11.97) (1)-(5) below. 


Ql) : [(@=-3; y=3; v=2; p=-4]. 
Q) > [(G=2) pa3; a1) g= 2] . 
(3) : (6 =3; y=—-2; v=-—2; p=-3]. 
(4): (@=1; y=-2; v=—1; p=—1] 
(5): (@=-1; y=-5; v=-1; p=-4]. (11.97) 


11.5 Examples Group IV 


Indicial Equation Roots Are Equal 
Listed in (11.99) are eight differential equations in the form of (11.98). 


y'@)+ (F*), Te a(t 


Equations (A)—(H) are all of category (2): meaning, the two roots, 1; and 12, of their 
indicial equation, 


2) yx) = (11.98) 


ytu(iy-YD+p=0, 


are equal—that is 1; > 1 and v2 > 1. Note also that these differential equations 
have a regular singular point at x = 0. The parameter j: has been set equal to zero in 
all of these equations. The other four parameters—namely /3, y, v, p—are listed in 
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a simple format in (11.99) below. 


(A) : [(@=-3; y=1; v=-3; p=0] 
(B) : [8 =4; y=1; v=—-1; p=0] 
(C) : [(@=-2; y=3; v=-4; p=1] 
(D) : [B=1; y=-3; v=1; p=4] 


(F) : [@=1; y=2; v=2; p=1/4]. 
(G): [8=1; y=-1; v=1; p=1]). 
(A): [(@=1; y=-2; v=1; p=9/4] . (11.99) 


[ 
[ 
[ 
[ 
(E) : [(6=-1; y=-1; v=-1; p=1). 
[ 
[ 
[ 


11.5.1 Solution: (11.99) 


As stated above, the two roots of the indicial equation, that is 
R+u(y-I+p=0, 


relating to equations given in (11.99) -(A) to -(H), are equal. Label this double-root 
1. Use (11.85). Then set n = 2,3, 4,5, 6, 7 in (11.86). And thereby determine the 
first solution for each of the eight differential equations listed in (11.99). 

The method for working out the first solution of these differential equations is 
quite straightforward. Indeed, it is exactly the same method used earlier for the 
examples set III. The only difference here is that for (11.99)-(A), similar to Piaggio’s 
work": the first solution is being written entirely in terms of the variable vo. And 
when so written, the first solution will also be called the general solution which 
is described in detail in the following section. Numerical representation—which is 
done by replacing the variable 1 with its value equal to the relevant double root of the 
indicial equation—will be made at the end of the current process. Equation (11.85), 
that is similar to (11.100) below, relates a; to ao. 


c= =A (G2**) (11.100) 


For n > 2, the relevant equation is (11.86) that is similar to (11.101). 


— =r eee uae aa (11.101) 


(n+uy)nt+uy+y—-+p 
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11.5.2. General Solution: (11.99) -A 


Henceforth, in this book, the statement general solution of a given differential equa- 
tion will imply a particular form of its first solution that is written as a function of 
the variable 1). The general solution is determined as follows. 

First one considers the indicial equation and determines its roots. In relation to 
(11.99)-(A) , where G = —3, y = 1, vy = —3, p = 0, the indicial equation, 


wytu(y-N+p=%H=0, 


has two roots, ™) = VY; = 0 and 1% = 1) = 0. And both the roots are equal to zero. 

Second, one identifies the relevant differential equation: it is (1 1.99)-(A)—written 
below as (11.102)—that is obtained from (11.98) by using the given values of the 
parameters: 0 = —3,y=1,v=-3,p=0. 


" 1—3x , 3 
'e)+ (=) ve - (2) 9 = 0 (11.102) 


Third, one uses (11.100). 


1 
Gy eg OEY, 2 af 2 (11.103) 
2u+y 14+21% 


Fourth, for n > 2, one writes (11.101) as 


— Ba—1+u)+y 
me"! Tat uy(n+u +7—-D+p 


3 
= An_| l= : (11.104) 
As such 
3 | 37 (1 + %) 
ag =a, = do > 
(2 + vo) (2+) + 2%) 


a3 = a2 


3 => 37 (1+) 
B+] 9 L@+mB+u)0 +2) ]’ 
(2+ %)(3+ )(4+ )CU + 2%) 


34 (1+ 1%) 
= do ; 


3 _ 35 (1+) 
S+m)] 9 L@+m)B+m)(4+ (5+) + 2%) | 
3° (1+) 
(2+ m)3B+M)(4+ (5+) (6+) | , 


a6 = do 


rs | 
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3’ (1+) 
a=a * 
"| A+ WG + m)4+ Ho) + )(6 + H)(7 +) + 2%) 

(11.105) 


The first solution, Y4.1(x, Yo), is all contained in (11.103) and (11.105). As stated 
above, this solution—meaning (1 1.106)—will henceforth also be called the general 
solution, G4 (x, Yo), of (11.99)-(A) or equivalently of (11.102). 


ee) = Yai, %) 

Oo! 
me 3(1+1%)x 327 (1+ 1%) x? B (1+) x3 
=e (+2) (2+m)(1+2%) (24+%)3+)d + 2%) 

34 (1+) x4 

* @+ mG + m)4+%) (1 + 200) 
* 3° (1+ 1%) x 

(2+ m)(3 + )(4+ )(5 + 4) C1 + 21%) 

3° (1 + 1) x° 


+ Ot mG + 4+) +) (6+ Hy) + 2) 
37 (1+ 19) x! 


8 
' CLG gues eee Laon 


(11.106) 


The double root for (11.99)-(A), i.e. (11.102), is 4% = 0. Therefore, the first so- 
lution, Y4:1(x, Yo), for (11.99)-(A) is immediately available in numerical format 
Y4:1(x, Vo = 0), by setting 1) = 0 in its general solution (11.106). [See, for instance, 
(11.107).] 


(ay | ED) = [ee | _ Gale, v0 = 0) 


(onl (onl onl 
= 311 43x4 9x2 ae 9x3 4 27 x* 4 81x° 4 81 x6 i 243 x! 4 

2 2 8 40 80 560 
= x° exp(3x) = exp(3x). (11.107) 


For Y4-.1(x, 0), rather than oo, it was convenient to use a; as the arbitrary constant. 
Similarly, for the second solution Y4.2(x, 0)—to be studied later—o, would be the 
relevant arbitrary constant. 


11.6 First Solution of (11.99)-(B)— (E) 


First solution of differential equations (B), (C), (D), (E), (F), (G), and (H) can be 
found in similar fashion and the results are as follows. 


348 11 Frobenius Solution 


For differential equation (B), 6 = 4, y = 1, v = —1 and p = 0. The double root 
of the indicial equation is again v9 = 0 and the first solution is 


(B) Yp.1 (x, 0) 14 3x7 sf 7° 77x48 4 77x 1, 463 x® 
>| ——_ | = x 
ox 4 12 192 320 11,520 
4, 807 x! 
il 11.108 
80, 640 7 ( ) 


For differential equation (C), 0 = —2, y = 3, v = —4 and p = 1, the double root 
of the indicial equation is v) = —1 and its first solution is 

= 142442 2, Ax 4 2a Ae 4 m 8x! és 

Sees Se ae sae aS 

= exp(2x) . (11.109) 


Yo:i(x, —1) 
i 


O71xX 


©:| 


For differential equation (D), @ = 1, y = —3, v = | and p = 4, the double root 
of the indicial equation is v) = 2 and its first solution is 


Yp;,1, 2) , a. ta Ta Te ae 
D) : | ———_ |= _ 1-3 3 we 
©) a1 x2 er oe 3 +3" Go TF T80 ~ 140 7 
(11.110) 


For differential equation (E), @ = —1, y= —1, v= —1 and p = 1, the double 
root of the indicial equation is v9 = | and its first solution is 


+3 + a4 * 307 720 * 6307" 


(11.111) 


Yr-1(x, l 3x7 2 5x4 S) 7x6 7 
(E) : BA (x &, doped: x x x x x x 
01x 2 


For differential equation (F), 3 = 1, y = 2, v = 2 and p = 1/4, the double root 
of the indicial equation is 7 = —1/2 and its first solution is 


2 16 96 1,024 10,240 245,760 


VI 


Yp.{(x, -1/2 3x 15x% 35x32 1005x4231 1, 001 x® 
wy; | eae Pai av x x x x x 
o,x 
143x7 Pe 
229, 376 


(11.112) 


For differential equation (G), @ = 1, y = —1, v = 1 and p = 1, the double root 
of the indicial equation is 1) = |. Later on, both its first and second solutions will 
be worked out and details presented—as, for instance, in (11.123) and (11.132). In 
the meantime the first solution is given below. 
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(G) Yg.1(%, 1) ee 3x7 2x3 4 5x4 i 7x9 x! & 
: = x Site 
ox 2 3 24 20 720 630 
= (1 — x) exp(—x) (11.113) 


Finally, for differential equation (H), @ = 1, y = —2, vy = 1 and p= 9/4, the 
double root of the indicial equation is 7 = 3/2 and its first solution is 


Yu.1 (x, 2] a4 oi ‘ 35° 35x z 385a* 1, 1x 
; p) 16 32 ' 1,024 ‘10, 240 

1,001x® 2,431.27 

49,152 688,128. 


w:| 


0, x2 


(11.114) 


11.7 Methodology For Second Solution 


Equation (11.99)-(A)-(H) are of category (2): Meaning their indicial equations have 
double roots. The methodology to be used for working out their second solution will 
involve two different methods: one inspired by a method used by Piaggio!® and 
the other based on what is known as the ‘method of order reduction.’ The relevant 
details are provided in the following. For convenience, these methods are termed as 
the ‘second methods.’ 


11.7.1 Piaggio-Like Solution 


Piaggio, while studying a particular differential equation whose indicial equation 
roots are equal, came up with an idea about the second solution. Assuming that his 
idea holds true for the differential equation being studied here, the two solutions of 
a category (2) differential equation should have the following characteristics. 

The first solution is the general solution itself while the second solution is equal 
to the differential with respect to vo of the general solution. At the end of the process, 
one needs to convert the first- and the second solution into numerical format. This is 
done by replacing the symbol 1 by its actual value: which is the relevant double root 
of the indicial equation. This procedure will become clear as the process unfolds. 

Consider differential equation (11.99)-(A), its general solution—see (11.106)— 
Ga(x, 4), and proceed as follows. 


Ya:i(%, Yo) = Ga(X, VY), (11.115) 
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and 


(11.116) 


Yaa %0) = Bes _ es, 


Because Y4-1 (x, Vo) includes the term x”, the differential of x”° needs to be worked 
out. To that end, define a symbol X (v%, x). 
X(u%,x) =x”. (11.117) 
And proceed as follows. Take logarithm of both sides. 
log X (vp, x) = log(x”) = Vv log(x) , (11.118) 


and differentiate with respect to Vp. 


1 (Ae x) 


X(,x) \ du ) = tose (11.119) 


Note: Any remaining terms that would arise if x itself depended on v are not included 
in (11.119). Now rewrite the above as 


dx(v, x) 
——— = X(,x) log(x) . (11.120) 
dv 
and replace X (1%, x) by x”. 
dx” 
( ) = x" log(x) . (11.121) 
diy 


Accordingly, the second solution is 


d Vo 
3x 3x2 6x? 
(1+2%)? (24+)? (1+2%)? 
11 +22 1712 + 4193 
ggit sal + 22% + L/y* + 1°) 3 
(2+ 1)2(3 + )2(1 + 21) 
‘i (25+ 61+ 591" + 231° + 319") 4 
— O1X ° 1162 x 
(2 + 1)?(3 + %)7(4 + )?(1 + 21%)? 
ox” [24 (274 + 7581) + 84712 + 42819? + 9719*) + =] 3 
(2+ 1)?(3 + %)7(4 + )7(5 + 9)? + 21%)? 
ox" [etc., etc.,---] (11.122) 


Ya2(%, U0) = eee = [Se] 


= Ya.1(x, Yo) - log(x) — a1 x” 
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Equation (11.122) contains all the essentials of the second solution. However, in 
order to convert it into proper form, one needs to do two simple things. 

(i) : Replace the arbitrary constant 0, in (11.122) by an arbitrary constant 02 
everywhere. 

(ii) : Knowing that the double root of the indicial equation for (11.99)-(A) is 
VY = 0, everywhere in (11.122), replace the symbol 1 with its value 0. 

Once these changes have been executed, the numerical form of the second solution, 
Y4.2(x, 0), of differential equation (11.99)-(A) can be written as 


” 27 
(8) novo m3 (22-2) 
02 Piaggio : : 
225 \.. 4 3,699\ 3,969\ «¢ 

x a * 
32 800 1600 


2 4,7 
(= a) Pi ( aon i? js O(x?) . (11.123) 


78, 400 1, 254, 400 


Note: In going from (11.122) to (11.123), we have used the result, G4(x, w) = 0) = 
Ya:1(x, 0) = o2 exp(3x), for the first solution that was given in (11.107). Note also 
that the arbitrary constant a; has been replaced by arbitrary constant o2. 


11.7.2. Method of Order Reduction 


If a nonzero first solution, y;(x), of a second-order homogeneous linear ordinary 
differential equation is already known, a linearly independent second solution can be 
determined by a procedure that was studied in detail in a previous chapter in relation 
to (7.31)-(7.45). That procedure consists in representing the second solution y2(x) 
as a product of the first solution y; (x) and an unknown new function f (x). 


yw)= fay) . (11.124) 
In this regard, (7.31)-(7.45) can be used without alteration as long as the old notation 
is aligned with the current notation. To that purpose, consider first the differential 
equation (7.31) presented below as (11.125) 

[a2 (x) D? + a, (x) D + a(x) | ux) = 0 , (11.125) 


and compare it to the current differential equation (11.126). 


a. 1—3x\ , 3 
y@)t+ (—) y (x) — (<) yx) = 0. (11.126) 
x x 
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By comparing (11.125) and (11.126), we get 


1-3 3 
a(x) = 1; a(x) = (=) 5 a(x) = — (=) 


According to (7.45), y2(x) is related to y; (x) as in (11.128). 


IX. 


Wy wy f OF 
yi) = bi @OP 


Equation (11.128) involves two integrations. First the integral 


[Re - {|= ]«- — log(x) + 3x. 
a(x) % 


As a result, (11.128) can be written as 


exp(3 x) 


wh. Soe {2S a 


Next, using the fact that y; (x) = const. exp(3 x), we have 


yo(x) = o4exp(3x) PC ax 


The integral in (11.131) is readily done. 


exp(—3x) 
pee 


(11.127) 


(11.128) 


(11.129) 


(11.130) 


(11.131) 


1 9 9 27 81 81 243 
=| ( 34+ =x + —x3 xt + —x vf a 


x 2 2 8° 40 * 80 560 
a4. yg B02, 82 245 2 


9 
= log(x) — 3x + < x + —x x + x Me eacs 


4 2 32 200 160 3920 
As a result, (11.131) becomes 


(22) = exp(3x) [log(x) | 


o4 


9 3 81 
+ exp(3x) 3x + ral st + a3 aT + ou')| 
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Finally, we need the power expansion of exp(3x). 


9, 9, 27, 8l« 81, 243 729 
3 =] 3 2 3 4 5 6 7 8 
VOR EE SET A oe eek aah oye * sag? * Aah 


This leads to 


(22) = exp(3x) [log(x) | 


o4 


9 9 27 9 3 27 
+ (1 + 3x4 a + ma + Tal + ac.) . 3x + ral st + rial ec 


As a result, the numerical representation of the second solution of differential equa- 
tion (11.99)-(A), calculated by the method of order reduction, is the following. 


( Ya; 2 (x, 0) ) 
4 ord.reduction 
27 33 
= exp(3.x) - log(x) — 3.x ( ) x ( ) x 
225\ , (3,699\ ; (3,969) , 
Xx x XxX 
32 800 1600 
88,209\ , ( 554,769 \ . 
Xx Xx 
78, 400 1, 254, 400 


192, 483 597, 861 
x x! | ete. (11.132) 
1, 254, 400 12, 544, 000 


Note: ( 12:22) in (11.123). As 
a4 ord.reduction 


usual, 09, 0), 02, etc., are arbitrary constants. 


in (11.132) is the same as (“24:*) 
94. Piaggio 


11.7.3, Complete Solution of (11.99)-(A) 


Complete numerical solution of (11.99)-(A), Ya:complete (x, 0), consists of Y4.1 (x, 0) 
recorded in (11.107) and Y,.2(x, 0) in (11.132). As such, (11.133)—which is the sum 
of these two—represents the complete solution of (11.99)-(A). 


Y4:0(x, 0) = Ya.i(x, 0) a Ya.2(x, 0) 
= 0) exp(3x) 


+ onfexp(3.x) - log(x) — 3x (FZ) (F)# 


225\ , (3,699\ ; (3,969\ « 
X x XxX 
32 800 1600 
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88, 209 7 554, 769 8 
x 
78, 400 1, 254, 400) > 


192,4 7, 861 
let x ake ia ae (11.133) 
1, 254, 400 12, 544, 000 


11.7.4 General Solution of (11.99)-(G) 


For (11.99)-(G) the prescribed values of the variables are: 6 = 1,y=—l1,v=1 
and p = 1. As such the form of differential equation (11.98) that is being considered 
here is (11.134). 


yx) + (=) y (x) + (3 -) yx) = 0. (11.134) 


x2 
The relevant indicial equation, 
wA+wy(y-l+p = Y-2w+1=0, 


has a double root: vy; = v = 1 and 12 = 1% = 1. As before, we work directly with 
the variable vp and do not specify its numerical value. As such, (11.85), that relates 
a, to do, is written as 


1 
es al es ee (11.135) 
y+2V% 21% — 1 


[Also see (11.100).] To calculate az and higher-order a,,, rewrite (11.90) [Also see 
(11.101)]. 


_ B(in-1+1) + 
n= n-1 (n+uy)n+uy+y—-D+p 
Ve Lepage 
"Lat vont —1-)+1 
(n+ Vo) 
ae las Yo — | = 


For n = 2, (11.135) and (11.136) give 


_ (2 + %) 
= lanes |” (11.137) 


For n = 3, (11.135) and (11.136) give 
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me G+) | (11.138) 
(%+2)(%+D2%- 1) 


For n = 4, (11.135) and (11.136) give 


— Gm) |«: (11.139) 
(% + 3) + 2)(% + D2M% — 1) 


For n = 5, (11.135) and (11.136) give 


ig Sa) | . (11.140) 
(vo + 4)(Y + 3) + 2)(% + L(2% — 1) 
For n = 6, 7, 8, (11.135) and (11.136) give 
2 (6+ %) 4 
Lo + 5 +4 + IM + D+ DQ2%—D I] 
—_ (7+) le 
TL +O +5) +4 +3) + DM + DA2%-D)” 
=| (8+) iF 
* Lo + DW + 6) + 5) + 4) (Yo + 3) + 2H + DQM — DI” 
(11.141) 
The above results—that is (11.135)-(11.141)—are listed below. 
GeX, %) 
00 4 x" 
-1- (148) .4[ @t0 _J 
2%—-1 (4% + 1)(21% — 1) 
(3 + %) 3 (4+ 1%) x4 
(4 + 2)(% + 1)(2% — 1) (Y + 3) +2) + D2M% — 1) 


(5 + 1%) = 
(% + 4) + 3) + 2) + DAM — I) 


| 
| 

+| (6+) } 
| 


(+ 5)(% +4) + 3) + 2)(% + DAM - VD 
(7+ 1%) VJ 
(Y% + 6)(% +5)(% + 4(M% + 3)(% + 2)(% + DAM - 1) 
(8 + %) x8 
(Yo +7) + 6) + 5) + YM + 3) + 2) + DAM — 1) 
= 0G") (11.142) 


+ 
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Go (x, 4) in (11.142) is the general solution of (11.99)-(G). 


11.7.5 First Solution of (11.99)-(G) 


For (11.99)-(G), 6 = 1, y = —1, v = 1 and p = 1 and the relevant differential equa- 
tion is (11.134). The double root of the indicial equation is 7 = 1. As stated before, 
the first solution, Yg-; (x, Yo), is the general solution, Gg (x, Vo), itself while the sec- 
ond solution, Yg.2(x, Vo), is the differential with respect to 1 of the general solution. 
And at the end of the process, one converts the first and the second solution into 
numerical format. This is done by replacing the symbol 1 by its actual value: which 
is the double root of the relevant indicial equation. The notation to be used is the 
following. 

For unspecified value of vp the first and the second solutions of (11.99)-(G) are 
denoted as Yg.1(x, Yo) and Yg-2(x, Mp). And furthermore, as stated earlier, 


Y6:1(%,Y4) = GG x,u) , (11.143) 
and 
d Yo, d Gg(x, 
aaa ee G:1(%, Yo) = G(x, 4%) (11.144) 
; di di 


For specific value of vp) equal to the double root of the indicial equation—which 
for the present case is ¥) = 1—the first and the second solutions of (11.99)-(G) are 
to be denoted as 


Go%m=1) = Yeu@,u=1) = Yer) , (11.145) 
and 
av. 
You, =1) = Yoerx,1) = keel (11.146) 
dv Yy=l 


Setting v = 1 everywhere in the general solution Gg(x, 9), that was given in 
(11.142), leads to the following result for the first solution, Yg.1(x, 1), of (11.99)-(G). 
[Note: Compare (11.113).] 


Yei@,1)  Ge@,uw=1) _ 

ox |x 7 
S ioe ® 3x7 2x3 , Sat x” ie x! gene L147) 
2 3 24 20 720 630 


(G) : (1 — x) exp(—x) 
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11.7.6 Second Solution of (11.99)-(G) 


To save space, only the Piaggio-like second solution is being presented. 


11.7.7 Piaggio-Like Second Solution 


As stated above and expressed in (11.144), for unspecified values of 1, the second 
solution, Yg.2(x, Yo), of (11.99)-(G) is the differential, with respect to the variable 
Vo, of its general solution given in (11.142). That is 


Y6.2(x,%) = ae 


d Vo 
142 = 2v? 
= Gg (x, M) - log(@x) + a1 x” E + reer 
Vu 2+ 21% + 3172 2 
SHAN Wax Dan aye he 
(216 + u% — 1)? 


+ ox" 2 (3 + 2 + Tuo? + 640" + ~) 3 


(213 + 56 + 1% — 2)? 
a E + 121 + 631? + 881° + 351) + “0 ‘ji 
O1x 
(23 + 11; + 16v; + — 6)? 
(2v8 + 26ve + 1157p + 20013 + 109v2 + 16v9 + *) F 
[(vo + 4) (vo + 3)(% + 2)(M + LQ — DP 
=O? x) (11.148) 


+ ox" E 


Equation (11.148) contains all the essentials of the second solution. However, in 
order to convert it into proper form, one needs to do two simple things. 

(i) : Replace the arbitrary constant o; in (11.148) by an arbitrary constant o2 
everywhere. 

(ii) : Knowing that the double root of the indicial equation for (11.99)-(G) is 
VY = 1, everywhere in (11.148), replace the symbol vp with its value 1. 


Once these changes have been introduced the second solution, 
Yg.2(x, % = 1) > Ye-2(x), of (11.99)-(G) can be written in its final form. 


(Zosen= 0) a (22) 
02 Piaggio O2 Piaggio 


= x(1 — x) exp(—x) log(x) + x a (7) x? (=) — (ss) x 


127 Ss 3 
+15 ge Oe) (11.149) 
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Note: In going from (11.148) to (11.149), we have used the result, Gg(x, 7 = 1) = 
Yo.i(x, % = 1) = Yeu(x) = oo; x(1 — x) exp(—x) for the first solution that was 
given in (11.147). Of course, the arbitrary constant o, there has been changed to a2 
here. 


Exercise for the Reader: (1 1.99)-(B) 


Follow the above procedure and find the second solution for differential equa- 
tion (11.99)-(B). 


11.8 Examples Group V 


Consider the differential equation. 


ye) + (=) y¥@+ (= *) yoy 0: (11.150) 


The four parameters (3, y, v, p referred to in (11.150) are provided in (11.151). 


() :[G@=1; y=-2; v=1; p=2] 
(2) :[6=1; y=-3; v=1; p=3). 
3) :16=1; y=—-4; v=1; p=4]. 
4) :[6=1;3 y=-5; v=1; p=5] 
(5) :[G@=1; y=-6; v=1; p=6] (11.151) 


Use (11.85); set n = 2, 3, 4,5, 6, 7 in (11.86) and remember that the first solution 
of these differential equations makes use of the larger of the two roots of the indicial 
equation: that is v7 = 1;. The smaller root, vp) = V2, of the indicial equation is used 
for the second solution. Because of space constraints, provide detailed information 
about the general solution, first solution, and two different techniques for working 
out the second solution, only for (11.151)-(4). 


11.8.1 General Solution of (11.151)-(4) 


For (11.151)-(4)—that is of the form of (11.150)—the prescribed values of the vari- 
ables are: @ = 1, y = —5,v = 1 and p=S. Accordingly, the relevant differential 
equation to consider is 


x2 


yO (=) yx + (=) yx) = 0. (11.152) 
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The two roots of its indicial equation, 
w+wy—-D)+p = %-6yH+5=0, 


are ¥y = 5 and vw = 1. Work directly with the variable vp) and not specify either of 
its two roots. As such, (11.85), that relates a; to ao, 1s written as 


1 
tries ay (5%) = ( a) a. (11.153) 
y+2% 2 —5 


[Note: Compare (11.100).] To calculate az and higher-order a,,, rewrite (11.90) [Note: 
See (11.100).] 


— | Bin-1+)+V 

" "“Latwjatuty—-l+p 
(n—1+v)+1 

a (n+m)(n+%—5—1)4+5 


(n+ Vv) 
= n— ‘ 11.154 
‘ la | nee 


For n = 2, (11.153) and (11.154) give 


_ (2+ 1%) 
i las | : (11.155) 


For n = 3, (11.153) and (11.154) give 


ne (3 + %) 
> LH — IM —D2% 


For n = 4, (11.153) and (11.154) give 


5 |” ‘ (11.156) 


(4+ 1) 
= 11.157 
i E 3)(v9 — 2)(v sana |” ils: 
For n = 5, (11.153) and (11.154) give 
_ (5 + %) 
_— E 3)(vp — 2)(v9 Toes saa 
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For n = 6,7, 8, (11.153) and (11.154) give 


(6 + %) 
a4 = ao 
(% — 3)(% — 2)(% 1)\(%)( + 1)(2% — 5) 
| (7+ %) 
ay = ao 
(Y — 3)(% — 2) — DW) + DM + 2)(2 4 — 5) 
poe (8 + Vo) ; 
5 L@ — 3) — DM — DO) + DU + DM + 3)2% — 5) ]° 
(11.159) 


These results are listed below. 
G(x, 4) 
oo x” 


a (74) ++] (2+ 1%) }* 
2% —5 (Y — 3)(2% — 5) 


(3 + %) }#+[ (4+ 1%) le 
(YM — 3)(Y% — 2)(2% — 5) (Y — 3)(Y%o — 2)(% — 1)(2% — 5) 
(5 + 1%) ~ 
(% — 3)(M% — 2)(M% — 1I)(%) (2% — 5) 


| 
| 

+| (6 + %) lee 
| 


(Y — 3)(% — 2) — I) + 1I)(2% — 5) 
(7 + %) Zi 
(% — 3) — 2) — DG) + DW + 2)2% — 5) 
(8 + 1%) x8 
(Vo — 3)(Y% — 2)(% — 1)(%) Mo + 1) + 2) (Yo + 3)(2 4 — 5) 
(x?) (11.160) 


G(x, Vo) in (11.160) is the general solution of (11.152) that represents (11.151)-(4). 


11.8.2 First Solution of (11.151)-(1)-(5) 


Consider differential equation (11.150) and set the values of 3, y, v, p as provided in 
(11.151)-(1)-(5). For differential equation (11.151)-(1), G = 1, y = —2,v = 1 and 
p = 2, and the two roots of the indicial equation, 


ytw(y—-l+p = 0 =H-3H+4+2, 


are V9 = 2and1 = 1. Accordingly, setting v9 = 2 everywhere in its general solution 
gives the first solution, yj.;(x, 4% = 2), for (11.151)-(1). [Note, to save space, neither 
the general solution nor the first solution for (11.151)-(1), (2), (3) and (5) are recorded 
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here. | 


yi,1(%, Yo = 2) ag Se). 8 Tes we x! 
1): - =1 sae 
)) 2 a 12 8 240 + 180 1,120 ~ 


= (1 - 5) exp(—x). (11.161) 


o1Xx2 


For differential equation (11.151)-(2), @ = 1, y = —3, v = 1 and p = 3, and the 
two roots of the indicial equation are 19 = 3 and 19 = 1. The following result obtains 
for its first solution, yj.2(x, 4 = 3). 


(2): y1.20, Ti 3) = Ax 5x2 x3 rs 7x4 " x6 x! Bee 
Oo 1x 3 6 3 72 45 240 1,512 
2 (1 - 5) exp(=x) (11.162) 


For differential equation (11.151)-@), @ = 1, y = —4, v = 1 and p = 4, and the 
two roots of the indicial equation are 1) = 4 and 1 = 1. We get 


on y130%, 40 =4)] _ 5x 3x% Txt x4 3x x6 11x? 
: oyx4 ~ 4 4 24 12 160 288 20, 160 
x 
= (i- 7) exp(—») (11.163) 


For differential equation (11.151)-(4), @ = 1, y = —5, v = 1 and p = 5, and the 
two roots of the indicial equation are 1) = 5 and Vv = 1. Therefore, 


(4) : v1.4, Yo =5)] _ 1 6x is i 4 i, 3x x 11x® x! is 
; 5 ~ 5 10 15 40 60 3,600 2,100 


= (1 _ =) exp(—x) . (11.164) 


O\x 


And finally for differential equation (11.151)-(5), we have G = 1,y = —6,v = 1 
and p = 6, and the two roots of the indicial equation are 19 = 6 and 1p = 1. For root 
Vy = 6, the result for the first solution is 


(5) : y1:5(%, Yo = 6) _ Tx 2x7 9 5x4 119 x® 13x! 
: ox ~ 6 3 4 72 720 ° 360 30,240 
= (1 = _) exp(—x) . (11.165) 
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11.9 Equation (11.151)-(4) 


11.9.1 Second Solutions 


Use the prescribed values of the variables noted in (11.151)-(4). That is 6 = 1, y = 
—5,v = 1 and p=5. Insert them into differential equation (11.150). This leads 
to (11.166) which is the relevant differential equation for (11.151)-(4). 


y"(~) + (=) yx) + (=) yx = 0. (11.166) 


x2 
The two roots of its indicial equation, 
Yt+uw(y-l+p = %4H-6%H+5=0, 


are) = 5 andi) = |. 

The second solution uses the smaller of the two roots namely v7 = 1. A cursory 
look at (11.151)-(4)’s general solution (11.160) shows how it is replete with infinities. 
Infinities arise from the term (1 — 1) in the denominator for the reason that this term 
goes to zero when 1) = 1. To obviate the occurrence of these infinities, one proceeds 
as follows. 


11.9.2 Piaggio’s Solution 


Replace the arbitrary constant oo in the general solution (11.160) by dpia:4(% — 1) 
where opja:4 is also an arbitrary constant. Doing this transforms G(x, 1) into 
Gpia(x, 4). More importantly, it gets rid everywhere of the pesky denominator 
(vp — 1). As a result, the general solution (11.160) changes into 


(Ses 0) Aint) {! ( 1+ ) +} 

Opia,4 XY 2% —5 

+-v{[_@+)_]2_[_ o_o} 
(Mp — 3)(2% — 5) (Y — 3)(% — 2)(2% — 5) 


i (4+ Vv) ie (5 + 1%) |* 
(% — 3)(% — 2)(2% — 5) (Y — 3)(% — 2)(%) (2% — 5) 
(6+ %) 6 
+ x 
(% — 3)\(% — 2)()( + DZM — 5) 
(7+ v) 2 
(% — 3)(% — 2)(%)(% + I) + 2)(2 4% — 5) 
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is (8 + %) |" 
(4p — 3)(vo — 2))(¥0 + 1) + 2) + 3)(2% — 5) 


— O(x’) (11.167) 


The next thing to do is to differentiate Gpj,(x, Yo) with respect to vp. And call the 
result yo.4(x, 4%). 


dG pia (X, VY) 
dv 
_ Gpia®, 9) log(x) 


yp — 5y+1 27 10 
id; 0. [1 2 g 2 
ee ( (Quy = 5)? )=+ (Geom wae) 


( 66 12 5 4 
X 
(2% — 5)? (%—3) (uy — 2)? 
( 4v3 + 914 — 120 + 178 ) 4 
X 
(215 — 15v5 + 37% — 30)? 
au + 53 — 942 + 185% —75\ 5 
X 
v2(213 — 15v6 + 37% — 30)? 
(“ + 211% — 26818 + 40315 + 841 — a) é 
X 
Ya (2v5 _ 131; + 2214 + 71% — 30) 
(™ + 48y2 — 327v4 — 10v8 + 105512 — 22419 — #0) v 
Va (218 — 95 — 4v3 + 51) — 16% — 60)? 
=O) (11.168) 


= yr.4(x, 4) 


Set v = 1 in both (11.167) and (11.168). Equation (11.167) gives 


(os y= ~) 
Opia;4 
5x° 6x Tx? 8x3 9x4 5 
( 6 ) [! ( 5 ) ” (3) (3s) “ (Gs) = ) 


5 
(2)* (1 =) &xp( x), (11.169) 


and (11.168) yields 


(= Y= ~) 
Opia;4 


= = = ad +x+ (5) x + (;) + (5) x 
Opia;4 | 2 3 


— O(x?). (11.170) 
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Combining (11.169) and (11.170) leads to Piaggio’s suggested second solution of 
(11.15 1)-(4). 


(=e VY = ~) _ jp Yy = ) 
Opia;4 Opia;4 piaggio 


= (2) (1 =) exp(—x) . log(x) +x + (5) x + (5) a 4 (5) xt 


~ 000). (11.171) 


11.10 Solution by Method of Order Reduction 


As explained earlier, given the availability of a nonzero solution, y, (x), of a second- 
order homogeneous linear ordinary differential equation a linearly independent sec- 
ond solution can be determined by a procedure known as order reduction. [Compare 
(7.31)-(7.45).] This procedure consists in representing the second solution, y2(x), 
as a product of the first solution, which currently is y)(x) = 01x? (1 - x) exp(—x), 
and an unknown new function f (x). 


yox) = fx) yi@) . (11.172) 
For a differential equation 
[a2 (x) D? + a; (x) D + ao(x)] u(x) = 0 (11.173) 


the second solution, y2(x), is given by the relationship 


exp|- f a x| 
0) = nO) FO) = coi: i be dae iT) 
Di@P 


Note, go is an arbitrary constant. By comparing (11.173) and the current differential 
equation, 


a5 5 
y" (x) + y/(x) (=) + (S ) yx) = (11.175) 


we get 


a(x) = 1; a(x) = (=) - ap(x) = (=) (11.176) 


The inside integral in (11.174) needs to be done first. 
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exp|— fa a exp|- f as] = exp| max — f ax] 
a2(Xx) x 


= exp [5 log(x) — x] =x exp(—x) . (11.177) 


Use (11.177); insert yj (x) = o1x° (1 _ z) exp(—x) in (11.174); and write the resul- 
tant of (11.174) as 


y2(x) é i | x° exp(—x) 
= (1 d 
(402) (15 )enr | {x5 exp(—x)(1 — 2)}° ‘| 
5 x exp(x) 
a (1 5) exp x) / oa_> | (11.178) 


where (—4o72) is a new arbitrary constant. Power expand the integrand, 


exp(x) 7 51 389 


5 
x3 - 750x2 + 24x 


3 
= , (11.179 
x (1-2) oa” 50 ee S ) 


and integrate (11.179). 


i exp (x) _— (;)< (2x (Sh) (2 
Pa=% 4 15 100 750 


+ (=) log(x) + O(x’) . (11.180) 


Power expand x° (1 — =) exp(—x). 
5(,_~* eee ee I) Se £2) 
x (1 =) exp( x) = % (3). +(5)s (=) 
+ O(x’) (11.181) 
The right-hand side of (11.178) is equal to the product of the left-hand sides of 


(11.181) and (11.180). Below we equate that with the product of the right-hand sides 
of (11.180) and (11.181). We get 


y2(x) 5 x exp (x) 
=e i x (1 =) exp( vfs (i ie 


=(1 =) expt »| (4) (5) (=) (5) 


+x (1 =) exp(— x) I( =) log(x) + o1°)| ; 
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=[°- (3) + Go) G@)*- GG) 7 
5 "\10 4 15 100 
+x? (1 =) exp x) |() tose +00°)| ‘ 


—| —5 x2 3 2x4 
Blas =) exp(—x). log(x) +x + > +4 ons} 


Finally, multiply both sides by —4 to get the second solution of (11.151)-(4) by the 
method of order reduction. 


yo(x) _ (es mt) 
02 Opia;4 ord .reduc. 
2 x3 x4 


={(S)*( =) exp( x). log) +x+ + > ++ ow')| 
(11.182) 


y2:4(x,Yo=1) ) 
pias ord.reduc. 
Piaggio-like second solution, j-——} _ of (11.151)-(4) recorded in (11.171). 
piaggio 


Opia:4 


Comment: Equation (11.182)—meaning ( —agrees with 


11.10.1 Complete Solution 


Complete solution, ycomplete;4(%), of differential equation (11.151)-(4) is the sum of 
the first- and the second solutions given in (11.164) and (11.182). 
Ycomplete;4 (x) 
5 x 
O1x (1 _ =) exp(— x) 


- : ; , 
+n ( =).8 (1 =) exp( Higher 42 ae o«8)| . 


5 g.° 9" 3 
(11.183) 


11.11 Bessel’s Equation of Order Zero 


Indicial Equation Roots Are Equal 
Consider (11.184). 
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2 
y"@o) + (4*) y+ —— y(x) = 0. (11.184) 


Bessel’s equation of order zero is obtained by setting 


B=0,y=1,4=1,v =0and p = 0 in (11.184). 


y"(~) + (<) yx) +y@) = 0. (11.185) 


It has a regular singular point at x = 0, and its indicial equation has a double root 
1 = 0. Accordingly, it isa member of category 2. As such the following rule applies. 
If the two roots—1, and v,—of the indicial equation are equal—meaning if 


2 
VY; = Vy = , or equivalently p = (3) , and the relevant differential equation— 


meaning (11.185)—has a regular singular point at x = xo, then it will always posses a 
relatively easily accessible first solution, y; (x), in the form of modified Taylor series. 


[oe] 
yi) = Doan (e— x) . (11.186) 
n=0 


The second solution, y2(x), in contrast, may require more effort. 


Comment Regarding Procedure for Working out First Solution 


Follow the usual procedure for working out the first solution for (11.185) which is 

Bessel’s equation of order zero. To that end note, the variables 6 = 0, y = 1, u = 1, 

v = 0, p = Oand the fact that the relevant indicial equation has a double root 1) = 0. 
Next, use (11.85) that relates a; to do. That is 


Buotyv 0+0 
= = =0. 11.187 
ay ee %\ oq ( ) 


To calculate a and higher-order a,, for convenience rewrite (11.86) which must 
obtain for all > 2. Even though at the end of these calculations, vo has to be set 
equal to the double root of the indicial equation—which is 79 = 0 —for the moment 
keep the variable vo intact. 


fj a | See ‘| 
= (n+uHy)n+uy+y—-Y+p 


Gn-2 
= - || . (11.188) 
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For n = 2, (11.188) gives 


a (11.189) 
a = — | =~. . 
: (2+)? 
For n = 3, (11.188) and (11.187) lead to 
n= (11.190) 


For n = 4, (11.188) and (11.189) lead to 


= -| a = ao (11.191) 
“= ~La4ny] ~ [44+ nP2@+ ny? 


and so on. By following the same procedure, one finds for n = 5, 6, 7, 8, 9, 


aS me Ste SO: (11.192) 


--lasel = -| ° 
~~" l6turl L@+tmr4tur2t+n | ’ 


— a = ao 
ag = lao | | sae | , (11.193) 


and so on. 


11.11.11 General Solution 


Listed below, in (11.221), is a compact form of the general solution, Gggsso(x, Yo), 
of Bessel’s equation, (11.185), of order zero. This general solution is made up of 
(11.187) and (11.189)-(11.193), etc. 


Ggesso(x, Yo) 
dg x0 


=) [aan]? *leatarae* 
> (2+ 1)? (4 + 19)2(2 + 19)? 


1 6 
E + 1)?(4+ 1)? (2 + =| ‘i 


1 8 
. E + 1)?(6 + )7(4 + 4)? (2 + =| ? 
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1 10 
las + 1)7(8 + %)?(6 + 1)? (4 + 4)?(2 + ma 7 
+ O(x!2) (11.194) 


11.11.2 First Solution 


The indicial equation for Bessel’s equation of order zero has a double root 1 = 
0. Setting everywhere, in its general solution (11.221), vp = 0 and the arbitrary 
constant dg equal to unity leads to the first solution of Bessel’s equation of order 
zero. Traditionally, it is labeled as Jo(x). 


GBESSO(x,19=0) 
—ar = Jo@) 
ao 


2 
x2 x4 x x8 x 10 


2 * @2 Gs * Gey G, 840) 
1 2 1 4 1 6 1 8 
(1!) (5) a (2!) 6) (3!) 6) : (4!°) 6 


1 10 
_ Gr () + O(x!) (11.195) 


These results are suggestive of the well-known expression 


=1 + O(x'?) 


(oe) 


Hee Saad (11.196) 


11.11.3 Piaggio-Like Second Solution 


As expressed in (11.144), the second solution—that is  YgeEsso;2;piaggio 
(x, Y¥o)—is the differential, with respect to vo, of the general solution—that means 


d Gpesso(x,V0) 
d Yo 


| . Accordingly, 


| d Ggzsso@, YM) 
YBESSO:2:piaggio (x,Y) = 
d Yo 


2» 4(3 +) ‘| 
(2+ )? (+ 6% + 8)3 


7 (88 + 48) + 61") 6 
+ 0,x" x 
(Ve + 121; + 441 + 48)3 


= Gpesso(x, Yo) - log(x) + 01 x” 
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mn (100 + 701% + 152 + 1°) 8 
al | (8+ 6 +mP4+wP2+ | 
- 2(4, 384 + 3, 600 + 1, 02012 + 12019? + 519") 10 
ia (10 + 38 + 36 + (4 + H)(2 + HH)? : 
+ 04x” O(x!?)... (11.197) 


Equation (11.197) contains all the essentials of the second solution. However, in 
order to convert it into proper form, one needs to do two simple things. 


(i) : Replace the arbitrary constants ag and a, in (11.197) by unity everywhere. 
(ii) : Knowing that the double root of the relevant indicial equation is 1) = 0, 
replace the symbol 1 with its value 0 everywhere in (11.197). 
Once these changes have been made the second solution, Ygesso;2: piaggio(X, Yo = 9), 
of Bessel’s equation of order zero can be written as 


YBESS0:2:piaggio (x, Yo = 0) 


eae ae 3 Vga f th -\ 25 : 
— (0) —— omraceers 
ee TG 13, 824 )* 1,769, 472 )* 


137 10 12 
O(x!2) . 11.198 
+ (grea) med ( ) 


Various terms in (11.198) can also be expressed in a form familiar in the literature. 
For instance, one can write 


2 
; = agp 
- (aa) =" aoe (+5 - 
(mn) =" Dyap (: - ; - 5)* 
-(em)* = Daa (145+ : +3)8 
1 


pees ee (=1)° : loo : + : + ;) 10 (11.199) 
x = x ‘ 
884, 736, 000 210(5!)2 2°3°4°5 


The results of the Piaggio-like second solution of Bessel’s equation of order zero, 
given in (11.199), agree with those in the more elegant (11.200) below. 
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YBESSO:2:piaggio (x, y= 0) 


2 (HAF py 2n ae | i 
= Jo(x) logis) + YT (5) (14545442). 


n=1 


(11.200) 


As is well known, any linear combination of the first solution—such as (11.196)— 
and the second solution—such as (1 1.200)—of a linear ordinary differential equation 
is also a solution of the same differential equation. Accordingly, the following linear 
combination of the two is also a second solution. It is traditionally dubbed as Yo(x), 
as the second solution of Bessel’s equation of order zero. 


Yo(x) 

2 ca ny aa i. 4 1 

== Jo(s)}o809) + aay, (1+ stytet ‘)| 

2 

+ = tle — log2)Vo@)} - (11.201) 


Here 7, © 0.577215665 is the so-called Euler’s constant. 


11.11.4 Solution by Method of Order Reduction 


Given the availability of a nonzero solution, y; (x), of a second-order homogeneous 
linear ordinary differential equation a linearly independent second solution can be 
determined by a procedure known as order reduction. [Compare (7.31) to (7.45).] 
This procedure consists in representing the second solution, y2(x), as a product of 
the first solution, which currently is yj(x) = Jo(x), and an unknown new function 


f(x). 

y2(x) = f(x) yi). (11.202) 
For a differential equation 

[ ao(x) D* + a(x) D+ a(x) | u(x) = 0 (11.203) 
the second solution, y2(x), is given by the relationship 


a(x) 
[- f n(x O% 


exp | 
yo(x) = yi(x) f@&) = o0 yi (x) f 5 dx. (11.204) 
Lyi @)] 


Note, 9 is an arbitrary constant. By comparing (11.203) and the current differential 
equation (11.185), written below as (11.205), 
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1 
y" (x) + y'(x) (<) +y~) =0, (11.205) 
we get 


a(x) = 1; ax) = (<) ; a(x) = 1. (11.206) 


The inside integral in (11.204) needs to be done first. 


exp |- f Sar] = exp I- f (5) ax| = exp[—log(x)] = (+). 


(11.207) 
Use (11.207); insert yj (x) = Jo(x) in (11.204); and write the resultant as 
(x) = op Jol | f = (11.208) 
y2X) = Fo Jou a eso|| 8 . 
xJoo)P 


Power expand the integrand in (11.208) while using the expansion for Jo (x) given in 
(11.196), 


x= ()()so( Bee (B)2+ (68%) 
x{h@Oy -) oY (3 * (z * (a5 7 


7,313 \ 218,491 \ 3 
a ici Eke O(e!3) , (11.209 
as (<taeam0)* +(soeren)* eae aes ) 


and integrate (11.209). 


f scar + (5)+ (ae) + Ga) "+ Gee) 
wn@e Na 128 )* *\3,456)* ~ \589, 824)” 


307 - ( 218, 491 e 7 

— = ee Oc!) . 

= (sto-oo0)? * (6370, 099,200)* 70%? 
(11.210) 


Therefore, 


yox) i dx 
0 = sto x MoO 
x x* x6 x8 
= ots) opts) + {1 (5)+(3) (sar) + (zs) : 
(5 in 3) 23 °+( 677 )x 7,317 je 
5) (ss . (<5) 589, 824)“ + (se-a64-000 7 
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= Jo(x) log(x) 
2 
3 11 2. 
EM an) ee (eae 4 6 5 38 
4 128 13, 824 1, 769, 472 


+ = ” (11.211) 
SSS See é ‘ 
884, 736, 000 


Because (11.211) agrees with Piaggio-like second solution of Bessel’s equation of 
order zero—recorded in (11.198)—their final solution is the same. [See Ross!” . 
Note that Ross’ results for Yo(x) are identical to those derived by using Piaggio-like 
procedure—tefer to (11.201).] That is 


YBESS0;2; 0rd reduc (x, y= 0) 


(=p 2n t.1 1 


n=1 


11.11.5 Complete Solution 


First solution, Jo(x)—given in (11.196)—and the second solution, Yo(x)—given 
in (11.201)—are added together to make complete solution, Ygessocomp, Of Bessel’s 
equation of order zero. 


YBessOcomp = 05 Jo(x) + 06 Yo(x) (11.213) 


where os and o¢ are arbitrary constants. 


11.12 Bessel’s Equation of Order nj, 


Again consider the differential equation 


x+ etyxt 
B : 7) yoy (ete 


ye + ( a ) v0 =0. (11.214) 


A subset of (11.214) is Bessel’s equation of order n, obtained by setting 6 = 0, 7 = 


1,=1,v =0, and p = —n?. 


1 x —n; 
y" (x) + (<) ven + ( a ) x00 = 0. (11.215) 
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Clearly, x = 0 is the only singular point for (11.214) and (11.215). And it is a regular 


singular point. Recall that a regular singular point at x = 0 would require x x 1 and 


x x + both to be analytic at x = 0: which is clearly the case here. All the other 


points are ordinary points. 


11.12.1_ Indicial Equation 


The indicial equation for Bessel’s Equation (11.215) of order ny is 
wr+u(y-D)+p = 0 = A+nH1-1)—-n. (11.216) 
Its roots are: 
wW= u= mi MH= w= -Nh. (11.217) 
Because one root, —np, is the negative of the other, 1,, either of the two—say n,—can 
be assumed to be positive. Depending on the size of n,, Bessel’s equation of order n, 


may belong to any one of the three categories: (1), (2), or (3). Description of what these 
categories refer to is available contiguous to (11.80)—(11.81), (11.82), and (11.83). 


11.12.2. General Solution 


For Bessel’s equation of order np, 8 = 0,y=1,u~=1,v =0, and p= —ni. The 
relevant differential equations are (11.214) and (11.215). For the general solution, 
one uses Vp as a variable. Its numerical value is specified at the end of the process. 
Until then proceed as follows. 

Use (11.85) that relates a, to ag. That is 


Buty 0+0 
= = =0. 11.218 
ay a (Gar 2\ > 41 ( ) 


Just like a, for odd values of n, a, = 0. 
To calculate az and higher-order a,,, it is helpful to rewrite (11.86) that obtains for 
all even values of n that are > 2. 


i= [eee 
a (ntu)(nt+y+y—-Dt+p 


= ule (11.219) 
Ce eral | 
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For even values of n, (11.219) provides the recurrence relationship. And for n = 
2,4, 6, 8, etc., it gives 


= = —{[2+)?-n2]}", 

_ = {[2+ wy = np] [4+ v0)? = n]}" 

= = — {[(2 +p)? = 2] [4 + 0) — 2] [6 +)? — 2} 

ms = {[2 + v0) = np] [4 + v0)? — np] [6+ v0)? — nj] [8 + v0)? = mp] F 
~ = ete. (11.220) 


General solution, Gggssn, (x, Yo), of Bessel’s equation of order np, is made up of 
(11.218) and (11.220), etc. 


GBeEssn, (x, Yo) 
ag x” 


1 1 
=] 2 4 
| [2 +)? — 2] | oe | [2 +)? — nd] [4 +)? — 2] | : 


1 6 
| [2 +)? — 2] [4 4) — 2] [6+ 0) — rw] | * 


! 8 


- | [(2 +)? — ni, | [4 +1)? — ni, [(6 +)? — ii, | [(8 +1)? — ni, | |» 
+ O(x!°) (11.221) 


11.12.3 Two Solutions 


Consider a Bessel’s equation of order n, that belongs to category (1): meaning the 
difference, 2p, between the two roots—both of which are real—of its indicial 
equation is neither zero nor is it equal to an integer. As such, it has two linearly 
independent solutions, B,,,(x, ¥o) which are readily found by setting v) = + np. 


11,12.4 First Solution 


For the case when the indicial equation roots difference 2m, is not an integer, the 
first solution, B, (x, ¥) = np), of Bessel’s equation of order np, is readily found, by 
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setting Y = np in the general solution Gggssn, (x, Yo) given in (11.221). 


Gessn,(X, Y = Np) - Bn, (Xx, Yo = Np) a x 
ay x" ay x" [27(1 + n)] 
+ x4 x6 
[24.212 + m)A+m)]  [2°.3!8 +)(2+m) 1 + 1)] 
x8 
as [28.4144 + 1,)(3 +7,)(2 +7) +n,)] 
0G") (11.222) 


Equation (11.222) is suggestive of the more general expression 


Bn, (x, Vo = np) = x2 
np\*; 40 = Mb = yt 1)” 5 ; 
ag x" oa 2-"nl(n + np)(n — 1 + np)...(3 + np)(2 + np) + np) 
(11.223) 
It is tempting to express the denominator of (11.223) by setting 
27"nl\(n +np)(n—14+np)...3 +15)(2+n,)0 + np) . 
g2n ! ! 
— 2 *ha tn)! (11.224) 


np! 


But, alas!, 1, is not an integer and its factorial is not defined. Therefore, as currently 
written, the relationship (11.224) would be incorrect. 

We need to generalize the factorial function to non-integral values of the argument. 
This can be done through the use of the gamma function which is defined whenever 
the following integrals converge. 


io-e) 1 
r(z) = / t—' exp(—t)dt = / (—logt)*"! dt . (11.225) 
0 0 


Indeed, I'(z) is valid for all complex values of z: Be they non-integral, negative or 
imaginary. 
The simplest property of the gamma function is the recurrence relationship. 


(z+ 1) = zT@). (11.226) 
And for integral z 


(z+) = 2! (11.227) 
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As such, (11.223) may be expressed as 


oo 
Bn, (x, ¥) =") = a9 2” Y(-1)" 
n=0 


(np + 1) (: 


2n+np 
) (11.228) 
niT(n+ny,+ 1) \2 


Part of the right-hand side of (11.228) is function J, (x) known as the “Bessel function 
of the first kind of order np.’ 


(oe) 


(—1)" X\ 2n+np 
i@.= ( ) 11.229 
»@) 2 Kame) 2 ( ) 
11.12.5 Second Solution 
The second solution B,, (x, %) = —np) thatrefers to v9 = — np is now straightforward 


to determine. For even values of n, the recurrence relationship is 


yo an-2 
: [(n — ny)? — n?] 


an—2 


= ———__—__ .. 11.2 
n(n — 2 np) ( 30) 
Hence, the counterparts of (11.222) and (11.223) are 
Bn, (X, Vo = —Np) _ i 5 a 
dg x7" [271 - np) | [24.21(2 — np) — np) | 
x6 

[26.313 + n,)(2 + ny) + np) | 
= i 

[28.41(4 np)(3 — np,)(2 — ny) np) | 
+0) (11.231) 


Equation (11.231) is suggestive of the more general expression 


x2 n 


00 
Bn, &, = —Np) = yt 1)" 
ag x" a0 22"n\(n Np)(n — 1 — np)...3 — np) (2 — np) np) 


(11.232) 
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It is important to note that because np in (11.232) is never a whole number, the 
denominator in (11.232) does not go to zero. As such there are no pesky divergences 
in this equation. 

Using the same argument that led from (11.222) to (11.228), we can express 
(11.232) by the following. 


T'(—n, + 1) (: 


2n—np 
11.233 
ni! T(n — ny + 1) 4) ¢ ) 


[oe 
By, (x, Vo = —Np) = ag2-” x: 1)” 
n=0 


Part of the right-hand side of (11.228) is function J, (x) known as the ‘Bessel function 
of the first kind of order —np.’ 


CO 


_ (-1)" X\ 2n—ny 
Jn @) = = CesT G) (11.234) 


11.12.6 Complete Solution 


Complete solution of differential equation (11.215) for the case where the indicial 
equation roots differ by non-integer—meaning the Bessel’s equation is of category 
(1)—is the sum of the first- and the second solution that were given in (11.228) 
and (11.233). 


X\ 2ntny T'(np + 1) 
Buy 49 = 1) + Buys =—m) = (5) VV ea ee 


n= 


ioe) 
4+ o927% >i ibe 


n=0 


(11.235) 


l'(—np + 1) Cy 
mT (n—np+1) \2 . 


11.13 Bessel’s Indicial Equation 


Roots are Equal 


If the two roots, np and —np, of the indicial equation are equal, they are both zero. 
As such the Bessel function is of order zero and has already been analyzed in detail 
in (11.185)-(11.213). 
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Roots Differ by Integer 


Given that n, is real and positive and Bessel’s indicial equation roots, n, and —ny, 
differ by an integer, there are two possibilities. Either np is an integer or it is an 
half-odd integer. 


Roots Are Integers 


Differential equations whose indicial equation roots are integers have an important 
feature. Their first solution is readily worked out by following the usual technique. 
In contrast, their second solution tends to have recurring zeros in the denominator 
leading to divergences. Simplest example of this happenstance is a Bessel’s equation 
of order unity. 


11.13.1_ Bessel’s Equation of Order Unity 


First Solution 


Replacing n, by unity transforms Bessel’s equation of order n,—see (11.215)—into 
Bessel’s equation of order unity—see (11.236). 


" 1 , 1 
y + (<) y + ( ; ) yx) = 0. (11.236) 
Xx Xx 


The two roots of the indicial equation of (11.236) are n, = 1 and n, = —1. Its 
first solution must use the larger root, namely np = 1. Because the general solu- 
tion Ggessn, (*, Yo)—see (11.221)—is still applicable, as are other equations leading 
to (11.228), all that is needed to convert (11.228) into the first solution, By.,(mp = 1), 
of (11.236) is change the variable n, to unity. This leads to the result 


rd-+1) (x) 


ioe) 
= = 1 n 
Byx(mp = 1) = ao2 D 1) nFo+i1+ \2 


= a Cs 2 as 
= 226 ae ie Dl (=) = 2a) Ji() , (11.237) 


where J; (x) is Bessel’s function of the first kind of order unity. [Compare (11.229).] 
Second Solution 


Bessel’s equation of order unity is treated in Piaggio’, pp. 114-115. Because the 
Piaggio book is not readily available, and the presentation there is minimal and 
somewhat abstruse, it is helpful to record a detailed solution here. 
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Consider the general solution, (11.221), of Bessel’s equation of order n, and 
convert it to general solution of Bessel’s equation of order unity by setting np = 1. 


Ggessi(x, 4%) 


x2 x4 
= MT] 
ae lavawrnltlarnaraern | 


6 
(Vp + 7)(vo + 5)?(% + 3)?(Y + 1) | 


x8 
” (vp + 9)(V + 7)? (Vo + 5)?( + 3)?(4 + D 
+ O(x"°)] (11.238) 


When 1 = 1, (11.238) is the first solution, B.,(m, = 1), of Bessel’s equation of order 
unity. [Reminder: The first solution, By., (mp, = 1), of Bessel’s equation of order unity 
is (11.237).] On the other hand, when vp is set equal to —1, the denominator of the 
general solution (11.238) goes to zero because of the presence of the factor (vp + 1) 
everywhere. To avoid this difficulty, Piaggio proposed to change the arbitrary constant 
dg to another arbitrary constant ag (4% + 1). The Piaggio!” version of the general 
solution is 


GBEsSpiaggio (x, Y) 
x2 
= dy x"[(vp + 1) — } ——~ 
ox L(Y + 1) {| 


x4 
lara] 


6 
(Y + 7)(vo + 5)?(% + 3)? 


x3 
+ \eiiedpwisn rst 
+ Ox')] (11.239) 


The important part of Piaggio’s suggestion is the following: the second solution, 
B>..(mp), Of Bessel’s equation of order unity is the differential with respect to the 
variable Vv of its general solution Ggesspiaggio(X, Yo). The final requirement is that 
the result of such differential be evaluated at 1 = —1 which is the second root of 
the relevant indicial equation. Recall (11.121), whereby 


dx” 
( ) = x” log(x) , (11.240) 
dv 
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and proceed as follows: 


dG BESSpiaggio (x, Y) 
d Vo 


= log (x) GBEsSpiaggio(X, VY) 


i 2 13 + 31% 4 
+ ats {ots [So 
127 + 52 + 5v2 F 
la + 7)2+( + 5)3( +3) 
1383 + 753 + 129v5 + 718 F 
la + 2% + D3(M% + 5° +3)? * 
OG) (11.241) 


Setting 4 = —1 leads to the second solution Bo.,(m, = —1). 


Bo:x(mp = —1) = log) Bix(m = VD 


do a 5a > \% 47 ‘ ‘6 
= (<) [1+ (=) i. (=) : (=). las a) Ole | 


(11.242) 


Chapter 12 
Answer to Assigned Problems 


12.1 Problems Group I, 3-chapt 


[Note: Look just below (3.42).] 
Scomp for problems (1)—(10) 


oo exp(x) + a1 exp(—3x) 
oo exp(4x) + a1 exp(—x) 


(09 + 01 x) exp (-3) 


(09 + 01 x) exp (5) 


(09 to, x +02 x’) exp (—5x) 
(o9 toy x + onx") exp (2x) 


12.2 Problems Group II, 3-chapt 


[Note: Look above (3.74).] 
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() 
(2) 
(3) 


(4) 


(5) 
(6) 


(7) 


(8) 


(9) 


(10) 


® 


Check for 
updates 
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Tyi for problems (1)-(10) 


co Cl 


2 3 

(1) ae 57 [40 + 42x + 18x? + 9x7] 
% , & 2_ 39,3 
(2) ree [153 — 156x + 72x* — 32x°] 


(3) 4co + 4c3 [—192 + 72x — 12x7 + x7] 
(4) 4co + 4c4 [1920 + 768x + 144x* + 16x? + x] 


(5) : Es 7 [45 — 60x + 36x? — 12x3 + 2x4] 
co C6 2 3 4 
(6) =—= 76 [45 + 60x + 36x + 12x? + 2x*] 


(7) co +7 [—120x + 60x? — Sx* + x°] 
(8) co + cg [—120x — 60x? + Sx* + x°] 


8lco | co 2 3 4 5 
9 400 — 1320x + 720x? + 180x3 — 270x4 + 81 
0) 533 saa x + 720x~ + 180x xo x?| 
256 
(10) 28 4 £1 F_4og95 = 8100x — 3960x? — 1440x°] 
1024 " 1024 
+2 [2400x4 — 1152x5 + 256x°] 


1024 


12.3. Problems Group III, 3-chapt 


[Note: Look just below (3.80).] 
Particular integrals, /,,;, for problems (1)—(10) are given below. 


Co c, exp(atr) (1) 
3. a?+2a-—3 
fon) C2 exp(at) 
2 
4  a®?-—3a-4 2) 
4c3 exp(at) 
4 ——__—— . 3 
OP aed! @) 
4c4 exp(at) 
4 a 4 
ON Tet dae 
co cs exp(atr) (5) 
8 a+6a24+ 12a+8 
Co C6 exp(atr) (6) 


8 a—6a24+ 12a—8 


12.3 Problems Group III, 3-chapt 


c7 exp(at) 
Cc aE ENE 
OT ee tatl 
Cg exp(at) 
Co On ah. 4 
a*—-at+l 

co cg exp(at) 


3. at +2a4+3 
co C19 exp(atr) 
4 a?+3a+4 


12.4 Problems Group IV, 3-chapt 


[Note: Look just below (3.83).] 
Ti for problems (1)-(10) 


sin(x) — 2 cos(x) 
5 


(7) 


(8) 


(9) 


(10) 


(5) [5 sin(x) — 3 cos(x)]. 


: 70 

5 sin(x) — 7369 sin(3x) — 75 COS) + — 1369 cos(3x) . 
2 sin(x) — my sin(3x) — 8 75 Cost )+ — ae 
— x x x ; 
25 1369 1369 

os sin(2 x) — cos(2 x) 

4 16 

1 sin(2x) + cos(2 x) 

4 16 


4sin(2x) — 6cos(2x) 


13 


_ (=) (3 sin(2x) — 2.cos(2x)] . 
2  16sin(4x) — 26cos(4x) 


3 233 


1 sin(4x) — cos(4x 
(4x) ( ys 


2 12 


(9) 


(10) 


385 
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12.5 Problems Group V, 3-chapt 
[Note: Look just below (3.91).] 
Tyi for problems (1)-(10) 


_ {[—4i + 39x] sin(x) + [3 + 26x] cos(x)} . (1) 


—i exp(2x) 
125 


) {[2 + 35x] sin(x) + [11 + 5x] cos(x)} . (2) 


=i sin(x) + 4cos(x)] — ae sin(3x) + 12 cos(3x)] . 8) 


- 514 sin(x) + 3 cos(x)] + all sin(3x) + 35 cos(3x)] . (4) 


= (SF) {72 sin(x) + 21 cos(x) — x[65 sin(x) + 45 cos(x)]} . (5) 


exp(x){3 sin(x) + x [sin(x) — cos(x)]} . (6) 
exp(x)(l ee iad [(104 — 222x) sin(2x) — (153 — 37x) cos(2x)] . (7) 
2 exp(x) 


169 


—2exp(x)(1 — x) + [(32 + 26x) sin(2x) + (43 — 39x) cos(2x)] . (8) 
4 exp(—x)[2 sin(x) + x cos(x)] . (9) 
2 exp(x) 


1369 


[(130 — 259x) sin(x) — (151 — 185x) cos(x)] . (10) 


12.6 Problems Group VI, 3-chapt 


[Note: Look at (3.143).] 
Given below are the separated simultaneous linear ordinary equations, their Scomp 
and I,; for problems (1)-(3), and some help with the solution of problems (4)—(6). 


(2A*+2A+1)x = 6exp(t) — 3t exp(t) 
(2A*+2A+1)y = 2exp(t)t —2 exp(t) 


t t t 

Scomp: x = exp (-5) {or sin (5) + 020s (5)} 
S t : t ra t 
comp; y = = 3SIn{ = cos {| = 
Py exp 5 03 5 04 5 


3 16 2 11 
Tpisx = 5 xP) 37! i dpry = 5 oxPt) —3 tt 


1 1 
3 = — 3201 — 02); o4 = — 51 + 202). (1) 
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(3A? —3)x = 2exp(t)+3¢ exp(t) -—2r—1 


’ 


(3A? —3)y = —exp(t) —3texp(t) +4+2 
Scomp: x = 01 exp (-t) +02 exp (t) ’ 
Scomp: y = 03 exp (-t) + 04 exp (t) ’ 
exp(t) 1 
Leg = —-14+2t+6t =(14+2t) , 
is y, (—1+2¢+ Naa +21) 
exp(t) » 1 
Leg = 1+2t-—6t 2+1t) ; 
pis ae )-7@tn 
03 = 01; 04 = —02 . (2) 


(A? +2A42)x = 14+2t—exp(t) —2t exp(t) 
(A24+2A+2)y = 3exp(t) +3rexp(t) —1 
Scomp:x = exp(—t)[o1 sin(t)+o2cos(t)] 
Scomp;y = €Xp(—t)[o3sin(t) + o4cos(t)]  , 


’ 


1 
line = G-Wa5 Ft 


1 
Too 3415t)-- ; 
en 25 Cah) 2 


03 = 01; 04 = 02 : (3) 


In problem (4) set (—x +3) = exp(—t) , (—x+3)D = A, and thereby trans- 
form it into problem (1). 


In problem (5) set (2x — 1) = exp(2t) ,@x—1)D = A, and thereby trans- 
form it into problem (2). 


In problem (6) set (x +1) = exp(t), @+1I)D = A and (x+ 1)?D? = 
A(A — 1) and thereby transform it into problem (3). 


12.7 Problems Group I, 4-chapt 


[Note: Look at (4.18).] 
Solution u = u(x) to problem set I problems (1)—(12) is given below. 


u(x) = [3 exp(x)(x — 1) + oo] . BB) 


x? exp(x) 
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_ 1 exp(4x) . 5 
u(x) = —a5| 32 (8x a+ +00] . (4 
u(x) = (=) [—log(cosx) +o]. (5) 
sin Xx 
u(x) = (cosx)[x +00]. (6) 
_ 1 1 ‘ 
u(x) = Ga eas [5 exP@nncr — 1) +00] . (7) 
_ 1 (sinx)* 8 
a Ree TES Ss col 8) 
u(x) = + n[S4 a +0]. (9) 
(x? — 2x) 
u(x) = (x—- »[S5 +00) . (10) 
_ 1 \*[2x2(og x)? — 2x? log(x) + x? ie 
«= (Ge) | too] 0D 


u(x) = 


: [x sin(x) + cos(x) + 09] . (12) 
x (sin x) 


12.8 Problems Group II, 4-chapt 


[Note: Look at (4.78).] 
Solution u(x) to problem set II, problems (1)—(10) is given below. 


u(x) = + (5) 2+ apexp(—6x)] . (dd) 
"OS Trove 
4 5 
u(x) = + l= | 2 1) 
: } 
u(x) = = Feces . (4) 
1 7 
a Eeoscesnl om 


1 


2 1 5 
BS ne Eeooussl 7 ©) 


12.8 Problems Group II, 4-chapt 


1 
3 


4 1 
aes »' | Saaeeal| 


u(x) = + [2x2 — 1 + oy exp(—2x?)]! 
u(x) = + (i) [2.x? — 1+ oo exp(—2x)]* 
1 
a ie x(—3x + 00) 
_ 1 
UI Pio aaa esl 
(x) = + i 
eee or Eee 
u(x) = ae 
- 2 x2 
2V/9x8 +a 
u(x) = (-)3 
sV9x8+a; 
u(x) = ane ae 


12.9 Problems Group I, 6-chapt 


[Note: Look just below (6.18).] 

General Solution 
y ee+3o 0) 
y = xo+30°. (2) 


= xo—2 sino. (3) 


y = xo0+2 osc. (4) 


Singular Solution 


. (5) 


(6) 


. (6) 
. (7) 


. (8) 


- (9) 


; (0) 


; (0) 


. (10) 
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12.10 Problems Group II, 6-chapt 


[Note: Look just below (6.31).] 


General Solution 


Singular Solution 


Singular solution to (1), (2), and (3) is the same. That is: 


y(x) = 0. 


12.11 Problems Group III, 6-chapt 


[Note: Look just below (6.35).] 


of] = [2] 


Or Equivalently : y = oox . 


Answer to Assigned Problems 


(1) 
AD 


sy 


. 2) 


2(3) 


. (3) 


log(x) + const . 


(2): II Y = [ox dx ; a = ia + const . 


exp(3y) 3 


—2 


1 3 
Or Equivalently : y = 5 toe | expt 2%) +00] : 
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(3): [iP] = [ex exp(x”)|dx ; log(y) = exp(x’) +99 . 


Or Equivalently : y = log '[exp(x?) +00] . 


d 
(4) : fit = fil dx: log(y) = exp(x2) +o» . 


Or Equivalently : y = log '[exp(x?) +00] . 


12.12 Problems Group IV, 6-chapt 


[Note: Look just below (6.41)] 


(1): y=-xt+ =e ; 
(2): y=xsin"'[(o9x)*] . 
(3): y =5x[o0 + log x] 
(4): y =+xV8 [op + log x] . 
(5): 4y=x E log(o9 x) + JB log(ao x) s ‘ 


12.13 Problems Group V, 6-chapt 


[Note: Look just below (6.73).] 


(1): y = (x 4+ 1) tan {loga~4+1)+00} . 
(2): (y+2) = («+ Dilog~™+1)+ a0] . 
(3): y=(x+00) cosx . 
(4): (y + 2) = (x + 3) log[oo + log(x + 3)] . 
(5): 2y =—x—34)3x24+ 10x +00. 
(6): 3y=—x—44 f4x24 14x40 - 
(7): By xt Slogie+y) +314 09 . 


12.14 Problems Group VI, 6-chapt 


[Note: Look just below (6.91).] 
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03—xX 
1): ee 
” o = PED 
(2): 03 = x(d+y+y’) : or equivalently, 
1 403 
=> 1+ 3 
7 pe ‘3 x 
x2 y? 
(3) : G3 Sah a Pa em) 


12.15 Problems Group VII, 6-chapt 


[Note: See (6.241).] 

Procedure: First choose u(x, y) and v(x, y) from one of the three equations 
in problem set VJ chapter (ST). Then, just to be sure, check, by using (6.82), as 
to whether the given differential equation is exact or inexact. And if it is inexact, 
employ either (6.101) or (6.103) to find whether an integrating factor that depends 
only upon a single variable is possible. When the equation has been made exact, 
solve it according to (6.88) and (6.91). 


(1) : et ee 
"e438 37 
hae 
(2): y= re 
Sx" a 
(3) : y= avexp(—>) + ae a 
12.16 Problems Group VIII, 6-chapt 
[Note: Look just below (6.268).] 
(@): y=-l 
aa + 90 
1 7 7 
(2) yap +P tan — 2s] 


12.17 Problems Group IX, 6-chapt 


[Note: Look just below (6.315).] 


12.17 Problems Group IX, 6-chapt 393 


Given below are the S¢om, and I,; for problems (1)-(5) and some help with the 
solution. 


Set (x +3) = exp(t); (¢+3)D = A; (x+3)* D? = A(A—1) 
Therefore, (1) : (A7+A)u = —texp(t) , 


3 ¢ 
Scomp; t = 09+ 01, exp(-t) , Tpit = exp(t) E ;| , 


_ loge + >] (1) 


Scomp: x = 90+ 


3 
, I pis x = «49/7 3 


eal 
x+3 
and (2) : (A7+A+3)u = —f exp(t) , 


t ee eee VB 
Scomp:t = &XP 75 o; sin >! + 02 cos at : 


3 t 
I pist = exp(t) 5. 5 ; 


VB JB 
Scomp:x = years cE sin (+ log(x + ») +02 cos (+ log(x + »)| 


_ log + >] 
get |! 2 


3 
I pi: x = (x +3) E 


Set (2x —1) = exp(2t); Qx—1)D = A; (2x —1)?D? = A(A-1) 
Therefore, (3): (A? — 4A)u = —4t exp(2t)sin(2r) , 
Scomp; t = 09 +o, exp(4t) , 


exp(2r) ; 
I pi; a A [cos(2t) + 2t sin(2t)] : 


Scomp;x = 90 +01 (2x — 1)? , 
T pi: : 
and (4) : (A2 —4A+4)u = —4f exp(2r) sin(2r) , 
Scomp;t = exp(2t)[ojt +o] , 
Tpis¢ = exp(2r) [cos(2r) +f sin(2r)] , 
Scomp;x = (2x —1)[o2 logQx -1) +04] . 


(2x — 1) : 
Z {cos[log(2x — 1)] + log(2x + 1) sin[log(2x — 1)]} —_, (3) 


(2x — 1) ; 
Pen [2 cos(log(2x — 1)) + log(2x — 1) sin(log(2x — 1))] . (4) 


Set (x+2) = exp(3t); Gx+2)D = A;(x+4+2)? D* = A(A—3) 


1 
Therefore, (5) : & —6A+ ‘| u = exp(3t)sin(3r) , 


V35 V35 
Scomp;t = exp(3t) | 71 exp gt + 02 exp oa? , 
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4exp(3t) . 
Ipizt = - sin(3t) 
Dae ers) [uae + 2) + 02(3x + 2-78] , 
4(3x + 2) 
T yi: x = — 
71 


sin{log(3x + 2)] . (5) 


12.18 Problems Group I, 7-chapt 


[Note: Look just below (7.13).] 


3 


* 2 

(1): Y= FF t lx + oox|+o, 
x 7) 

or , Y= ~*+0[-% + ox] +01. 


12.19 Problems Group II, 7-chapt 


[Note: Look at (7.28).] 


(1): y=200 tanh[oopx + 0)] 


(2): y=-—log E — 0 exp (-=)| . 


12.20 Problems Group III, 7-chapt 


[Note: Look just below (7.47).] 


(1): uo(x) = op cos(x) 

(2): u(x) = 09 exp [v2 - Ix 
(3): u(x) = a2 exp (-3) cos (5) 
(4): u2(x) = a2 exp (x) cos (x) 
(5): ua(x) = o2x0-v 


x? —x? 
(6): u2(x) = o2 exp (5) [exp (= )ax 


12.20 Problems Group III, 7-chapt 


(7): 


x x? + 4x 
u2(x) = o2 exp { —x — a exp 5 


12.21 Problems Group IV, 7-chapt 


[Note: Look at (7.62).] 


(1): 
(2): 
(3): 
(4): 
(5): 
(6): 
(7): 
(8) : 
(9): 


(10) : 


Ipi(x) = log(x) + 1 
1 
Tpi (x) = (=) 
ioy= (5) [log(x) — 1] 


1 
iS (=) [2 log(x) + 1] 


12.22 Problems Group V, 7-chapt 


[Note: Look just 


below (7.100).] 


ie 


Ti (x) = (x + I) log + 1) — «+ I) log(x) — 1 


395 


Using the procedure outlined in (7.64)-(7.71), solution of differential equation 
obeyed by y is given below: as is the solution wu. 


Gd): y@) = 
(2): y@) = 
(3) : y@) = 


oa, sin(x/5) + 02 cos(xW5) + : ; u(x) = exp(x*) y(x). 


o; sin(x) + 02 cos(x) + 13 u(x) = exp ( 


o snl (3) 8] + os es[(8) 8] + 5 


3 


2 


XxX 
) y(x). 
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4 
pf 


3x2 
u(x) = exp (=) y(x). 


-1 


4): y@) = a)? + oe @PF + x71; ue) = xy). 


12.23 Problems Group I, 11-chapt 


[Note: Look at (11.31).] 

All we have to do to solve (11.31) is to use in (11.24) their given values of a, 
G3, y. [Note: These symbols were defined in (11.5).] First few terms of the relevant 
Frobenius power series solution of (11.31)-(1)-(10) are the following. 


For (1), a= 1, @ = —1, y = 1. Therefore 


(1): u(x) = oO [ = (5) cae (3) x= (=) xo 4p o1x°)| 
1 7 31 
+ 02] =-(3)2"+ (a) *— (rae9)*” + 00| 
For (2), a = 1, @ = —3, y = 2. Therefore 
(2) : u(x) = 0, 1 a 4 (a) (=) Puan 01x) | 
1 11 137 
x, E e (5) 4 (=) x5 (sa) x74 01) | 
For (3),a = 1, @ = 3, y = —2. Therefore 
(3) : u(x) = oa (a5 = : xt a) x +00 
: 4 12 
1 3 i? 5 1 7 9 
+ m|x+(z)s (Hm) (sa) * + O(x | 
For (4),a = 4, 6 = —1, y = —4. Therefore 
21 = a |1+3e = (3) af ae (=) x's Ox") 
, 12 10 


1 2 
+ afer) =)? 205 


For (5), a = —1, G = —1, y = 1. Therefore 


12.23 Problems Group I, 11-chapt 


1 1 1 
(5) : u(x) = 01 = (5) ee (=) a (=) Ces o1x°)| 
1 1 


For (6),a = 1, 9 = 1, y = 1. Therefore 


1 5 37 
(6) : u(x) = o1 I + (5) x (=) x (=) xo o1x°)| 


1 7 1 
+ 02 E + (;) x4 (=) oe. (=) xi + o1x°)| : 


For (7), a = —1, 6 = —1, y = —1. Therefore 


(7) : u(x) = oy [ + (5) x74 (=) —s (=) re o1')| 


1 7 31 
+ 02 E + (;) xe (5) xo (=a) xl + o1°)| : 


For (8), a = 2, 9 = 2, y = 2. Therefore 


(8) : u(x) = oy ! e+(5). (3) *°+ 00%] 
+ a E _ (5) Ke (=) eS (=) aE ow)| : 
For (9), a = —2, 3B = —2, y = —2. Therefore 
(9) : u(x) = [i+ a+ (5) xt 4 (3) +065) 
2 11 43 
+ 09 E + (5) xe (=) w+ (=) xt + 01w°)| : 


For (10), a = 3, G = 3, y = —3. Therefore 


(10) : u(x) = oy 1 + (5) x= (3) xt 4 (=) x 4 ou) | 
3 


397 


398 12 Answer to Assigned Problems 


12.24 Problems Group II, 11-chapt 


[Note: Look at (11.60).] 

Information given in (1 1.52)—(11.58) is used to solve the five differential equations 
in problem set (II). These problems are similar in form to (b)-(11.32). 

For (1),@a=1,8=2,y=1, u=3,v = 3, p = 1. Therefore 


a2 ae 1 x? x x4 te 7 5 
ea - 3 oa 130)" 
oe 47 6 135 7 i x? x x4 
x XxX (ox Xx 
1) \ 790 2520 2 3  \24 
x? 81 6 29 7 
O(x’) . 
+0[F+(ao)a (son) *"]+ o) 
For (2),a=0;8=1;y=0; w=2;v=2;p=0. Therefore 
Opewer= 1 x woe 2 64 18 7 
i aia 5 6 20° \45)" 1008 ) ~ 
x? = x4 3 5 x® 25 7 
O(x®) . 
6 6” (a) +35 + (sae) |+ @) 
For (3),a=1;68=0;y=1; w=2;v=1;p=1. Therefore 
axis 1 x? eee 5 6,2 
eae — 2 8 10. \240)* ~ 105 
4 x aan 9 64 a +008) 
021% 9g * \o40)* * tos aa 
For (4),a=0;8=2;7y=2; w=0;v=0; p= 1. Therefore 
x x x4 2 13 23 
A) : = 1 5 Siem 6 —— 7 
cea al 273 +34 (3) + (sa) +(3),"| 
ee 24% a 23 a 61 6 13 7 
Ox Xx XxX XxX Xx Xx 
. 6 | 3 120 1008 360 


+ O(x°) . 


+ 


+0] 


For (5),@=2;8=1;y=1; w=5;v=1;p=4. Therefore 
x3 11 7 x? 1087 
s)3 = 01 | 1 — 2x? 44(— )xP + —-(—— )x’ 
ey ue) ai | re S4 (Sate (Sere 5040 ) * 
2 


i x 2 $4.8 
02|xX 5) x 6 


WwW 


12.24 Problems Group II, 11-chapt 


a\2. fisl\-. gw : 
+ f(&)+ (+ (ata) eae 


12.25 Problems Group III, 11-chapt 


[Note: Look at (11.97).] 


399 


We use (11.85), set = 2, 3, 4,5, 6, 7 in (11.86), and solve the following differ- 
ential equations that are of the form (11.78). Only the indices (, 7, v, @ were given 


in (11.97)-(1)-(5). For convenience, they are reprinted below. 


(1): (@=-3; y=3; v=2; p=—4]. 
(2): (@=2; y=-3; v=1; p=-2]. 
(3): (@=3; y=-2; v=—2; p=-3]. 
(4): (@=1; y=-2; v=—-1; p=-1]. 
(5): (@=-1; y=—-5; v=—-1; p=-4]. 


For (1), 6 = —3; 7 =3;v =2; p = —4 and the solutions are 


Cie. u(x) 
ox l+v5 


x3 
= bea? = 133) + © 230- 99/5) + —— (9, 675 — 4, 2830/5) 


2, 508 
x4 ie x ve 
110, 555 — 49, 331 15, 30 
+ care 555 — 49, 33 aT Dag (15: 306 — 6, 805V5) 
x6 x? 
- 10, 671 —_" ____ (439 160 = 192, as 
+ 105 dap 23: 965 - 6 V3) + arpa 3 60 — 192, 6894/5) + 
u(x) 
(ph. <|— = 
|| 
= 14+ 205-4 135) + 5030 +9905) + 3g 9 675 + 4, 283/5) 
x4 we 
+ ar 9gq (110, 555 + 49, 331V5) + 5 go (15: 306 + 6, 8055) 
x9 7 
4 —* (93, 965 + 10, 6714/5) + —~——432, 160+ 192, 6894/5) 4-- 


109, 440 5, 554, 080 


For (2), 8 =2;y = —3;v = 1; p= —2 and the solutions are 
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(2a) : 2H 
a): axa 


2 3 
x Xx — x 
ene g| S467 4974/6) — ——— 681-2 ot 
a 9+8V6) + 5 + 27/6) 7399 58 + 2416) 


4 x 
—"__ (4,312 +1, 657V6) + a5 ab (—3, 544 + 2116) 


22, 080 , 

: Veen 6 
——_—— (42, 782 — 12, 953V6 ——__— (—224, 746 + 83, 447V/6 oo 
264, 960 | ye 1, 854, 720‘ t a 


(2b) : _ ur) 
o1x2-V6 


x 
ee 19+ 86) + 067 27/6) + —— am —_ (—581 + 2416) 


4 x 
4, 312 — 1, 657 44+ 211 
22, 2, 080" : 6576) — 22, 080 72, 0g 544 + 2116) 
6 a 
x 
—— (42, 782 + 12, 953.6) — ————— (224, 746 + 83, 447V6)+--- 
264, 960 ° = v6) 1, 854, 730 © v6) + 


For (3), 8 =3;y = —2; v = —2; p = —3 and the solutions are 


(3a) : 


(3b) : 


u(x) 


3+V21 
oix 2 


x3 


x2 
1 5 (29+ V21) + = (47 + 93V21) - (5, 847 + 1, 573/21) 


680 12, 240 
x 
— (1144 11V21 3,057 + 347721 
a a 21) + 5769 =a + 21) 
g a 
xX 
—~__ (95, 543 — 17, 163/21) + —————_ (1, 021, 789 + 205, 549/21) + --- 
779 Bop 05" 943 — 17, 163V21) + 5 Fr5Fpq (1, O21, 789 + 205, 549/21) + 
u(x) 
 3-v3t 
oix 2 
x3 
1+ 29+ VI) + © (647 - 93/21) + ——_ err 5 (5; 847 + 1, 573V21) 
x4 49 
—(114— 11V21 3, 057 + 347V21 
758 aa =H ° rene es 
6 7 
Xx 
—~__ 95, 543 + 17, 163/21) — ————_ (1, 021, 789 + 205, 549/21) + --- 
7D Bop OS" 943 + 17, 163V21) — 55 app (1 O21, 789 + 205, 549/21) + 


For (4), 8 =1;y = —2;v = —1;  =—1 and the solutions are 


12.25 Problems Group III, 11-chapt 


(4a) | =a 
O\x 2 


2 3 
& 1-5 +50 +V13)- 0+ V3) 


4 Fe 24.VB) + 09 10/13) 


mae 
x! 
814+ 25vV 1 689 — 203V 1 
i 88, a te 709, 440 | ae 
u(x) 
(4b) | 
O2xX 2 
Xx x? x3 
= Poa ain eae 
= a+vi BS aap rae aa 3) 
x6 x7 
2 EOL Fae) fe 203V1 fs 
88, aan a — a ee 


For (5), 6 = —1; y= —5;v = —1; p = —4 and the solutions are 
ee 


= canoe hn es 


8, 772 
x4 x? 
10, 267 + 2, 773V 1 — — (3, 1214 915V1 
a 631, Ase! - ay 1, 052, 640 > a 3) 
x6 x7 
A078 Ia) 13) 30 1,463V1 ana 
at 743, TERT re Der ETT. Ba Se 
Jf ue) 
XxX x? 
=. be Sy Bye — 167/13) 
51 68 
x4 x) 
——— (10, 267 — 2, 773V 1 121 15v1 
+ 631, sa ne es 1, 052, _ orig 
x x7 
+ eT 87¥V 13) — sa 263 05. 15 AGH) Tans 


743, 040 15, 603, 840 
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Chapter 13 
Answer to Additional Assigned Problems x 


13.1 Fourier Transforms 


A function f(t) that is not necessarily periodic but is reasonably well behaved can 
be represented in terms of an integral involving its Fourier transform. 


fi) = (;-) o F(Ww)exp(iwt)dw , (13.1) 
20 a 
where 
Fw)= a f(t)exp(—iwt)dt . (13.2) 


Often F(w) and f(t) are referred to as the inverse Fourier transform of each other. 


13.2 Examples Set (I) and Solution 


Work out Fourier transform of six functions given below. 


afi +e fat . (1) 
ff). (2) 
fo). (3) 
Fora>0, f(at). (4) 
f(t —t). (5) 
exp(iwot) f(t) . (6) (13.3) 
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13.3 Solution to Examples Set (I) Fourier transforms 


(1) : Consider cy fi(t) + c2 fo(t) = C1/@7) Je lei F\(w) + cz Fo(w)] exp(i w fr) 
dw. The right-hand side of the above equation leads to the conclusion that the rele- 


vant Fourier transform for c; fi (t) + c2 f2(t) is 
c) Fw) +c Frew). (1) 


(2) : Consider f(t) = 1/(27) | ee F(w) exp(i wt) dw. 
Take complex conjugate of both sides of the above equation. 
I? @® = 1/@n7) (ee F*(w) exp(—i wt) dw. Set w = —wo. 
= —1/(Q7) i. F*(—w) exp(i wo t) dwo. Now set wp = w. We get 
f*(t) = 1/(2m) f, F*(—w) exp(i wt) dw. 
Therefore, the relevant Fourier transform for f*(t) is F*(—w). (2) 


(3) : Consider f(t) = 1/(27) i F(w)exp(i wt) dw. 
Differentiate both sides with respect to f. 
f'@) = 1/@n) i. (iw) F(w) exp(i wt) dw. 
Therefore, the relevant Fourier transform for f’(t) isiwF(w). (3) 


(4) : Consider f(t’) = 1/(27) (ae F(w’) exp(i w’ t’) dw’. 
Use t' = at and write f(at) = 1/(27) dee F(w’) exp(i w’ at) dw’. 
Setting w’ a = w gives f(at) = 1/(27) te F (w/a) exp(i w! at) dw/a. 


Therefore, the relevant Fourier transform for f(at) where a > Ois F(w/a)/a. 


(5) : Consider f(t’) = 1/(27) jie F(w)exp(iwt') dw. 
Use t' = t — fo and write f(t — to) = 1/(27) ie F(w) exp[i w (t — to) |] dw. 
Rewriting gives: f(t — fo) = 1/(27) fC lF@) exp(—iw to)]exp(@i wt dw. 
Inverting the above—that is, 
[F(w) exp(—iwt)] = f°, f(t — to)exp(—iw t)dt 
leads to the result that the Fourier transform for f(t — fo) is F(w) exp(—iw f). 


(4) 


(5) 


(6) : In order to determine the Fourier transform, Fo(w), of the function [ f(t) exp 


(i wo t)] proceed as follows: Write: 
Fo(w) = 1/2n) [Lf @expli wn flexp(—iw tat 


= 1/(27) [- f(t) exp(—i [w — wo] ft) dt 


= F(w—wy). (13.4) 


Clearly, therefore, the Fourier transform of [ f(t) exp(i wo f)] is F(w — wo). (6) 
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13.4 Dirac’s Delta Function 


It is necessary to give some description of the function d(x — a). Indeed, Dirac’s 

delta function deserves a detailed and thorough review—see for instance, Dean G. 

Duf fy. Still, the following relationships should suffice for the current needs. 
For real a 


d(t-—a)=0o, whenx =a 


= 0, whenx #a, (13.5) 

and 
/ d(t—a)dt=1 , (13.6) 
- O(t — a) f(t)dt = f(a). (13.7) 


A choice popular with electrical engineers is to relate the delta function to the 
derivative of Heaviside step function H(t — a). The Heaviside step function is 
defined for a > 0 as 


A(tt—a)=1, fort>a 
=0, fort<a. (13.8) 


And its relationship to the delta function is as follows. 


dH (t) 
o(t) = : 13. 
(t) F (13.9) 
Upon integration, (13.9) yields 
t 
H(t) =| d(x) dx . (13.10) 


Another useful choice for 6(x) is one recommended by T. B. Boykin*». That is 


5(x) = x if 2 cos (=) (13.11) 
n=1 


In order to check whether the Boykin relationship (13.11)is valid, we examine the 
accuracy of its following prediction. 
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L 
/ f(x) d(x) dx = f(0). (13.12) 
—L 


That is, we check the following relationship for validity: 


~ n=1 
L 1 L 
=f ro| x] a+ J soo] 


= f(0). (13.13) 


Ble 
Me 
° 
o) 
n 
— 
= 
BA 
be 
Sa 
Ld 
Q 
= 


In other words, we examine whether (13.13) indeed holds true—see (13.15) for the 
appropriate result for f (0). That is 


£0) =a+ oa. (13.14) 


n=1 


However, before that can be done the function f(x) needs to be represented in a 
suitable format. 

To that end, proceed as follows. Given the function f (x) is piecewise differentiable 
with period 2 L in the range [-L,L], it can be represented by an infinite Fourier series. 


Fs) = a+ Y>[aecos (OF =) +b, sin (“ “—*)|- (13.15) 


The f(x) given above in (13.15) is now inserted into (13.13). Upon working out such 
(13.13), we find that the result is the same as that predicted by the use of Boykin’s 
equation: Meaning, it is equal to f (0). This fact can be confirmed by comparison 
with (13.16). 


[ {a+ So [oom ("§ 


n=1 


+f {ov+ Sonam (“E 


n=1 


“)+6s()] [2] 
*) +h an("F)]} [Ecos () a 


=ay+ a = f(0). QED (13.16) 


n=1 
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